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Preface

This book provides an introduction to the applications, theory, and algorithms of linear
and nonlinear optimization. The emphasis is on practical aspects—modern algorithms,
as well as the influence of theory on the interpretation of solutions or on the design of
software. Two important goals of this book are to present linear and nonlinear optimization
in an integrated setting, and to incorporate up-to-date interior-point methods in linear and
nonlinear optimization.

As an illustration of this unified approach, almost every algorithm in this book is
presented in the form of a General Optimization Algorithm. This algorithm has two ma-
jor steps: an optimality test, and a step that improves the estimate of the solution. This
framework is general enough to encompass the simplex method and various interior-point
methods for linear programming, as well as Newton’s method and active-set methods for
nonlinear optimization. The optimality test in this algorithm motivates the discussion of
optimality conditions for a variety of problems. The step procedure motivates the discussion
of feasible directions (for constrained problems) and Newton’s method and its variants (for
nonlinear problems).

In general, there is an attempt to develop the material from a small number of basic
concepts, emphasizing the interrelationships among the many topics. Our hope is that, by
emphasizing a few fundamental principles, it will be easier to understand and assimilate the
vast panorama of linear and nonlinear optimization.

We have attempted to make accessible a number of topics that are not often found
in textbooks. Within linear programming, we have emphasized the importance of sparse
matrices on the design of algorithms, described computational techniques used in sophisti-
cated software packages, and derived the primal-dual interior-point method together with
the predictor-corrector technique. Within nonlinear optimization, we have included discus-
sions of truncated-Newton methods for large problems, convergence theory for trust-region
methods, filter methods, and techniques for alleviating the ill-conditioning in barrier meth-
ods. We hope that the book serves as a useful introduction to research papers in these
areas.

The book was designed for use in courses and course sequences that discuss both linear
and nonlinear optimization. We have used consistent approaches when discussing the two
topics, often using the same terminology and notation in order to emphasize the similarities
between the two topics. However, it can also be used in traditional (and separate) courses
in Linear Programming and Nonlinear Optimization—in fact, that is the way we use it in
the courses that we teach. At the end of this preface are chapter descriptions and course
outlines indicating these possibilities.

Xiii



Xiv Preface

We have also used the book for more advanced courses. The later chapters (and the
later sections within chapters) contain a great deal of material that would be difficult to
cover in an introductory course. The Notes at the ends of many sections contain pointers to
research papers and other references, and it would be straightforward to use such materials
to supplement the book.

The book is divided into four parts plus appendices. Part | (Basics) contains material
that might be used in a number of different topics. It is not intended that all of this material
be presented in the classroom. Some of it might be irrelevant (as the sample course outlines
illustrate). In other cases, material might be familiar to the students from other courses, or
simple enough to be assigned as a reading exercise. The material in Part | could also be
taught in stages, asitis needed. Inacourse on Nonlinear Optimization, for example, Chapter
4 (Representation of Linear Constraints) could be delayed until after Part 111 (Unconstrained
Optimization). Our intention in designing Part | was to make the book as flexible as possible,
and instructors should feel free to exploit this flexibility.

Part Il (Linear Programming) and Part 111 (Unconstrained Optimization) are indepen-
dent of each other. Either one could be taught or read before the other. In addition, it is not
necessary to cover Part Il before going on to Part IV (Nonlinear Optimization), although
the material in Part IV will benefit from an understanding of Linear Programming. The
material in the appendices may already be familiar. If not, it could either be presented in
class or left for students to read independently.

Many sections in the book can be omitted without interrupting the flow of the dis-
cussions (detailed information on this is given below). Proofs of theorems and lemmas
can similarly be omitted. Roughly speaking, it is possible to skip later sections within a
chapter and later chapters within a part and move on to later chapters in the book. The book
was organized in this way so that it would be accessible to a wider audience, as well as to
increase its flexibility.

Many of the exercises are computational. In some cases, pencil-and-paper techniques
would suffice, but the use of a computer is recommended. We have not specified how the
computer might be used, and we leave this up to the instructor. In courses with an emphasis
on modeling, a specialized linear or nonlinear optimization package might be appropriate.
In other courses, the students might be asked to program algorithms themselves. We leave
these decisions up to the instructor. Some information about software packages can be
found in Appendix C. In addition, some exercises depend on auxiliary data sets that can be
found on the web site for the book:

http://www.siam.org/books/ot108

In our own classes, we use the MATLAB® software package for class demonstrations
and homework assignments. It allows us to demonstrate a great many techniques easily,
and it allows students to program individual algorithms without much difficulty. It also
includes (in its toolboxes) prepared algorithms for many of the optimization problems that
we discuss.

We have gone to considerable effort to ensure the accuracy of the material in this
book. Even so, we expect that some errors remain. For this reason, we have set up an online
page for errata. It can be obtained at the book Web site.



Preface XV

Using This Book

This book is designed to be flexible. It can be read and taught in many different ways.

The material in the appendices can be taught as needed, or left to the students to read
independently. Also, all formally identified proofs can be omitted.

Part 1l (Linear Programming) and Part 111 (Unconstrained Optimization) are indepen-
dent of each other. Part 1l does not assume any knowledge of Calculus. Part IV (Non-
linear Optimization) does not assume that Part Il has been read (with the exception of
Section 14.4.1).

The only “essential” chapters in Part Il are Chapters 4 (Geometry of Linear Program-
ming), 5 (The Simplex Method), and 6 (Duality). The only “essential” chapter in Part Il is
Chapter 11 (Basics of Unconstrained Optimization). The other chapters can be skipped.

We now describe the chapters individually, pointing out various ways they can be
used. The sample course outlines that follow indicate how chapters might be selected to
construct individual courses (based on a 15-week semester).!

Part I: Basics

e Chapter 1: Optimization Models. This chapter is self-contained and describes a
variety of optimization models. Sections 1.3-1.5 are independent of one another.
Section 1.6 includes more realistic models and assumes that the reader is familiar
with the basic models described in the earlier sections. The subsections of Section
1.6 are independent of one another.

e Chapter 2: Fundamentals of Optimization. For Part Il, only Sections 2.1-2.4 are
needed (and Section 2.3.1 can be omitted). For Parts I1l and IV the whole chapter is
relevant.

e Chapter 3: Representation of Linear Constraints. Sections 3.3.2—-3.3.4 can be omitted
(although Section 3.3.2 is needed for Part IV). This chapter is only relevant to Parts
Il and 1V; it is not needed for Part I11.

Part 1l: Linear Programming

e Chapter 4: Geometry of Linear Programming. All sections of this chapter are needed
in Part II.

e Chapter 5: The Simplex Method. Sections 5.1 and 5.2 are the most important. How
the rest of the chapter is used depends on the goals of the instructor, in particular
with regard to tableaus. In a number of examples, we use the full simplex tableau to
display data for linear programs. Thus, it is necessary to be able to read these tableaus
to extract information. This is the only use we make of the tableaus elsewhere in the
book. It is not necessary to be able to manipulate these tableaus.

1Throughout the book, the number of a section or subsection begins with the chapter number. That is, Section
10.3 refers to the third section in Chapter 10, and Section 16.7.2 refers to the second subsection in the seventh
section of Chapter 16. Also, a reference to Appendix A.9 refers to the ninth section of Appendix A. A similar
system is used for tables, examples, theorems, etc.; Figure 8.10 refers to the tenth figure in Chapter 8, for example.
For exercises, however, the chapter number is omitted, e.g., Exercise 4.7 is the seventh exercise in Section 4 of
the current chapter (unless another chapter is specified).
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e Chapter 6: Duality and Sensitivity. Sections 6.1 and 6.2 are the most important. The
remaining sections can be skipped, if desired. If taught, we recommend that Sections
6.3-6.5 be taught in order, although Section 6.3 is only used in a minor way in the
remaining two sections. It would be possible to stop after any section. Note: The
remaining chapters in Part Il are independent of each other.

e Chapter 7: Enhancements of the Simplex Method. The sections in this chapter are
independent of each other. The instructor is free to pick and choose material, with one
partial exception: the discussion of the decomposition principle is easier to understand
if column generation has already been read.

e Chapter 8: Network Problems. In this chapter, the sections must be taught in order.
It would be possible to stop after any section.

e Chapter 9: Computational Complexity of Linear Programming. The first two sections
contain basic material used in Sections 9.3-9.5. Ideally, the remaining sections should
be taught in order, although Sections 9.4 and 9.5 are independent of each other. Even
if some topics are not of interest, at least the introductory paragraphs of each section
should be read. (Section 9.5 requires some knowledge of statistics.)

e Chapter 10: Interior-Point Methods for Linear Programming. Sections 10.1and 10.2
are the most important. The later sections could be skipped but, if taught, Sections
10.4-10.6 should be taught in order. Section 10.4 reviews some fundamental concepts
from nonlinear optimization needed in Sections 10.5-10.6.

Part 111: Unconstrained Optimization

e Chapter 11: Basics of Unconstrained Optimization. We recommend reading all of this
chapter (with the exception of the proofs). If desired, either Section 11.5 or Section
11.6 could be omitted, but not both. Chapters 12 and 13 could be omitted. Chapter
13 makes more sense if taught after Chapter 12, but in fact, only Section 13.5 makes
explicit use of the material in Chapter 12.

e Chapter 12: Methods for Unconstrained Optimization. Sections 12.1-12.3 are the
most important. All the remaining sections and subsections can be taught indepen-
dently of each other.

e Chapter 13: Low-Storage Methods for Unconstrained Problems. Once Sections 13.1
and 13.2 have been taught, the remaining sections are independent of each other.

Part IV: Nonlinear Optimization

e Chapter 14: Optimality Conditions for Constrained Problems. We recommend read-
ing Sections 14.1-14.6. The rest of the chapter may be omitted. Within Section 14.8,
Sections 14.8.3 and 14.8.5 can be taught without teaching the remaining subsections,
although Section 14.8.5 depends on Section 14.8.3. (The discussion of nonlinear
duality in Section 14.8 is only needed in Sections 16.6-16.8 of Chapter 16.)

e Chapter 15: Feasible-Point Methods. We recommend reading Sections 15.1-15.4
(although Section 15.4.1 could be omitted). These sections explain how to solve
problems with linear constraints. Sections 15.5-15.7 discuss methods for problems
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with nonlinear constraints. Sections 15.5 and 15.6 are independent of each other, but
Section 15.7 depends on Section 15.5.

e Chapter 16: Penalty and Barrier Methods. We recommend reading Sections 16.1 and
16.2 (although Section 16.2.3 could be omitted). If more of the chapter is covered,
then Section 16.3 should be read. Sections 16.4-16.8 are independent of each other.
Sections 16.6-16.8 use Section 14.8.3 of Chapter 14.

Changesin the Second Edition

The overall structure of the book has not changed in the new addition, and the major topic
areas are the same. However, we have updated certain topics to reflect developments since
the first edition appeared. We list the major changes here.

Chapter 1 has been expanded to include examples of more realistic optimization
models (Section 1.6). The description of interior-point methods for linear programming has
been thoroughly revised and restructured (Chapter 10). The discussion of derivative-free
methods has been extensively revised to reflect advances in theory and algorithms (Section
12.5). In Part IV we have added material on filter methods (Section 15.7), nonlinear primal-
dual methods (Section 16.7), and semidefinite programming (Section 16.8). In addition,
numerous smaller changes have been made throughout the book.

Some material from the first edition has been omitted here. The most notable examples
are the chapter on nonlinear least-squares data fitting, and the sections on interior-point
methods for convex programming. These topics from the first edition are available at the
book Web site (see above for the URL).

Sample Course Outlines

We provide below some sample outlines for courses that might use this book. If a section
is listed without mention of subsections, then it is assumed that all the subsections will be
taught. If a subsection is specified, then the unmentioned subsections may be omitted.

Proposed Course Outline: Linear Programming

I: Foundations

Chapter 1. Optimization Models
1. Introduction
3. Linear Equations
4. Linear Optimization
7. Optimization Applications
1. Crew Scheduling and Fleet Scheduling

Chapter 2. Fundamentals of Optimization
1. Introduction
2. Feasibility and Optimality
3. Convexity
4. The General Optimization Algorithm
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Chapter 3. Representation of Linear Constraints
1. Basic Concepts
2. Null and Range Spaces
3. Generating Null-Space Matrices
1. Variable Reduction Method

[I: Linear Programming

Chapter 4. Geometry of Linear Programming
1. Introduction
2. Standard Form
3. Basic Solutions and Extreme Points
4. Representation of Solutions; Optimality

Chapter 5. The Simplex Method
1. Introduction
2. The Simplex Method
3. The Simplex Method (Details)
4. Getting Started—Artificial Variables
1. The Two-Phase Method
5. Degeneracy and Termination

Chapter 6. Duality and Sensitivity
1. The Dual Problem
2. Duality Theory
3. The Dual Simplex Method
4. Sensitivity

Chapter 7. Enhancements of the Simplex Method
1. Introduction
2. Problems with Upper Bounds
3. Column Generation
5. Representation of the Basis

Chapter 9. Computational Complexity of Linear Programming
1. Introduction
2. Computational Complexity
3. Worst-Case Behavior of the Simplex Method
4. The Ellipsoid Method
5. The Average-Case Behavior of the Simplex Method

Chapter 10. Interior-Point Methods for Linear Programming
1. Introduction
2. The Primal-Dual Interior-Point Method

Proposed Course Outline: Nonlinear Optimization

|: Foundations

Chapter 1. Optimization Models
1. Introduction
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3. Linear Equations
5. Least-Squares Data Fitting
6. Nonlinear Optimization
7. Optimization Applications?
2. Support Vector Machines
3. Portfolio Optimization
4. Intensity Modulated Radiation Treatment Planning
5. Positron Emission Tomography Image Reconstruction
6. Shape Optimization

Chapter 2. Fundamentals of Optimization
1. Introduction
2. Feasibility and Optimality
3. Convexity
4. The General Optimization Algorithm
5. Rates of Convergence
6. Taylor Series
7. Newton’s Method for Nonlinear Equations

Chapter 3. Representation of Linear Constraints®
1. Basic Concepts
2. Null and Range Spaces
3. Generating Null-Space Matrices
1. Variable Reduction Method

[11: Unconstrained Optimization

Chapter 11. Basics of Unconstrained Optimization
1. Introduction
2. Optimality Conditions
3. Newton’s Method for Minimization
4. Guaranteeing Descent
5. Guaranteeing Convergence: Line Search Methods
6. Guaranteeing Convergence: Trust-Region Methods

Chapter 12. Methods for Unconstrained Optimization
1. Introduction
2. Steepest-Descent Method
3. Quasi-Newton Methods

Chapter 13. Low-Storage Methods for Unconstrained Problems
1. Introduction
2. The Conjugate-Gradient Method for Solving Linear Equations
3. Truncated-Newton Methods
4. Nonlinear Conjugate-Gradient Methods
5. Limited-Memory Quasi-Newton Methods

2Not all the applications need be taught.
3The material in Chapter 3 is not needed until Part IV.
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IV: Nonlinear Optimization

Chapter 14. Optimality Conditions for Constrained Problems

1. Introduction
2. Optimality Conditions for Linear Equality Constraints
3. The Lagrange Multipliers and the Lagrangian Function
4. Optimality Conditions for Linear Inequality Constraints
5. Optimality Conditions for Nonlinear Constraints
6. Preview of Methods
8. Duality

3. Wolfe Duality

5. Duality in Support Vector Machines

Chapter 15. Feasible-Point Methods
1. Introduction
2. Linear Equality Constraints
3. Computing the Lagrange Multipliers
4. Linear Inequality Constraints
5. Sequential Quadratic Programming

Chapter 16. Penalty and Barrier Methods
1. Introduction
2. Classical Penalty and Barrier Methods

Proposed Course Outline: Introduction to Optimization

|: Foundations

Chapter 1. Optimization Models
1. Introduction
3. Linear Equations
4. Linear Optimization
5. Least-Squares Data Fitting
6. Nonlinear Optimization
7. Optimization Applications*

Chapter 2. Fundamentals of Optimization
1. Introduction
2. Feasibility and Optimality
3. Convexity
4. The General Optimization Algorithm
5. Rates of Convergence
6. Taylor Series
7. Newton’s Method for Nonlinear Equations

Chapter 3. Representation of Linear Constraints
1. Basic Concepts
2. Null and Range Spaces

“4Not all the applications need be taught.



Preface

XXi

3. Generating Null-Space Matrices
1. Variable Reduction Method

[I: Linear Programming

Chapter 4. Geometry of Linear Programming
1. Introduction
2. Standard Form
3. Basic Solutions and Extreme Points
4. Representation of Solutions; Optimality

Chapter 5. The Simplex Method
1. Introduction
2. The Simplex Method
3. The Simplex Method (Details)
4. Getting Started—Artificial Variables
1. The Two-Phase Method
5. Degeneracy and Termination

Chapter 6. Duality and Sensitivity
1. The Dual Problem
2. Duality Theory
4. Sensitivity

Chapter 8. Network Problems
1. Introduction
2. Basic Concepts and Examples

I11: Unconstrained Optimization

Chapter 11. Basics of Unconstrained Optimization
1. Introduction
2. Optimality Conditions
3. Newton’s Method for Minimization
4. Guaranteeing Descent
5. Guaranteeing Convergence: Line Search Methods

I'V: Nonlinear Optimization

Chapter 14. Optimality Conditions for Constrained Problems
1. Introduction
2. Optimality Conditions for Linear Equality Constraints
3. The Lagrange Multipliers and the Lagrangian Function
4. Optimality Conditions for Linear Inequality Constraints
5. Optimality Conditions for Nonlinear Constraints
6. Preview of Methods
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Chapter 1

Optimization Models

1.1 Introduction

Optimization models attempt to express, in mathematical terms, the goal of solving a prob-
lem in the “best” way. That might mean running a business to maximize profit, minimize
loss, maximize efficiency, or minimize risk. It might mean designing a bridge to minimize
weight or maximize strength. It might mean selecting a flight plan for an aircraft to mini-
mize time or fuel use. The desire to solve a problem in an optimal way is so common that
optimization models arise in almost every area of application. They have even been used
to explain the laws of nature, as in Fermat’s derivation of the law of refraction for light.

Optimization models have been used for centuries, since their purpose is so appeal-
ing. In recent times they have come to be essential, as businesses become larger and more
complicated, and as engineering designs become more ambitious. In many circumstances
it is no longer possible, or economically feasible, for decisions to be made without the aid
of such models. In a large, multinational corporation, for example, a minor percentage im-
provement in operations might lead to a multimillion dollar increase in profit, but achieving
this improvement might require analyzing all divisions of the corporation, a gargantuan
task. Likewise, it would be virtually impossible to design a new computer chip involving
millions of transistors without the aid of such models.

Such large models, with all the complexity and subtlety that they can represent, would
be of little value if they could not be solved. The last few decades have witnessed aston-
ishing improvements in computer hardware and software, and these advances have made
optimization models a practical tool in business, science, and engineering. Itis now possible
to solve problems with thousands or even millions of variables. The theory and algorithms
that make this possible form a large portion of this book.

In the first part of this chapter we give some simple examples of optimization models.
They are grouped in categories, where the divisions reflect the properties of the models as
well as the differences in the techniques used to solve them. We include also a discussion of
systems of linear equations, which are not normally considered to be optimization models.
However, linear equations are often included as constraints in optimization models, and
their solution is an important step in the solution of many optimization problems.
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o

Figure 1.1. Nonlinear optimization problem. The feasible set is the dark line.

In the last section of this chapter we give some examples of applications of optimiza-
tion. These examples reflect families of problems that are either in wide use, or—at the
time of writing of this edition of the book—are subject of intense research. The examples
reflect the tastes of the authors; by no means do they constitute a broad or representative
sample of the myriad applications where optimization is in use today.

1.2 Optimization: An Informal Introduction

Consider the problem of finding the point on the line x; + x, = 2 that is closest to the point
(2,2)T (see Figure 1.1) . The problem can be written as

minimize  f(x) = (x1 — 2)%2 4 (x; — 2)?
subjectto  x1 +xp, = 2.

It is easy, of course, to see that the problem has an optimum at x, = (1, 1)7.

This problem is an example of an optimization problem. Optimization problems
typically minimize or maximize a function f (called the objective function) in a set of
points S (called the feasible set). Commonly, the feasible set is defined by some constraints
on the variables. In this example our objective function is the nonlinear function f(x) =
(x1—2)?+(x2—2)?, and the feasible set S is defined by a single linear constraint x; +x, = 2.
The feasible set could also be defined by multiple constraints. An example is the problem

minimize  f(x) = x;
subjectto  x? < x,
xf + x% < 2.

The feasible set S for this problem is shown in Figure 1.2; it is easy to see that the optimal
pointis x, = (—1, 1)7. It is possible to have an unconstrained optimization problem where
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Figure 1.2. Nonlinear optimization problem with inequality constraints.

there are no constraints, as in the example
minimize f(x) = (¢ — 1)% + (xp — 1)2.

The feasible set S here is the entire two-dimensional space. The minimizer is x, = (0, 1)7,
since the function value is zero at this point and positive elsewhere.

We see from these examples that the feasible set can be defined by equality constraints
or inequality constraints or no constraints at all. The functions defining the objective func-
tion and the constraints may be linear or nonlinear. The examples above are nonlinear
optimization problems since at least some of the functions involved are nonlinear. If the
objective function and the constraints are all linear, the problem is a linear optimization
problem or linear program. An example is the problem

maximize  f(x) = 2x1 + xp
subjectto  x;+x, <1
x1>0, x>0.

Figure 1.3 shows the feasible set. The optimal solution is clearly x, = (1, 0)7.
Consider now the nonlinear optimization problem

maximize  f(x) = (x1 + x)?
subjectto  x;x, >0
-2<x1 <1
—2<x<1.

The feasible set is shown in Figure 1.4. The point x, = (1, 1)7 has an objective value of
f(x.) = 4, which is a higher objective value than any of its “nearby” feasible points. It is
therefore called a local optimizer. In contrast the point x, = (=2, —2)7 has an objective
value f(x,) = 16 which is the best among all feasible points. Itis called a global optimizer.
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Figure 1.4. Local and global solutions. The feasible region is shaded.

The methods we consider in this book focus on finding local optima. We will usually
assume that the problem functions and their first and second derivatives are continuous. We
can then use derivative information at a given point to anticipate the behavior of the problem
functions at “nearby” points and use this to determine whether the point is a local solution
and if not, to find a better point. The derivative information cannot usually anticipate the
behavior of the functions at points “farther away,” and hence cannot determine whether
a local solution is also the global solution. One exception is when the problem solved
is a convex optimization problem, in which any local optimizer is also a global optimizer
(see Section 2.3). Luckily, linear programs are convex so that for this important family of
problems, local solutions are also global.
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It may seem odd to give so much attention to finding local optimizers when they are not
always guaranteed to be global optimizers. However, most global optimization algorithms
seek the global optimum by finding local solutions to a sequence of subproblems generated
by some methodical approximation to the original problem; the techniques described in the
book are suitable for these subproblems. In addition, for some applications a local solution
may be sufficient, or the user might be satisfied with an improvement on the objective value.
Of course, some applications require finding a global solution. The drawback is that for
a problem that is not convex (or not known to be convex), finding a global solution can
require substantially more computational effort than finding a local solution.

Our book will also assume that the variables of the problems are continuous, that is,
they can take a continuous range of real values. For this reason the problems we consider
are also referred to as continuous optimization problems. Many variables such as length,
volume, weight, and time are by nature continuous, and even though we cannot compute
or measure them to infinite precision, it is plausible in the optimization to assume that they
are continuous. On the other hand, variables such as the number of people to be hired,
the number of flights to dispatch per day, or the number of new plants to be opened can
assume only integer values. Problems where the variables can only take on integer values
are called discrete optimization problems or, in the case where all problem functions are
linear, integer programming problems. In a few applications it is sufficient to solve the
problem ignoring the integrality restriction, and once a solution is obtained, to round off
the variables to their nearest integer. Unfortunately rounding off of a solution does not
guarantee that it is optimal, or even that it is feasible, so this approach is often inadequate.

While a discussion of discrete optimization is beyond the scope of this book, we will
mention that such problems are much harder than their continuous counterparts for much
the same reason global optimization is harder than local optimization. Since at a given point
we only have information of the behavior of the function at “nearby points,” there are no
straightforward conditions that can determine whether a given feasible solution is optimal.
Hence the solution process must rule out either explicitly or implicitly every other feasible
solution. Thus the search for an integer solution requires the solution of a potentially large
sequence of continuous optimization subproblems. Typically the first of these subproblems
is a relaxed problem, in which the integrality requirement on each variable is relaxed (omit-
ted) and replaced by a (continuous) constraint on the range of the variable. If, for example,
avariable x; is restricted to be either 0, 1, or 2, the relaxed constraint would be 0 < x; < 2.
Subsequent subproblems would typically include additional continuous constraints. The
subproblems would be solved by continuous optimization methods such as those described
in the book.

Continuous optimization is the basis for the solution of many applied problems, both
discrete and continuous, convex or nonconvex. The examples in this chapter reflect just a
small fraction of such applications.

1.3 Linear Equations

Systems of linear equations are central to almost all optimization algorithms and form a
part of a great many optimization models. They are used in this section to represent a data-
fitting example. Aslight generalization of this example will lead to the important problem of
least-squares data fitting. Linear equations are also used to represent constraints in a model.
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Finally, solving systems of linear equations is an important step in the simplex method for
linear programming and Newton’s method for nonlinear optimization, and is a technique
used to determine dual variables (Lagrange multipliers) in both settings. In this chapter
we only give examples of linear equations. Techniques for their solution are discussed in
Appendix A.

Our example is based on Figure 1.5. The points marked by e are assumed to lie on
the graph of a quadratic function. These points, denoted by (#;, b;)”, have the coordinates
2,17, (3,6)7,and (5, 4)T. The quadratic function can be written as

b(t) = x1 + xat + x3t?,
where x1, x2, and x3 are three unknown parameters that determine the quadratic. The three
data points define three equations of the form b(t;) = b;:

X+ x2(2) + 132 =1

x1+x2(3) +x3(3)* =6

x1 + x2(5) + x3(5)* = 4

or

x1+2x+ 4x3 =1
x1+3x2+ 9x3 =6
X1~I—SXQ~|—25)C3 =4,

The solution is (x1, xp, x3)7 = (=21, 15, —2)7, or
b(t) = —21 + 15¢ — 2¢2,

and is graphed in Figure 1.5.

This approach to data fitting has many applications. It is not unique to fitting data
by a quadratic function. If the data were thought to have some sort of periodic component
(perhaps a daily fluctuation), then a more appropriate model might be

b(t) = x1 + xpt + x38in¢,
and the system of equations would have the form

X1+ x2(2) +x3(sin2) =1
X1+ x2(3) + x3(sin3) =6
x1 + x2(5) + x3(sin5) = 4.

Also, there is nothing special about having three data points and three terms in the model.
If we wish to associate the data-fitting problem with a system of linear equations, then the
number of data points and the number of model terms must be the same. However, through
the use of least-squares models (see Section 1.5), it would be possible to have more data
points than model terms. In fact, this is often the case. Least-squares techniques are also
appropriate if there are measurement errors in the data (also a common occurrence).
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Figure 1.5. Fitting a quadratic function to data.

Let us return to the example of the quadratic model. We can write the system of

equations in matrix form as
1 2 4\ /x; 1
1 25/ \x3 4

1 n tf X1 bl
1 5 l22 <)C2>=<b2).
1 2] \X3 bs

I3

[¢;]

or more generally,

If there were n data points and the model were of the form
b(t) = x1 + xof + - + x,8" 7L,

then the system would have the form

1 --- lf71 X1 by
1 o 7 by

ot b
1 g, t, Xn n

We will often denote such a system of linear equations as Ax = b.

For these examples the number of data points is equal to the number of variables.
Equivalently the matrix A has the same number of rows and columns. We refer to this as a
“square” system because of the shape of the matrix A. Itisalso possible to consider problems
with unequal numbers of data points and variables. Such examples, called “rectangular,”
are discussed in Section 1.5.
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Table 1.1. Cabinet data.

Cabinet Wood Labor Revenue
Bookshelf 10 2 100
With Doors 12 4 150
With Drawers 25 8 200
Custom 20 12 400

1.4 Linear Optimization

A linear optimization model (also knows as a “linear program”) involves the optimization
of a linear function subject to linear constraints on the variables. Although linear functions
are simple functions, they arise frequently in economics, production planning, networks,
scheduling, and other applications. We will consider several examples. Further examples
are included in Section 1.7 and in Chapters 5-8. In particular, examples of network models
are discussed in Section 8.2.

Suppose that a manufacturer of kitchen cabinets is trying to maximize the weekly rev-
enue of a factory. Various orders have come in that the company could accept. They include
bookcases with open shelves, cabinets with doors, cabinets with drawers, and custom-
designed cabinets. Table 1.1 indicates the quantities of materials and labor required to
assemble the four types of cabinets, as well as the revenue earned.

Suppose that 5000 units of wood and 1500 units of labor are available. Letxy, ..., x4
represent the number of cabinets of each type made (x; for bookshelves, x, for cabinets
with doors, etc.). Then the corresponding linear programming model might be

maximize z = 100x; + 150x; 4+ 200x3 + 400x4
subjectto  10x; + 12x, + 25x3 + 20x4 < 5000
2x1 + 4x,+ 8xz+ 12x4 < 1500

X1, X2, x3, x4 > 0.

This problem can easily be expanded from four products (bookshelves, cabinets with
doors, cabinets without doors, etc.) to any number of products », and from two resources
(wood and labor) to any number of resources m. Denoting the unit profit from product j by
cj, the amount available of resource i by b;, and the amount of resource i used by a unit of
product j by a;;, the problem can be written in the form

n
maximize 7= c;x;
j=1
n

subject to Za,-j <by, i=1....m
j=1
x; >0, j=1 ..., n
The problem can be written in a more compact manner by introducing matrix-vector notation.
Letting x = (x1,...,x)" c=(c1,...,ca)T, b = (by, ..., by)T, and denoting the matrix
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Table 1.2. Work times (in minutes).

Worker Information Policy Claim
1 10 28 31
2 15 22 42
3 13 18 35
4 19 25 29
5 17 23 33

of coefficients a;; by A, the problem becomes

maximize z=c'x

subjectto Ax <b
x > 0.

This is a typical example of a linear program. Here a linear objective function is to
be maximized subject to linear inequality constraints and nonnegativity constraints on the
variables. In the general case, the objective of a linear program may be either maximized
or minimized, the constraints may involve a combination of inequalities and equalities, and
the variables may be either restricted in sign or unrestricted. Although these may appear as
different forms, it is easy to convert from one form to another.

As another example, consider the assignment of jobs to workers. Suppose that an
insurance office handles three types of work: requests for information, new policies, and
claims. There are five workers. Based on a study of office operations, the average work
times (in minutes) for the workers are known; see Table 1.2.

The company would like to minimize the overall elapsed time for handling a (long)
sequence of tasks, by appropriately assigning a fraction of each type of task to each worker.
Let p; be the fraction of information calls assigned to worker i, g; the fraction of new
policy calls, and r; the fraction of claims; ¢ will represent the elapsed time. Then a linear
programming model for this situation would be

minimize z=¢

subjectto  p1+p2+ps+ps+ps=1
a+q@+tgtagt+g=1
r+ratr3tratrs=1
10p; +28q1 +31r <1t
15p, + 22g, +42rp <t
13p3 + 18q3 + 35r3 < t
19ps + 2594+ 2914 < t
17ps + 23gs + 33rs < ¢
pi»qi,ri >0,i=1,...,5.

The constraints in this model assure that 7 is no less than the overall elapsed time. Since the
objective is to minimize #, at the optimal solution ¢ will be equal to the elapsed time.
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The problems we have introduced so far are small, involving only a handful of vari-
ables and constraints. Many real-life applications involve much larger problems, with
possibly hundreds of thousands of variables and constraints. Section 1.7 discusses some of
these applications.

Exercise®

4.1. Consider the production scheduling problem of the perfume Polly named after a
famous celebrity. The manufacturer of the perfume must plan production for the first
four months of the year and anticipates a demand of 4000, 5000, 6000, and 4500
gallons in January, February, March, and April, respectively. At the beginning of
the year the company has an inventory of 2000 gallons. The company is planning
on issuing a new and improved perfume called Pollygone in May, so that all Polly
produced must be sold by the end of April. Assume that the production cost for
January and February is $5 per gallon and this will rise to $5.5 per gallon in March
and April. The company can hold any amount produced in a certain month over to
the next month at an inventory cost of $1 per unit. Formulate a linear optimization
model that will minimize the costs incurred in meeting the demand for Polly in the
period January through April. Assume for simplicity that any amount produced in a
given month may be used to fulfill demand for that month.

1.5 Least-Squares Data Fitting
Let us re-examine the quadratic model from Section 1.3:
b(t) = x1 + xat + x3t%.

For the data points (2, 1), (3, 6), and (5, 4) we obtained the linear system

1 2 4 X1 1
1 5 25 X3 4

with solution x = (=21, 15, —2)7 so that
b(t) = —21 + 15t — 2¢%.

It is easy to check that the three data points satisfy this equation.

Suppose that the data points had been obtained from an experiment, with an observa-
tion made at times #; = 2, r» = 3, and 73 = 5. If another observation were made at ¢4 = 7,
then (assuming that the quadratic model is correct) it should satisfy

b(7)=—-21+15x7—2x 7% = —14.

If the observed value at z; = 7 were not equal to —14, then the observation would not be
consistent with the model.

5See Footnote 1 in the Preface for an explanation of the Exercise numbering within chapters.
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It is common when collecting data to gather more data points than there are variables
in the model. This is true in political polls where hundreds or thousands of people will be
asked which candidate they plan to vote for (so that there is only one variable). It is also true
in scientific experiments where repeated measurements will be made of a desired quantity.
It is expected that each of the measurements will be in error, and that the observations will
be used collectively in the hope of obtaining a better result than any individual measurement
provides. (The collective result may only be better in the sense that the bound on its error
will be smaller. Since the true value is often unknown, the actual errors cannot be measured.)

Since each of the measurements is considered to be in error, it is no longer sensible to
ask that the model equation (in our case b(t) = x; + xat + x3t2) be solved exactly. Instead
we will try to make components of the “residual vector”

b1 — (x1 + xot1 + X3112)

by — (x1 + xofp + x3t2
b Ax— 2 — (X1 .22 3ty)

b — (X1 + Xoty + Xx3t2)

small in some sense.
The most commonly used approach is called “least squares” data fitting, where we
try to minimize the sum of the squares of the components of r:

minimize rZ + .. +r2 = Z[b,- — (x1 + x2t; + x3t2) 1%,

i=1

Under appropriate assumptions about the errors in the observations, it can be shown that
this is an optimal way of selecting the coefficients x.

If the fourth data point was (7, —14)7, then the least-squares approach would give
x = (=21, 15, —2)7, since this choice of x would make » = 0. In this case the graph of
the model would pass through all four data points. However, if the fourth data point was
(7, —15)7, then the least-squares solution would be

—21.9422
x = ( 15.6193) .
—2.0892

The corresponding residual vector would be

0.0603
—0.1131
0.0754
—0.0226

None of the residuals is zero, and so the graph of the model does not pass through any of
the data points. This is typical in least-squares models.

If the residuals can be written as » = b — Ax, then the model is “linear.” This name is
used because each of the coefficients x; occurs linearly in the model. It does not mean that
the model terms are linear in . In fact, the model above has a quadratic term x3¢2. Other
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examples of linear models would be

b(t) = x1 + xp8int + x38IN2f + - - - + xgq1 Sinkt

b(t) = x1 + —2
TRt

“Nonlinear” models are also possible. Some examples are

b(t) = x1 + x2¢™" + x4’

X2
b(t) = —_—
® x1+1+x3t2

In these models there are nonlinear relationships among the coefficients x;. A nonlinear
least-squares model can be written in the form

m

minimize f(x) = Zr,-(x)z,

i=1
where r; (x) represents the residual at ;. For example,
ri(x) = bi — (x1 + x2¢™" + x4¢™")
for the first nonlinear model above. We can also write this as
) =r@)r).

If the model is linear, then r (x) = b— Ax and f (x) can be shown to be a quadratic function.
See the Exercises.

Nonlinear least squares models are examples of unconstrained minimization problems,
that is, they correspond to the minimization of a nonlinear function without constraints on
the variables. In fact, they are one of the most commonly encountered unconstrained
minimization problems.

Exercises

5.1. Prove that for the linear least-squares problem with »(x) = b — Ax, the objective
f(x) = r(x)Tr(x) is a quadratic function.

1.6 Nonlinear Optimization

A nonlinear optimization model (also referred to as a “nonlinear program™) consists of
the optimization of a function subject to constraints, where any of the functions may be
nonlinear. This is the most general type of model that we will consider in this book. It
includes all the other types of models as special cases.

Nonlinear optimization models arise often in science and engineering. For example,
the volume of a sphere isanonlinear function of its radius, the energy dissipated in an electric
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Figure 1.6. Electrical connections.

circuitisanonlinear function of the resistances, the size of an animal population is anonlinear
function of the birth and death rates, etc. We will develop two specific examples here.

Suppose that four buildings are to be connected by electrical wires. The positions of
the buildings are illustrated in Figure 1.6. The first two buildings are circular: one at (1, 4)7
with radius 2, the second at (9, 5)7 with radius 1. The third building is square with sides of
length 2 centered at (3, —2)7. The fourth building is rectangular with height 4 and width 2
centered at (7, 0)”. The electrical wires will be joined at some central point (xg, yo)” and
will connect to building i at position (x;, y;)”. The objective is to minimize the amount of
wire used. Let w; be the length of the wire connecting building i to (xo, yo)7. A model for
this problem is

minimize z = wy + wy + w3 + wa

subjectto  w; = /(x; —x0)2 4+ (vi — y0)2, i =1,2,3,4,
(x1—12+(n—42<4
(2 —9%+(2—-5%=<1
2<x3< 4

—3<y;=<-1
6<xs< 8
—2<y < 2

We assume here for simplicity that the wires can be routed through the buildings (if neces-
sary) at no additional cost.

The constraints in nonlinear optimization problems are often written so that the right-
hand sides are equal to zero. For the above model this would correspond to using constraints
of the form

wi = V(i —x0)? + (v — y0)2 =0, i =1,2,3,4,
and so forth. This is just a cosmetic change to the model.
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Figure 1.7. Archimedes’ problem.

2

3

Figure 1.8. Traffic network.

As a second example we consider a problem posed by Archimedes. Figure 1.7
illustrates a portion of a sphere with radius r, where the height of the spherical segment is /.
The problem is to choose r and % so as to maximize the volume of the segment, but where
the surface area A of the segment is fixed. The model is

maximize  v(r, h) = wh?(r — %)
subjectto  2mxrh = A.

Archimedes was able to prove that the solution was a hemisphere (i.e., h = r).

As another illustration of how nonlinear models can arise, consider the network in
Figure 1.8. Thisrepresents a set of road intersections, and the arrows indicate the direction of
traffic. If few cars are on the roads, the travel times between intersections can be considered
as constants, but if the traffic is heavy, the travel times can increase dramatically.

Let us focus on the travel time between a pair of intersections i and j. Lett; ; be the
(constant) travel time when the traffic is light, let.x; ; be the number of cars entering the road
per hour, let ¢; ; be the capacity of the road, that is, the maximum number of cars entering per
hour, and let ;; ; be a constant reflecting the rate at which travel time increases as the traffic
get heavier. (The constant ;; ; might be selected using data collected about the road system.)
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Then the travel time between intersections i and j could be modeled by
T-@~)—r-+a~——£i——
L] L] L] L] 1 _ xi’j/ci’j .

If there is no traffic on the road (x; ; = 0), then the travel time is #; ;. If x; ; approaches
the capacity of the road c; ;, then the travel time tends to +oo. T; ; is a nonlinear function
of Xi,j+

Suppose we wished to minimize the total travel time through the network for a volume
of X cars per hour. Then our model would be

minimize f(x) = in,jTi,j(x,-,_,-)
subject to the constraints

x12+x13=X
x23+ X24—x12=0
X34 —Xx13—Xx23 =0
Xo4+x34=X

0<uxij <c.

The equations ensure that all cars entering an intersection also leave an intersection.
The objective sums up the travel times for all the cars.

A potential snag with this formulation is that if the traffic volume reaches capacity on
any arc (x; ; = ¢;,j), the objective function becomes undefined, which will cause optimiza-
tion software to fail. A number of measures could be invoked to prevent this situation. One
alternative is to slightly lower the upper bounds on the variables, so that x; ; < ¢;; — €,
where € is a small positive number. Alternatively we could increase each denominator in
the objective by a small positive amount ¢, thus forcing the denominator to have a value of
at least € and thereby avoiding division by zero.

Our last example is the problem of finding the minimum distance from a point r to
the set {x : a’x = b}. In two dimensions the points in the set S define a line, and in three
dimensions they define a plane; in the more general case, the set is called a hyperplane. The
least-distance problem can be written as

minimize  f(x) = 3(x —)7(x —r)
subjectto  a’x = b.

(The coefficient of one half in the objective is included for convenience; it allows for
simpler formulas when analyzing the problem.) Unlike most nonlinear problems this one
has a closed-form solution. It is given by

b—alr

Ta

X=r-+

a.
a

(See the Exercises for Section 14.2.)
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The minimum distance problem is an example of a quadratic program. In general,
a quadratic program involves the minimization of a quadratic function subject to linear
constraints. An example is the problem

minimize  f(x) = 3x7Qx
subjectto  Ax > b.

Quadratic programs for which the matrix Q is positive definite are relatively easy to solve,
compared to other nonlinear problems.

1.7 Optimization Applications

In this section we present a number of applications that are of current interest to practitioners
or researchers. The models we present are but a few of the nhumerous applications where
optimization is making a significant impact.

We start by presenting two problems arising in the optimization of airline operations—
the crew scheduling and fleet scheduling problems. Both problems are large linear programs
with the added restriction that the variables must take on integer values.

Next we discuss an approach for pattern classification known as support vector ma-
chines. Given a set of points that all belong to one of two classes, the idea is to estimate a
function that will automatically classify to which of the two classes a new point belongs. In
particular we discuss the case where the classifying function is linear. The resulting problem
is a quadratic program. This topic is developed further in Chapter 14. Also in this section
we discuss a portfolio optimization problem that attempts to balance between the competing
goals of maximizing expected returns and minimizing risk in investment planning. This too
is a quadratic program.

Next we will discuss two optimization problems arising from medical applications.
One problem arises from planning for treatment of cancer by radiation, where the conflicting
goals of providing sufficient radiation to the tumor and limiting the dosage to nearby vital
organs give rise to a plethora of models which cover the spectrum from linear through
guadratic to nonlinear. The other problem arises from positron emission tomography (PET)
image reconstruction, where a model of the image that best fits the scan data gives rise to a
linearly constrained nonlinear problem. In both applications the optimization problems can
be very large and challenging to solve.

Finally we use optimization to find the shape of a hanging cable with minimum
potential energy. We present several models of the problem and emphasize the importance
of certain modeling issues.

1.7.1 Crew Scheduling and Fleet Scheduling

Consider an airline that operates 2000 flights per day serving 100 cities worldwide, with
400 aircraft of 10 different types, each requiring a flight crew. The airline must design a
flight schedule that meets the passenger demand, the maintenance requirements on aircraft,
and all other safety regulations and labor contract rules, while trying to be cost effective in
order to maximize profit.
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This planning problem is extremely complex. For this reason many airlines used a
phased planning cycle that breaks the problem into smaller steps. While more manageable,
the individual steps themselves can also be complex.

Arguably the most challenging of these is the crew scheduling problem, that assigns
crews (pilots and flight attendants) to flights. Economically it is a significant problem,
since the cost of crews is second only to the cost of fuel in an airline’s operating expenses.
Saving even 1% of this cost can save the airline hundreds of millions of dollars annually.
Computationally it is a difficult problem since it involves a linear model, which is not only
very large, but also involves integer variables, which necessitates multiple solutions of linear
programs.

In planning the crew activities, the flight schedule is subdivided into “legs,” repre-
senting a nonstop flight from one city to another. If a plane flew from, say, New York
via Chicago to Los Angeles, this would be considered as two legs. A large airline would
typically have hundreds of flight legs per day. The planning period might be a day, a week,
or a month.

The crews themselves are certified for particular aircraft, and this restricts how per-
sonnel can be assigned to legs. In addition, there are union rules and federal laws that
constrain the crew assignments.

To set up the model, the airline first specifies a set of possible crew assignments. One
of these assignments might correspond to sending a crew from New York (their home city)
to a sequence of cities and then back to New York. Each such round trip is called a “pairing.”
The number of pairings grows exponentially with the number of legs, and for a large airline,
the number of pairings may easily run into the billions, even for the shorter planning period
of one week.

The variables in the model are {x_,~ } where x; is 1 if a particular pairing is selected
as part of the total schedule, and 0 otherwise. Let the total number of pairings be N. The
majority of the constraints correspond to the requirement that each leg in the planning period
be covered by exactly one pairing. For the ith leg, the constraint has the form

N
E a jXj = 1,
j=1

where the constant a; ; = 1 if a particular pairing includes leg i, and zero otherwise. There
is one such constraint for every leg in the schedule.

The columns of the matrix A correspond to the pairings, and each pairing must rep-
resent a round trip that is technically and legally feasible. For example, if a crew flies from
New York to Chicago, it cannot then immediately fly out of Denver. The pairing makes
sense if it makes sense chronologically, includes minimum rests between flights, satisfies
regulations on maximum flying time, and so forth. This places many restrictions on how
the pairings are generated, and hence on the coefficients a; ;. The resulting columns of A
are typically very sparse, with many zeros, and just a few ones, corresponding to the legs
of the roundtrip.

The cost ¢; of a pairing is a function of the duration of the pairing, the number of flight
hours, and “penalties” that may be associated with the pairing. For example, extra wages
and expenses must be paid if the crew spends a night away from its home city, or it may be
necessary to transport a crew from one city to another for them to complete the pairing.



20 Chapter 1. Optimization Models

The basic model has the form

minimize z =c’x

N

subject to Zai,jxj =1
j=1
x;j=0orl

The problem is a linear program with the additional requirement that the variables take
on integer values (here—zero and one), hence it is an integer programming problem. As
mentioned in Section 1.2, such problems are most commonly solved by solving a sequence of
linear programs, where the integrality restrictions are relaxed and replaced by a (continuous)
constraint on the range of the variable. The range should ideally be as tight as possible, yet
should not exclude the optimal solution. For a zero-one problem the relaxed constraints
for the first subproblem would typically be 0 < x; < 1 forall j. Subsequent problems are
variants of the relaxed problem, usually with additional constraints or an adjusted objective
function.

Crew scheduling problems can be very large. Amajor effort is required just to generate
the possible pairings. Commonly, only a partial model is generated, corresponding to a
subset of the possible pairings. Even so, problems with millions of variables are typical.

Linear programs of this size (even ignoring the integrality restriction) are difficult
to solve. They demand all the resources of the most sophisticated software. The special
structure of the matrix A (and in particular its sparsity—the large number of zero entries)
and the latest algorithmic techniques must be used. Many of these techniques are discussed
in Part 1.

The crew scheduling problem is typically the last step in an airline’s schedule planning.
The first step begins about several months prior to the actual service when the airline selects
the optimal set of flight legs to be included in its schedule. The flight schedule lists the
schedule of flight legs by departure time, destination, and arrival time.

The next step is fleet assignment, which determines which type of aircraft will fly each
leg of the schedule. Airline fleets are made up of many different types of aircraft, which
differ in capacity and in operational characteristics such as speed, fuel burn rates, landing
weights, range, and maintenance costs. Allocating an aircraft that is too small will result
in loss of revenue from passengers turned away, while allocating an aircraft that is too big
will result in too many empty seats to cover the high expenses. The airline’s problem is to
determine the best aircraft to use for each flight leg such that capacity is matched to demand
while minimizing the operating cost.

This problem is frequently represented as a time-line network. The network includes
a line called a “time-line” for each airport, with nodes positioned along the line in chrono-
logical order at each arrival and departure time. Each flight is represented by an arc in the
network. Thus for example a flight leaving Washington Dulles (IAD) at 6:00 am (Eastern
Standard Time) and arriving at Denver (DEN) at 10:00 am (Eastern Standard Time) would
be represented by an arc connecting the 6:00 am node on the IAD time-line to the 10:00 am
node on the DEN time-line. (In practice, the arrival time is adjusted to account for the time
it takes to prepare the aircraft for the next flight, but we will ignore that here.) In addition to
the flight arcs we create an arc from each node on a time line to the consecutive node on the
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IAD 4
DEN
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SFO
-
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6:00 8:00 10:00 12:00 2:00 4:00 6:00

Figure 1.9. Time-line network.

time line, and (assuming the schedule is repeated daily) an arc from the last node returning
to the first node. The flow on these arcs represents aircraft on the ground that are waiting
for their flight.

Figure 1.9 illustrates a time-line network for an airline that has two flights a day each
from IAD to DEN, DEN to IAD, DEN to SFO (San Francisco), and SFO to DEN.

Define now x;; to be the number of aircraft of type i on arc j. Any feasible fleet
assignment solution must satisfy the following constraints: (i) Covering constraints; each
flight leg must be covered by exactly one aircraft; (ii) Flow-balance constraints: for each
node of the network the total number of aircraft of type i entering the node must equal the
total number of aircraft of type i exiting the node; (iii) Fleet size constraints: the number of
aircraft used of each type must not exceed the number of aircraft available. The objective
is to minimize the total cost of the assignment. The problem is by nature integer, but it is
generally solved by a series of linear programs where the integrality restrictions are relaxed.

Once the fleet is assigned, the individual aircraft of the fleet must be assigned to their
flights. This is known as the aircraft routing problem. The planning must take into account
the required maintenance for each aircraft. To meet safety regulations, an airline might
typically maintain aircraft every 40-45 hours of flying with the maximum time between
checks restricted to three to four calendar days. The problem is to determine the most cost
effective assignment of aircraft of a single fleet to the scheduled flights, so that all flight
legs are covered and aircraft maintenance requirements are satisfied.

The last step of the planning cycle is the task of crew scheduling. Breaking down the
full planning cycle into steps helps make the planning more manageable, but ultimately it
leads to suboptimal schedules (see Exercise 7.2). Researchers are therefore investigating
methods that combine two or more of the planning phases together for more profitable
schedules.
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Exercises

7.1. Formulate the fleet scheduling problem corresponding to Figure 1.9.

7.2. Consider an airline that has scheduled the flight legs for the next month. It has done
so by breaking down the planning cycle into a sequence of steps: first determine the
optimal fleet for this schedule; next route the aircraft within the fleet to the flight
legs; and finally assign crews for each of the flight legs. Discuss why this makes the
planning more manageable but likely leads to suboptimal schedules.

1.7.2  Support Vector Machines

Suppose that you have a set of data points that you have classified in one of two ways:
either they have a certain stated property or they do not. These data points might represent
the subject titles of email messages, which are classified as either being legitimate email
or spam; or they may represent medical data such as age, sex, weight, blood pressure,
cholesterol levels, and genetic traits of patients that have been classified either as high risk
or as low risk for a heart attack; or they may represent some features of handwritten digits
such as ratio of height to width, curvature, that have been classified either as (say) zero or
not zero. Suppose now that you obtain a new data point. Your goal is to determine whether
this new point does or does not have the stated property. The set of techniques for doing this
is broadly referred to as pattern classification. The main idea is to identify some rule based
on the existing data (referred to as the training data) that characterizes the set of points that
have the property, which can then be used to determine whether a new point has the property.

Inits simplest form classification uses linear functions to provide the characterization.
Suppose we have a set of m training data x; € ®" with classification y;, where either y; = 1
or y; = —1. A two-dimensional example is shown in the left-hand side of Figure 1.10,
where the two classes of points are designated by circles of different shades. Suppose it is
possible to find some hyperplane w”x + b = 0 which separates the positive points from the
negative. Ideally we would like to have a sharp separation of the positive points from the
negative. Thus we will require

wix; +b > +1 fory, = +1,
wai +b<-1 for Vi = -1.

There is nothing special about the separation coefficients £ on the right-hand side of the
above inequalities. The coefficients w and b of the hyperplane can always be scaled so that
the separation will be & 1.

To obtain the best results we would like the hyperplanes separating the positive points
from the negative to be as far apart as possible. From basic geometric principles it can
be shown that the distance between the two hyperplanes (that is, the separation margin) is
2/ |lwll. Thus among all separating hyperplanes we should seek the one that maximizes this
margin. This is equivalent to minimizing w”w. The resulting problem is to determine the
coefficients w and b that solve

minimize  f(w, b) = Jw’w
subjectto  yi(w'x; +b)>1, i=1,...,m.
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Figure 1.10. Linear separating hyperplane for the separable case.

The coefficient % in the objective is included for convenience; it results in simpler formulas
when analyzing the problem.

The right-hand side of Figure 1.10 shows the solution of our two-dimensional example.
The training points that lie on the boundary of either of the hyperplanes are called the support
vectors; they are highlighted by larger circles. Removal of these points from our training
set would change the coefficients of the hyperplanes. Removal of the other training points
would leave the coefficients unchanged. The method is called a “support vector machine”
because support vectors are used for classifying data as part of a machine (computerized)
learning process.

Once the coefficients w and b of the separating hyperplane are found from the training
data, we can use the value of the function f(x) = w’x + b (our “learning machine”) to
predict whether a new point x has the property of interest or not, depending on the sign
of f(x).

So far we have assumed that the data set was separable, that is, a hyperplane separating
the positive points from the negative points exists. For the case where the data set is not
separable, we can refine the approach to the separable case. We will now allow the points
to violate the equations of the separating hyperplane, but we will impose a penalty for the
violation. Letting the nonnegative variable & denote the amount by which the point x;
violates the constraint at the margin, we now require

u)Tx,-—i—bz—}—l—Si fory,-=+1
wa,- +b<-14+¢ for y; = —1.

A common way to impose the penalty is to add to the objective a term proportional
to the sum of the violations. The added penalty term takes the form C }"\" , & to the
objective, where the larger the value of the parameter C, the larger the penalty for violating
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Figure 1.11. Linear separating hyperplane for the nonseparable case.

the separation. Our problem is now to find w, b, and & that solve

minimize  f(w,b,&) = Jww+CY " &
subjectto  y;(wlx; +b)>1-&, i=1,...,m,
& >0.

Figure 1.11 shows an example of the nonseparable case and the resulting separating hyper-
plane. We see in this example that two of the points (indicated in the figure by the extra
squares) are misclassified, since they lie on the incorrect side of the hyperplane w”x +b = 0.

In later chapters of this book we will see that many problems have a companion
problem called the dual problem, that there are important relations between a problem and
its dual, and that these relations sometimes lead to insights for solving the problem. In
Section 14.8 we will discuss the dual of the problem of finding the hyperplanes with the
largest separation margin. We will show that the dual problem directly identifies the support
vectors, and that the dual formulation can give rise to arich family of nonlinear classifications
that are often more useful and more accurate than the linear hyperplane classification we
presented here.

Exercises
7.1. Consider two classes of data, where the points
(13.3), (0.31.5), (2,4.2), (2.2,2.9), (1.7,3.6), (3,4), (1, 4)
possess a certain property and the points

(1.8,1.5), (3.4,3.6), (0.2,2.5), (1,1.3), (1,2.5), (3,1.1), (2,0.1)
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do not possess this property. Use optimization software to compute the maximum
margin hyperplane that separates the two classes of points. Are the classes indeed
separable? What are the support vectors? Repeat the problem when the first class
includes also the point (0.2, 2.5) and the second class includes the point (1.7, 3.6).

7.2. Inthis project we create a support vector machine for breast cancer diagnosis. We use
the Wisconsin Diagnosis Breast Cancer Database (WDBC) made publicly available
by Wolberg, Street, and Mangasarian of the University of Wisconsin. A link to the
data base is made available on the Web page for this book, http://www.siam.org/books/
0t108. There are two files: wdbc.data and wdbc.names. The file wdbc.names gives
more details about the data, and you should read it to understand the context. The
file wdbc.data gives N = 569 data vectors. Each data vector (in row form) has
n = 32 components. The first component is the patient number, and the second is
either “M” or “B” depending on whether the data is malignant or benign. You may
manually change the entries “M” to “41” and “B” to “—1". These entries are the
indicators y;. Elements 3 through 32 of each row i form a 30-dimensional vector x|
of observations.

(i) Use the first 500 data vectors as your training set. Use a modeling language to
formulate the problem for the nonseparable case, using C = 1000. Solve the
problem and display the separating hyperplane. Determine whether the data
are indeed separable.

(if) Use the output of the run to predict whether the remaining 69 patients have
cancer. Compare your prediction to the actual patients’ medical status. Evalu-
ate the accuracy (proportion of correct predictions), the sensitivity (proportion
of positive diagnoses for patients with the disease), and the specificity (the
proportion of negative diagnoses for patients without the disease).

1.7.3 Portfolio Optimization

Suppose that an investor wishes to select a set of assets to achieve a good return on the invest-
ment while controlling risks of losses. The use of nonlinear models to manage investments
began in the 1950s with the pioneering work of Nobel Prize laureate Harry Markowitz, who
demonstrated how to reduce the risk of investment by selecting a portfolio of stocks rather
than picking individual attractive stocks, and established the trade-off between reward and
risk in investment portfolios.

An investment portfolio is defined by the vector x = (x1, ..., x,), where x; denotes
the proportion of the investment to be invested in asset j. Letting «; denote the expected
rate of return of asset j, the expected rate of return of the portfolio is u"x.

Let X be the matrix of variances and covariances of the assets’ returns. The entry
% ; isthe variance of investment j. A high variance indicates high volatility or high risk; a
low variance indicates stability or low risk. The entry %, ; is the covariance of investments
i and j. A positive value of X; ; indicates assets whose values usually move in the same
direction, as often occurs with stocks of companies in the same industry. A negative value
indicates assets whose values generally move in opposite directions—a desirable feature
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in a diversified portfolio. Markowitz defined the risk of the portfolio to be its expected
variance x"Zx.

Our optimization problem has two conflicting objectives: to maximize the return
wTx, and to minimize the risk x”Xx. The relative importance of these objectives will vary
depending on the investor’s tolerance for risk. We introduce a nonnegative parameter o«
that reflects the investor’s trade-off between risk and return. The objective function in the
model will be some combination of the two objectives, parameterized by «, leading to the
model

maximize f(x) = u'x —ax’Sx

subject to the constraints
fo:l and x > 0.
i

The value of « reflects the investor’s aversion to risk. A large value indicates a reluctance
to take on risk, with an emphasis on the stability of the investment. A low value indicates a
high tolerance for risk with an emphasis on the expected return of the investment.

It can be difficult to choose a sensible value for «. For this reason it is common to
solve this model for a range of values of this parameter. This can reveal how sensitive the
solution is to considerations of risk. The solution of the problem for any value of « is called
efficient indicating that there is no other portfolio that has a larger expected return and a
smaller variance.

There are of course some limitations to our model. First, we do not generally know
the theoretical (joint) distribution of the assets’ return and will need to estimate the mean
and variance from historical data. Denoting the estimate of w by » and the estimate of &
by V, the actual problem we solve is

maximize rTx —ax’Vx
subjectto ) x; =1

x; > 0.

Second, investors should be aware that past performance is no indicator of future returns.
Finally, we note that the matrix V is dense; that is, it has many nonzero elements. As a
result, when the number of assets is large, computations involving V can be expensive thus
making the optimization problem computationally difficult.

To illustrate portfolio optimization, consider an investor who is planning a portfolio
based on four stocks. Data on the rates of return of the stocks in the last six periods are
given in Table 1.3.

Using this information we estimate the mean of the rate of return as

r = (0.0667 0.0900 0.0717 0.0733),

and the variance as

0.00019 0.00065 0.00004 0.00038
0.00065 0.00883 0.00218 0.00327
0.00004 0.00218 0.00125 0.00063
0.00308 0.00327 0.00063 0.00162
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Table 1.3. Past rates of return of stocks.

Period Stock1 Stock?2 Stock3 Stock 4

1 0.08 0.05 0.01 0.08
2 0.06 0.17 0.09 0.12
3 0.07 0.05 0.10 0.07
4 0.04 —0.07 0.04 -0.01
5 0.08 0.12 0.08 0.09
6 0.07 0.22 0.11 0.09

Table 1.4. Optimal portfolio for selected values of «.

Stock 1 Stock2 Stock3 Stock4 Mean  Variance

0 1 0 0 0.090 8.8 x1073
0.12 0.65 0.23 0.083 45 x1073
0.57 0.19 0.24 0.072 8.0 x107*
10 0.71 0.04 0.25 0.069 2.6 x107*
100 0.87 0 0.13 0.067 1.7 x1074

g N | R
oo oo

The solution of the optimization problem for a selection of values of the parameter
« is given in Table 1.4. Figure 1.12 plots the rate of return against the variance of the
optimized portfolios for a continuous range of values of «. The curved line is called the
efficient frontier since it depicts the collection of all efficient points. The figure also shows
the rate of return and variance obtained when allocating the entire portfolio to one stock only.
In this example, a person who has a high tolerance for risk may choose to invest entirely
in Stock 2, whereas a person who is extremely cautious may choose to invest entirely in
Stock 1. Investing only in Stock 3, or only in Stock 4, or half in Stock 1 and half in Stock 2
are not recommended strategies for anyone, since they are dominated by strategies that have
both higher return and lower risk.

Exercises

7.1. How would the formulation to the problem change if a risk-free asset (such as gov-
ernment treasury bills at a fixed rate of return) is also being considered?

7.2. An investor wants to put together a portfolio consisting of the 30 stocks used to
determine the Dow Jones industrial average. Use 25 weekly returns ending on the
last Friday of last month to find the optimal portfolio. Experiment with different
values of the parameter « and plot the corresponding points on the efficient frontier.
You will need access to a nonlinear optimization solver. You may need to use a
modeling language to formulate the problem for input to the solver.
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Figure 1.12. Efficient frontier.

1.7.4 Intensity Modulated Radiation Treatment Planning

Radiotherapy is the treatment of cancerous tissues with external beams of radiation. As a
beam of radiation passes through the body, energy is deposited at points along its path, and as
this happens the beam intensity gradually decreases (this is called attenuation). The radiation
dosage is the amount of energy deposited locally per unit mass. High doses of radiation can
kill cancerous cells, but will also damage nearby healthy cells. If vital organs receive too
much radiation, serious complications may arise. Some limited damage to healthy cells may
be tolerable however, since normal cells repair themselves more effectively than cancerous
cells. If the radiation dosage is limited, the surrounding organs can continue to function
and may eventually recover. The goal of the radiation treatment planning is to design a
treatment that will kill the cancer in its entirety but limit the damage to surrounding healthy
tissue.

To keep the radiation levels of normal healthy tissue low, the treatment typically uses
several beams of radiation delivered from different angles. Intensity modulated radiation
therapy (IMRT) is an important recent advance that allows each beam to be broken into
hundreds (or possibly thousands) of beamlets of varying intensity. This is achieved using a
set of metallic leaves (called collimators) that can sequentially move from open to closed
position, thus filtering the radiation in a way that not only allows for the modulation of the
intensity of the beam, but also enables control of its shape. This enables more accurate
radiation treatment. This is particularly important in cases where the tumor has an unusual
shape as is the case when it is wrapped around the spinal cord, or when it is close to a vital
structure such as the optic nerve.

A simplified example of the desired goals for treatment of a hypothetical prostate
cancer patient is given in Table 1.5. Radiation dosage is measured in a unit call Gray
(Gy). One Gy is equal to one Joule of energy deposited in one kilogram. The planning
target volume (PTV) describes a region large enough to incorporate the diseased organ, the
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Table 1.5. Sample treatment specifications.

\Volume Requirement
PTV excluding Prescription dose 80 Gy
rectum overlap Maximum dose 82 Gy

Minimum dose 78 Gy
95% of volume > 79 Gy

PTV/rectum overlap Prescription dose 74 Gy
Maximum dose 77 Gy
Minimum dose 74 Gy

Rectum Maximum dose 76 Gy
70% of volume < 32 Gy
Bladder Maximum dose 78 Gy

70% of volume < 32 Gy

cancerous cells, as well as a margin to account for patient movement during the treatment.
Organs at risk are the rectum and the bladder. Since the PTV may overlap with the rectum,
different treatment specifications are given for the primary region where the PTV is distinct
from the rectum, and for the region where they overlap. The specifications for the primary
region, for example, include a desired “prescription” dose of 80 Gy at every cell, aminimum
dose value of 78 Gy, a maximum dose of 82 Gy, and finally, a “dose-volume” requirement
that specifies that 95% of the cells in this region must receive at least 79 Gy. The treatment
specification for the bladder includes an upper limit of 72 Gy for the entire organ and a
dose-volume requirement that 70% of the organ must receive 32 Gy or less.

To determine the treatment plan we will need to define a volume of interest that
includes the PTV and any nearby tissue that may be adversely affected by the treatment.
We will divide this volume into a three-dimensional grid of small boxes called voxels. We
will denote the dose deposited in voxel i by d;. A key decision in the treatment planning is
the fluence map—the radiation intensity of the beamlets in each beam. Let x; denote the
intensity of beamlet j. Then the total radiation dosage deposited in the volume of interest
is given approximately by the equation

d= Ax.

The matrix A is called the fluence matrix and is assumed to be known. Its components g; ;
represent the amount of dose absorbed by voxel i per unit intensity emission from beamlet ;.

The problem is therefore to find a fluence map x that yields a radiation dose d that
meets the requirements specified by the physician, as in Table 1.5. As such, this seems to be
a feasibility problem, namely one of finding a feasible solution, rather than an optimization
problem. Unfortunately the treatment requirements are usually conflicting, and it is impos-
sible to satisfy all the requirements simultaneously. To resolve this, the requirements are
usually broken up into “hard” constraints for which any violation is prohibited, and “soft”
constraints for which violations are allowed. Typically, hard constraints are included in
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the formulation as explicit constraints, whereas soft constraints are incorporated into the
objective function via some penalty that is imposed for their violation.

For example, the requirement that region S in the primary treatment volume will
receive a minimum dose / and a maximum dose u could be treated as a hard constraint by
explicitly requiring that

l<di<u foralli e€S.

Alternatively the requirement could be treated as a soft constraint, where a violation is
allowed, but with penalty. One approach is to include in the objective function the nonlin-
ear term
wy Yy max(0,1 — di)? +w, y_ max(0, d; — u)?,
ieS ieS

which sums up the squared deviation from the desired bound for those voxels where the
bounds are violated. The parameters w; and w, are weights representing the relative im-
portance of the bounds on the doses and may differ by region. For instance, underdosing
the tumor can be more harmful than overdosing it, so the weights for this region satisfy
w; > w,. For an alternative way to impose a penalty for violating the bounds on the doses,
see the Exercises.

The “dose-volume constraints” that specify that a fraction g of some volume must
receive a dose of u or less (or a dose of I or more) are more difficult to incorporate. As an
example, suppose that the bladder volume in our example has 10,000 voxels. Then at least
7,000 of the voxels must receive 32 Gy or less. To count the number of voxels that exceed
32 Gy we must define an indicator for each voxel that determines whether its dose meets 32
Gy or exceeds it. This can be done by defining for each voxel a variable y; that is either zero
or one, depending on whether the dose meets the desired upper limit or not. Then adding
the constraints

d; <32(1—y)+78y;, Y ¥ <3000, y €{0,1}
ieS

enforces the dose-volume constraints. The first constraint implies that if d; exceeds 32 Gy,
then y; must be one; the second implies that the number of voxels where the dose exceeds
32 Gy is at most 3,000.

This formulation expresses the dose-volume requirements as hard constraints. How-
ever models with integer variables can be difficult to solve and may require a specialized
implementation. For this reason, some researchers prefer other formulations. One way to
use a soft constraint for the dose-volume requirement is to add to the objective function a
penalty term of the form

w Y max(0,d; — 32)?,
ieS(d)

where S(d) is the set of 7,000 voxels (out of the 10,000) with the lowest dose, and w is
the weight of the penalty. Unfortunately, we have traded one difficulty for another. In
this alternative formulation, the penalty term does not have continuous derivatives (see the
Exercises), which can create challenges for many optimization algorithms.

One may wonder why there are so many different models and formulations. There
are several reasons. First, because the requirements are conflicting, there is no consensus
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among physicians as to what should be a hard constraint and what should be a soft con-
straint. Second, physicians have other desired objectives in the treatment that are extremely
important yet cannot be adequately modeled. For example, they are concerned about the
tumor control probability—the probability that the dose delivered will indeed kill the tumor.
However models that incorporate these probabilities directly are computationally imprac-
tical. As another example, physicians obtain important information from the shape of the
dose-volume histogram, a graph displaying for each dose level the percentage of the vol-
ume that receives at least that dose amount. Ideally one would like to include constraints
that enforce the dose-volume histogram to have a “good” shape, but this would amount to
including numerous dose-volume constraints, which again is computationally impractical.
A third factor is the trade-off between solution time and solution quality. Most commercial
systems use the weighted sum of penalties since these can typically be solved efficiently.
However, because all the constraints are “soft,” the solutions are not always adequate. The
solutions can sometimes include undesirable features, such as regions of low dosage (“cold
spots™) within the tumor, or regions of high dosage (“hot spots™) in healthy tissue.

The problem of optimizing the fluence map can be immense. The number of voxels
may range from tens of thousands to hundreds of thousands. Typically a treatment may
use 5-10 beams, and the number of beamlets per beam can run into the thousands. Even
if the direction of the beams is prescribed, the problem can be challenging. The problem
becomes even harder if one attempts to optimize the number of beams and their directions,
in addition to their fluence.

There is an additional challenge. Recall that the beamlets are formed by the movement
of the leaf collimators; the longer a leaf is open, the more dose it allows to pass through. It
is also necessary to determine the sequence of leaf positions and length of their open times
that creates the desired fluence map—or an approximation to it—in a total sequencing time
that does not unduly prolong the patient’s total treatment time.

Exercises

7.1. One possible way to allow some violation of the constraint / < d; in aregion S is to
introduce for each voxel i in S two new nonnegative variables s/ and s/’ satisfying

/ 4
d,‘ —S; + §; = ll‘
si,s >0,

[ A

and to include a penalty term of the form w; >, ¢ s/ in the objective. Explain
why this approach would work, and derive an equivalent approach for the constraint
d <u.

7.2. The purpose of this exercise is to show that when the dose-volume requirements are
included as soft constraints in the objective, the resulting penalty term may have
discontinuous derivatives. Consider a region with only two voxels, and suppose
that it is required that not more than half the voxels exceed a dose of u. Show
that the approach described in this section for incorporating this requirement as a
soft constraint adds a penalty term of the form w max(0, (min,_y 2{d;} — u))? to
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the objective. Evaluate the gradient of this penalty term at points where it exists.
Determine whether the first derivatives are continuous on d > 0.

1.7.5 Positron Emission Tomography Image Reconstruction®

Positron emission tomography (PET) is a medical imaging technique that helps diagnose
disease and assess the effect of treatment. Unlike other imaging techniques such as X-
rays or CT-scans that directly study the anatomical structure of an organ, PET studies the
physiology (blood flow or level of metabolism) of the organ. Metabolic activity is an
important tool in diagnosis: cancerous cells have high metabolism or high activity, while
tumor cells damaged by irradiation have low metabolism or low activity. Alzheimer’s
disease is indicated by regions of reduced activity in the brain, and coronary tissue damage
is indicated by regions of reduced activity in the heart.

In a PET scan the patient is injected with a radioactively labeled compound (most
commonly glucose, but sometimes water or ammonia) that is selected for its tendency to be
absorbed in the organ of interest. Once the compound settles, it starts emitting radioactive
emissions that are counted by the PET scanner. The level of emissions is proportional to the
amount of drug absorbed, or in turn, to the level of cell activity. The emissions are counted
using a PET scanner that surrounds the body. Based on the emissions counts obtained in
the scanner, the goal is to determine the level of emissions from within the organ, and hence
the level of metabolic activity. The output of the reconstruction is typically presented in a
color image that reflects the different activity levels in the organ.

We describe the physics of PET in further detail. As the radioisotope decays, it emits
positrons. Each positron annihilates with an electron, and produces two photons which move
in nearly opposite directions, each hitting a tiny photodetector within the scanner at almost
the same time. Any near-simultaneous detection of an event by two such detectors defines a
coincidence event along a coincidence line. The number of coincidence events y; detected
along each of the possible coincidence lines j is the input to the image reconstruction.

Consider the situation depicted in Figure 1.13, where a grid of boxes or voxels has been
imposed over the emitting object (for simplicity, the figure is depicted in two dimensions;
the concept is readily extended to three dimensions). Given a set of measurements y; along
the coincidence lines j = 1,..., N, we seek to estimate x;,i = 1,...n, the expected
number of counts emitted from voxel i, where n is the number of voxels in the grid.

Most reconstruction methods are based on a technique known as filtered back projec-
tion. Although this technique yields fast reconstructions, the quality of the image can be
poor in situations where the amount of radioactive substance used must be small. Under
such situations it is necessary to use a statistical model of the emission process to determine
the most likely image that fits the data. The approach is via the maximum likelihood esti-
mation technique. The radioactive emissions from voxelsi = 1, ..., n are assumed to be
statistically independent random variables that follow a Poisson distribution with mean x;.
Denote by C; ; the probability that an emission emanating from voxel i will hit detector pair
(coincidence line) j. The n x N matrix C = C; ; depends on the geometry of the scanner
and on the tissue being scanned, and is assumed to be known.

6This section requires some basic concepts from probability theory.
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'

Figure 1.13. PET.

Using these assumptions one can show that the emissions emanating from voxel i and
hitting detector pair j are also independent Poisson variables with mean rate C; ;x;, and the
total emissions received by the detector pairs j = 1,..., N are independent Poisson dis-
tributed variables with meanrate ) . C; jx;. Letg = Cey Where ey is a vector of 1’s. The
vector g denotes the sum of the columns of C (which need not be 1). It is computationally
easier if we write the optimization model using the logarithm of the likelihood function. If
we ignore a constant term, the resulting logarithm is

fur =—q"x + Zyj log (CTx)j )

J

(Seethe Exercises.) Since the emission level is nonnegative, the final reconstruction problem
becomes o

maximize  fyL = —q"x+3_; y;log (CTx)j

subjectto x > 0.

The size of the problem can be enormous. If one wishes to reconstruct, say, a volume
of, say, 5 cubic cm at a resolution of half a millimeter, then the size of the grid would
be 100 by 100 by 100, corresponding to n = 100,000 variables. Problems of this size
and even larger are not uncommon. The size of the data is also huge. The scanner may
have thousands of photodetectors and since any pair of these can define a coincidence line,
the number of coincidence lines N can be on the order of millions. Since every function
evaluation requires the computation of a matrix product C”x, and the matrix C is large, the
function evaluations are time consuming.

The efficient solution of such large problems often requires understanding of their
structure. By structure we mean special characteristics of the function, its gradient, and
Hessian. Often structure is associated with the sparsity pattern of the Hessian, that is the
number of zeros, and possibly their location. The special structure of f3,, and its derivatives
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can be used in designing effective methods for solving the problem. Here we will just give
the formulas for the derivatives. Defining

$=CTx,
we can write the gradient and Hessian of the objective function, respectively, as
VfuL (x) =—q+CY¥ 1y,
V2 fur (x) = —CYY2CT,

where Y = diag(y) and ¥ = diag(y). The matrix C itself is sparse, and only a small
fraction of its entries are nonzero. The diagonal matrices Y and Y are of course also sparse.
Even so, the Hessian V2 £, (x) is dense; almost all of its entries are likely to be nonzero.
A key challenge in the design of effective algorithms is to exploit the sparsity of C.

Exercises

7.1. The goal of this exercise is to derive the maximum likelihood model for PET im-
age reconstruction. Parts (a) and (b) require some basic background in stochastic
methods.

(i) Let Z;; be the number of events emitted from voxel i and detected at coin-
cidence line j, and let Y; be the total emissions received by detector pair j,
for j = 1,..., N. Use the assumptions given in the section to prove that
{ Z;; } are independent Poisson variables with mean C; ;x;, and that { Y; } are
independent Poisson distributed variables with mean rates y; = > . C; jx;.

(if) Prove that the likelihood may be written as

e iy o~ i Ciji 3 Cix )
Phyix =[5 =[]

)j!
J J

(iii) Prove the final expression for the maximum likelihood estimation objective
function fj,,. Hint; Take the logarithm of the likelihood and omit the constant
term that does not depend on x.

7.2. Derive the formulas for the gradient and Hessian matrix of fy,y.

7.3. The purpose of this exercise is to show that the Hessian of fy,;, may be dense, even
when its matrix factors are sparse. Supposethat C = (I I e¢,)andy =y =
eo,1 Where I is the identity matrix, and ¢ is a vector of ones of size k. Show that
every element of the Hessian is nonzero.

7.4. The purpose of this problem is to write a program in the modeling language of your
choice to solve a PET image reconstruction problem. Your model should not only be
correct, but also efficient and clear. Try and make your model as general as possible.

(i) Develop the model and test it on a problem with n = 9 variables corresponding
to a3 x 3 grid, and with N = 33 detector pairs. The data are

C=(B B B),
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where B is a sparse n x (n + 2) matrix with the following nonzero entries:

Bi,i =da, Bi,i+l =b, Bl‘,i_;,_g =da, I = 1, (B

where
a=0.18 b =0.017,
and
yI=(0 0 1 19 27 30 40 50 35 15 1
0 01 7 20 38 56 55 38 20 7 ...
1 01 3 17 38 40 20 7 1 0).

(if) Test your software on a problem with » = 1080 variables corresponding to a
36 x 30 grid, and with N = 1444 detector pairs. The data are

C=(B 2B),

where B is defined as in part (a) with the parameter values ¢ = 0.15 and
b = 0.05. The vector y can be downloaded in text format from the Web page
for this book (http://www.siam.org/books/ot108). Display the values of the
first row of the reconstructed image.

(iii) 1dentify the image you obtained in (ii). You will need software for displaying
intensity images.

1.7.6 Shape Optimization

In this section we show how nonlinear optimization can address a problem of finding the
shape of a hanging cable, which in equilibrium minimizes the potential energy of the cable.
This problem often is called the catenary problem (from the Latin word “catena” meaning
a chain).

The solution to the simplest case of the hanging cable problem, when the mass of
the cable is uniformly distributed along the cable, was found at the end of the 18th century
independently by John Bernoulli, Christian Huygens, and Gottfried Leibniz.

More recently, the catenary has played an important role in civil engineering. The
solution to the catenary problem helps understand the effects on suspended cables of external
applied forces arising from the live loads on a suspension bridge.

Here we demonstrate how a general hanging cable problem can be modeled as an
optimization problem. We present several optimization models to illustrate that sometimes
a physical problem can have multiple equivalent mathematical formulations, some of which
are numerically tractable while others are not.

First, for simplicity we assume that the mass of the cable is distributed uniformly.
The objective will be to minimize the potential energy of the cable

Xp
mini(m)ize/ y(x)y/1+ y'(x)%dx.
yix Xa
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Figure 1.14. Hanging cable with uniformly distributed mass.

Here y(x) is the height of the cable measured from some zero level, and /1 + y'(x)?dx is
the arc length, which is proportional to mass since the mass is distributed uniformly. The
model also has constraints: the cable has a specified length L

Xp
/ v1+ y’(x)zdx =1L,

and the ends of the cable are fixed

Y(Xa) = Yo,  Y(Xp) = Y.

It can be shown that the solution to this problem is a hyperbolic cosine
y(x) = Cocosh (z—f) +Ca,

where cosh(x) = (e* 4+ ¢™*)/2 and the values of Cy, C1, and C, are determined by the
constraints. Figure 1.14 shows the graphical representation of y(x).

In contrast to our previous optimization models where we had a finite humber of
variables, here we are seeking an optimal function, that is, an infinite continuum of values.
In order to solve such a problem using nonlinear optimization algorithms, we discretize the
function by approximating it at a finite number of points, as shown in Figure 1.15.

Here we describe the simplest method for discretizing such problems. If x, = xg <
X1 < -+ < Xy_1 < xy = xp is a uniform discretization of segment [x,, x;] such that
AXx =x3 —xg=2Xx — X1 =--- = Xy — Xy_1, a Simple approximation to an integral of a
function f(x) is

b N-1
/ fdx =y f(i)Ax.
“ i=0
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Figure 1.15. Discretized hanging cable with uniformly distributed mass.

The function values used to approximate the integral for the shape optimization problem
are f(x;) = y(x)v/1+ y'(x;)2. We will approximate the values of the derivative y’(x) at
the discretization points x; by

/ Yit1—Vi ;o
yl= v =01, N -1,

where y; = y(x;). Thediscretized problem consists of finding variables y;,i = 1,..., N—1,
andy/,i =0,..., N — 1, that solve the problem

N-1
minimize  E(y,y) = Z yi/1+ ()2 Ax
i=0

subjectto  yia =y +y Ax, i=0,...,N-1

N-1
> oY+ oD2Aax =L
i=0

Yo = Ya» YN = Yb-

We refer to this as optimization model 1.

The greater the number of discretizations points N, the better the solution to optimiza-
tion model 1 approximates the solution of the original problem. However for very large N,
the optimization model 1 is difficult to solve. The constraint 3", \/1+ (y)?Ax = L is
nonlinear and can be a source of numerical difficulties for optimization algorithms. In the
two-dimensional case this constraint defines the perimeter shown in Figure 1.16 (left). The
point xq is on the perimeter and hence is feasible, but almost any perturbation of xy will
move off the perimeter and hence out of the feasible region. Fortunately, there is another
formulation of the catenary problem that leads to a more tractable model.

Rather than representing the cable as a function y(x) of the variable x, we parameterize
it as a function of its length with respect to its left end point. The points on the cable will
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Figure 1.16. Feasible regions.

now have the form (x (1), y(1)),! € [0, L]. This representation leads to a model that is
simpler to analyze both mathematically and numerically.
Now we look for (x(1), y(1)), [ € [0, L], which minimizes the potential energy

L
min / m()y)dl
0

subject to a constraint based on the Pythagorean theorem that defines the relations between
dx, dy, and di (see Figure 1.15),
dx? +dy* = dI?,
and the ends of the cable are fixed
x(0)=xa, yO0) =ys, x(L)=xp, y(L)=yp.

Here m (1) is a mass distribution function such that fOL m(l)dl = M is the total mass of the
cable.

The discretization of this problem with the uniform distribution of mass and the
total mass of the cable M consists of finding variables x;, / = 1,...,N — 1, and y;,
i=1,..., N —1, using the following optimization model 2:

N
minimize E(y) = % Zyl
=0

. 2
subjectto  (x; —x—1)?+ (v —y—D)?=(%)", [=1,...,N
X0 =Xa, XN =Xp
Yo = Ya» YN = Vb,

where the mass distribution function is m = const = M/N. This optimization model also
has N nonlinear constraints:

2
o —x)’ 4+ —y-?=(%)", I=1,....N,

which again can be a potential source of difficulties for optimization algorithms if N is large
(the two-dimensional case is shown in Figure 1.16 (center)). However, the optimization
model 2 can be simplified substantially by relaxing these constraints into inequalities:

2
r—x-)+ -y’ < (). I=1....N.
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Figure 1.17. Constraints cannot always be relaxed.

Of course, we changed the formulation, which is legitimate only if we can prove that the
new formulation has the same solution as the original one. In other words, we have to prove
that both optimization model 2 and its relaxation have the same solution. We can prove this
by contradiction. Suppose that the optimal solution of the relaxed model satisfies at least
one constraint as a strict inequality. Then we can lower the discretized components of the
solution corresponding to this constraint and still remain feasible. But lowering part of the
cable decreases the potential energy, i.e., it decreases the objective function, so our solution
could not have been optimal. This contradicts our original assumption.

Thus optimization model 2 and its relaxation have the same optimal solutions. But
the two models are not equivalent computationally, since the feasible region for the re-
laxation has properties that make it easier for optimization algorithms to handle. In the
two-dimensional case, the feasible region of the relaxed optimization model 2 is shown in
Figure 1.16 (right). It is the entire circle, not just its perimeter. If xq is a feasible point in
the interior of the feasible region, any small perturbation of xq is also in the interior. This
feasible region has a convex shape; i.e., if we connect any two points from the feasible set,
all the points between them are also feasible. This property of the interior of feasible set
helps some optimization algorithms, later described in the book, efficiently find the solution.

It is apparently not possible to relax the constraints of optimization model 1 without
changing the optimal solution, but it is easy to do so with optimization model 2. Relaxation
of the nonlinear equality in optimization model 1 to an inequality

N
> JI+ 0D Ax <L
i=1

gives a model that is not equivalent and can result in an incorrect solution as shown in Figure
1.17. In this example, the length of an optimal cable for the relaxed model is less than L.
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Figure 1.18. Hanging cable with a nonuniform mass distribution.

Optimization model 2 has another attractive property. Mathematicians in the 18th
century assumed that the string is flexible and uniform, which implies that every segment
of equal length has equal mass. This assumption is too restrictive for modern engineering.
In many practical problems the total weight of the cable is not uniformly distributed along
the cable.

If the mass distribution function is not uniform along the cable but instead is a general
known functionm (1), then itis still easy to obtain a solution of a hanging cable problem using

optimization model 2. We just have to replace the objective function % f\':f,l y; withamore

general linear objective function z,.N:gl m;y; with appropriately selected coefficients m; cor-

responding to a certain distribution of mass along the cable. For example, if the mass of most
nodes is much smaller than that of three special nodes—the center node and the two nodes
one quarter of the length away from both end points—then it is still easy to find the shape
of such a cable (see Figure 1.18). We would not be able to easily model such a case using
optimization model 1, for which the assumption of uniformly distributed mass is essential.

We conclude the section by emphasizing the importance of proper modeling of a
problem. It is the responsibility of a modeler not to make the formulation more difficult
than it need be. A problem that is computationally challenging in one formulation may
become much easier to solve in a different formulation. It is up to the modeler to carefully
consider the merits of a formulation prior to solving the problem.

1.8 Notes

Further information on integer programming can be found in the book by Wolsey (1998).
References on global optimization are listed in the Notes for Chapter 2.

Overviews of the crew scheduling, fleet assignment problem, and other airline schedul-
ing problemsare given inthe articles by Barnhartetal. (1999) and Gopalan and Talluri (1998);
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methods for solving the related linear program are described in the paper by Bixby et al.
(1992). The portfolio problem is described in the book by Markowitz and Todd (2000). An
innovative approach to calculating the entire efficient frontier by solving just one linear pro-
gramming problem using a specialized parametric method was developed by Ruszczynski
and Vanderbei (2003).

The concept of support vector machines was initially developed by Vapnik (1998) in
the late 1970s. A comprehensive overview on the subject is found in the tutorial by Burges
(1988). More recent research is discussed in the books by Cristianini and Shawe-Taylor
(2000), and by Schokopf et al. (1999).

Overviews of IMRT planning can be found in the articles by Shepard et al. (1999)
and by Lee and Deasy (2006). The book by Herman (1980) and the papers by Shepp and
Vardi (1982) and Lange and Carson (1984) are among the pioneering works pertaining to
PET. Figure 1.13 is due to Calvin Johnson, and was taken from the paper by Johnson and
Sofer (2001). Further applications of optimization can be found in the books by Vanderbei
(2007), and by Fourer, Gay, and Kernighan (2003).

The hanging cable or catenary problem was first posed in the Acta Eruditorium in 1690
by Jacob Bernoulli. Simple catenary problems can be solved analytically. More complicated
cases, those with nonuniformly distributed mass, may have to be solved numerically. More
details about how to find shapes of a hanging cable analytically and numerically can be
found in the paper of Griva and Vanderbei (2005) and many books on variational calculus;
see, e.g., Gelfand and Fomin (1963, reprinted 2000).






Chapter 2

Fundamentals of
Optimization

2.1 Introduction

This chapter discusses basic optimization topics that are relevant to both linear and non-
linear problems. Sections 2.2-2.4 discuss local and global optima, convexity, and the general
form of an optimization algorithm. These topics have traditionally been considered as
fundamental topics in all areas of optimization. The later sections of the chapter, discussing
rates of convergence, series approximations to nonlinear functions, and Newton’s method
for nonlinear equations, are most relevant to nonlinear optimization. In fact, Part 11 on linear
programming can be understood without these later sections.

The later topics are basic to discussions of nonlinear optimization, since they allow
us to derive optimality conditions and develop and analyze algorithms for optimization
problems involving nonlinear functions.

Although not essential, these topics give a fuller understanding of linear programming
as well. For example, “interior-point” methods apply nonlinear optimization techniques to
linear programming. They might use Newton’s method to find a solution to the optimality
conditions for a linear program, or use a nonlinear optimization algorithm on a linear pro-
gramming problem. The tools from this chapter underlie the interior-point methods derived
in Chapter 10.

2.2 Feasibility and Optimality

There are a variety of terms that are used to describe feasible and optimal points. We first
discuss the terms associated with feasibility.
We consider a set of constraints of the form

gi(x) =0, €&,
gi(x) =0, iel.

Here { g; } are given functions that define the constraints in the model, £ is an index set
for the equality constraints, and Z is an index set for the inequality constraints. Any set
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of equations and inequalities can be rearranged in this form. For example, the equation
3x2 + 2x, = 3x3 — 9 could be written as

g1(x) = Sxf +2x; —3x3+9=0,
and the inequality sin x; < cos x; is equivalent to
g2(x) = —sinx; 4+ cosxy > 0.

Such transformations are merely cosmetic, but they simplify the notation for describing the
constraints.

A point that satisfies all the constraints is said to be feasible. The set of all feasible
points is termed the feasible region or feasible set. We shall denote it by S.

At a feasible point x, an inequality constraint g; (x) > 0 is said to be binding or active
if g;(x) = 0, and nonbinding or inactive if g;(x) > 0. The point x is said to be on the
boundary of the constraint in the former case, and in the interior of the constraint in the
latter. All equality constraints are regarded as active at any feasible point. The active set
at a feasible point is defined as the set of all constraints that are active at that point. The
set of feasible points for which at least one inequality is binding is called the boundary
of the feasible region. All other feasible points are interior points. (Interior points are
only “interior” to the inequality constraints. If equality constraints are present, any feasible
point will satisfy them. Since it is not possible to be interior to an equality constraint, some
authors use the term relative interior points.)

Figure 2.1 illustrates the feasible region defined by the constraints

g1(x) =x1+2x4+3x3-6=0

g2(x)=x1>0
g3(x)=x2>0
g4(x) =x3>0.

At the feasible point x, = (0, 0, 2)7, the first two inequality constraints x; > 0 and x, > 0
are active, while the third is inactive. At the point x;, = (3, 0, 1)7 only the second inequality
is active, while at the interior point x. = (1, 1, 1)7 none of the inequalities are active. The
boundary of the feasible region is indicated by bold lines.

Let us now look at terms associated with optimality. It may seem surprising that
there is any question about what is meant by a “solution” to an optimization problem. The
confusion arises because there are a variety of conditions associated with an optimal point
and each of these conditions gives rise to a slightly different notion of a “solution.”

Let us consider the n-dimensional problem

minimize f(x).
xeS
There is no fundamental difference between minimization and maximization problems. We

can maximize f by solving
minin;ize (= f(x)),
Xe

and then multiplying the optimal objective value by —1. For this reason, it is sufficient to
discuss minimization problems only.
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XZ
Figure 2.1. Example of feasible region.
strict global / no global nonstrict global
minimizer minimizer minimizer

Figure 2.2. Examples of global minimizers.

The set S of feasible points is usually defined by a set of constraints, as above. For
problems without constraints, the set S would be iR”, the set of vectors of length n whose
components are real numbers.

The most basic definition of a solution is that x, minimizes f if

fxy) < f(x) forallx e S.
The point x, is referred to as a global minimizer of f in S. If in addition x, satisfies
f(xy) < f(x) forall x € Ssuchthat x # x,,

then x, is a strict global minimizer. Not all functions have a finite global minimizer, and
even if a function has a global minimizer there is no guarantee that it will have a strict global
minimizer; see Figure 2.2.

It would be satisfying theoretically, and important practically, to be able to find global
minimizers. However, many of the methods that we will study are based on the Taylor
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a4

strict local strict local nonstrict local strict local
minimizer (global) minimizer minimizers minimizer

Figure 2.3. Examples of local minimizers.

series; that is, they are based on information about the function at a single point, and this
information is normally only be valid within a small neighborhood of that point (see Section
2.6). Without additional information or assumptions about the problem it will not be possible
to guarantee that a global solution has been found. An important exception is in the case
where the function f and the set S are convex (see Section 2.3), which is true for linear
programming problems.

If we cannot find the global solution, then at the least we would like to find a point that
is better than its surrounding points. More precisely, we would like to find a local minimizer
of fin S, a point satisfying

f(xy) < f(x) forall x € Ssuchthat ||x — x| <e.

Here ¢ is some small positive number that may depend on x,.. The point x, is a strict local
minimizer if

f(x) < f(x) forall x € Ssuchthat x # x, and ||x — x| < €.

Various one-dimensional examples are illustrated in Figure 2.3.

In many important cases, strict local minimizers can be identified using firstand second
derivative values at x = x,, and hence they can be identified by algorithms that compute
first and second derivatives of the problem functions. (A local minimizer that is not a strict
local minimizer is a degenerate case and is often considered to be a special situation.) Many
algorithms, in particular those that only compute first derivative values, are only guaranteed
to find a stationary point for the problem. (For unconstrained problems a stationary point
is a point where the first derivatives of f are equal to zero. For constrained problems the
definition is more complicated; see Chapter 14.) A local minimizer of f is also a stationary
point of f but the reverse need not be true.

Having all these various definitions of what is meant by a solution may seem perverse,
but it merely reflects the fact that if we only have limited information, then we can draw only
limited conclusions. The definitions are not without merit, though. In the case where all
these various types of solutions are defined and where the function has several continuous
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derivatives, a global solution will also be both a local solution and a stationary point. In
important special cases such as linear programming the reverse will also be true. In our
experience, it is unusual for an algorithm to converge to a point that is a stationary point
but not a local minimum. However, it is common for an algorithm to converge to a local
minimum that is not a global minimum.

It may seem troubling that a local but not global solution is often found, but in many
practical situations this can be acceptable if the local minimizer produces a satisfactory
reduction in the value of the objective function. For example, if the objective function rep-
resented the costs of running a business, a 10% reduction in these costs would be a valuable
saving, even if it did not correspond to the global solution to the optimization problem.
Local optimization techniques are a valuable tool even if global solutions are desired, since
techniques for global optimization typically solve a sequence of local optimization prob-
lems.

Exercises
2.1. Consider the feasible region defined by the constraints

1—xf—x2220, \/E—xl—)@ZO, and x, > 0.

For each of the following points, determine whether the point is feasible or infeasible,
and (if it is feasible) whether it is interior to or on the boundary of each of the
constraints: x, = (3, )7, x, = (1,07, x. = (-1,0)7, x; = (-3, 07, and x, =
1/v/2,1/V2)".

2.2. Consider the one-variable function
fx) = (x +Dx(x —2)(x —5) = x* — 6x> + 3x% 4 10x.

Graph this function and locate (approximately) the stationary points, local minima,
and global minima.

2.3. Consider the problem
minimize  f(x) = x;
subjectto  x2 +x3 < 4
xf > 1.
Graph the feasible set. Use the graph to find all local minimizers for the problem,
and determine which of those are also global minimizers.
2.4. Consider the problem
minimize  f(x) = x1
subjectto  (x; —1)2+x2=1
(x1+1)2+x5=1.

Graph the feasible set. Are there local minimizers? Are there global minimizers?
2.5. Give an example of a function that has no global minimizer and no global maximizer.
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2.6. Provide definitions for a global maximizer, a strict global maximizer, a local maxi-
mizer, and a strict local maximizer.

2.7. Consider minimizing f(x) for x € S where S is the set of integers. Prove that every
point in S is a local minimizer of f.

28. LetS={x:g(x)>0,i=1,...,m}and assume that the functions { g; } are con-
tinuous. Prove that if g;(£) > 0 forall i, then {x : |x — %] <€} S for some
e > 0.

2.9. Let S be the feasible region in Figure 2.1. Show that S can be represented by equality
and inequality constraints in such a way that it has no interior points. Thus the interior
of a set may depend on the way it is represented.

2.10. LetS ={x:g(x)>0,i =1,...,m}andassume that the functions { g; } are con-
tinuous. Assume that there exists a point x such that g;(x) > 0 for all i. Prove that
S has a nonempty interior regardless of how S is represented.

2.3 Convexity

There is one important case where global solutions can be found, the case where the objective
function is a convex function and the feasible region is a convex set. Let us first talk about
the feasible region.

Aset S is convex if, for any elements x and y of S,

ax+ (1 —a)yeS forall0 <o <1.

In other words, if x and y are in S, then the line segment connecting x and y is also in S.
Examples of convex and nonconvex sets are given in Figure 2.4. More generally, every set
defined by a system of linear constraints is a convex set; see the Exercises.

Afunction f is convex on a convex set S if it satisfies

flax+ A -w)y) <af(x)+A-a)f()

forall0 <« < landforall x, y € S. This definition says that the line segment connecting
the points (x, f(x)) and (y, f(y)) lies on or above the graph of the function; see Figure
2.5. Intuitively, the graph of the function is bowl shaped.

Analogously, a function is concave on S if it satisfies

flax+ A -a)y) zaf(x)+ A —-a) f(y)

O L

convex nonconvex

Figure 2.4. Convex and nonconvex sets.
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o f(x) +(1-o)f(y)

X ax+(1-o)y y

Figure 2.5. Convex function.

forall 0 < o < 1andforall x,y € S. Concave functions are explored in the Exercises
below. Linear functions are both convex and concave.
We say that a function is strictly convex if

flax+ 1 -a)y) <af(x)+A-a)f(y)

forall x #yand0 < @ < 1wherex, y € S.
Let us now return to the discussion of local and global solutions. We define a convex
optimization problem to be a problem of the form

minimize f(x),
xeS
where S is a convex set and f is a convex function on S. A problem

minimize  f(x)
subjectto g;(x) >0,i=1,...,m,

is a convex optimization problem if f is convex and the functions { g; } are concave; see
the Exercises.

The following theorem shows that any local solution of such a problem is also a global
solution. This result is important to linear programming, since every linear program is a
convex optimization problem.

Theorem 2.1 (Global Solutions of Convex Optimization Problems). Let x, be a local
minimizer of a convex optimization problem. Then x, is also a global minimizer. If the
objective function is strictly convex, then x, is the unique global minimizer.

Proof. The proof is by contradiction. Let x, be a local minimizer and suppose, by con-
tradiction, that it is not a global minimizer. Then there exists some point y € S satisfying
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FO) < f(x). If0 <a < 1, then

flax,+ A —-w)y) <af(x)+ A —-a)f(y)
<af(x)+ 1- a) f(xe) = f(x).

This shows that there are points arbitrarily close to x, (i.e., when « is arbitrarily close to
1) whose function values are strictly less than f(x,). These points are in S because S is
convex. This contradicts the definition of a local minimizer. Hence a point such as y cannot
exist, and x, must be a global minimizer.

If the objective function is strictly convex, then a similar argument can be used to
show that .. is the unique global minimizer; see the Exercises. [

For general problems it may be as difficult to determine if the function f and the
region S are convex as it is to find a global solution, so this result is not always useful.
However, there are important practical problems, such as linear programs, where convexity
can be guaranteed.

We conclude this section by defining a convex combination (weighted average) of a
finite set of points. A convex combination is a linear combination whose coefficients are
nonnegative and sum to one. Algebraically, the point y is a convex combination of the
points { x; }_, if

k
y = Z%‘xi,
i=1
where
k
ai=1 and >0, i=1.. .k
i=1
There will normally be many ways in which y can be expressed as a convex combination
of {x; }.

As an example, consider the points x; = (0,0)7, x, = (1,0)7, x3 = (0, 1)7, and
=000 Ify= (%, %)T, then y can be expressed as a convex combination of { x; } in
the following ways:

y =0x; + %xz + %X3 + Oxa
= %xl + Oxp + Ox3 + %X4

1 1 1 1
= zX1+ 7X2 + 7x3 + 3X4,

and so forth.

2.3.1 Derivatives and Convexity

If aone-dimensional function f has two continuous derivatives, then an alternative definition
of convexity can be given that is often easier to check. Such a function is convex if and
only if

f'(x) >0 forallx € S;
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see the Exercises in Section 2.6. For example, the function f(x) = x* is convex on the
entire real line because f”(x) = 12x2 > 0 for all x. The function f(x) = sinx is neither
convex nor concave on the real line because f”(x) = —sinx can be both positive and
negative.

In the multidimensional case the Hessian matrix of second derivatives must be positive
semidefinite; that is, at every point x € S

yIV2 f(x)y >0 forall y;

see the Exercises in Section 2.6. (The Hessian matrix is defined in Appendix B.4.) Notice
that the vector y is not restricted to lie in the set S. The quadratic function

Jx1,x2) = 4Xf + 12x1x, + 9x22

is convex over any subset of %? since

YIVEf(x)y = (1 ¥2) <182 1523) (i;)

= 8)f + 24y1y2 + 18)3
=2(2y1 +3y2)? > 0.

Alternatively, it would have been possible to show that the eigenvalues of the Hessian matrix
were all greater than or equal to zero.
In the one-dimensional case, if a function satisfies

f'(x)>0 forallx €S,

then it is strictly convex on S. In the multidimensional case, if the Hessian matrix V2 f (x)
is positive definite for all x € S, then the function is strictly convex on S. This is not an “if
and only if” condition, since the Hessian of a strictly convex function need not be positive
definite everywhere (see the Exercises).

Now we consider another characterization of convexity that can be applied to functions
that have one continuous derivative. In this case a function f is convex over a convex set
S if and only if it satisfies

fM = fO)+ VIO —x)

for all x, y € S. This property states that the function is on or above any of its tangents.
(See Figure 2.6.)
To prove this property, note that if f is convex, then for any x and y in S and for any
O<a<l,
flay+d—-—o)x) <af(y)+ A —a)f(x),
so that
fx+aly —x) — fx)

o

If we let o approach 0 from above, we can conclude that £(y) > f(x) + V f(x)7(y — x).

= f) = fx).



52 Chapter 2. Fundamentals of Optimization

f(x)

Xt — = = =

Figure 2.6. Convex function with continuous first derivative.

Conversely, suppose that the function £ satisfies f(y) > f(x) + Vf(x)"(y — x) for
allxand yin S. Lett = ax + (1 — «)y. Thenz isalso in the set S, so
f) = fO+ VO (x—1)
and
fO=FO+VFD (v —1).

Multiplying the two inequalities by @ and 1 — «, respectively, and then adding yields the
desired result. See the Exercises for details.

Exercises

3.1. Prove that the intersection of a finite number of convex sets is also a convex set.

32. LetSi ={x:x1+x2<Lx1>0}and S = {x :x1 —x>0,x; <1}, and let
S = 81 U S,. Prove that §; and S, are both convex sets but S is not a convex set.
This shows that the union of convex sets is not necessarily convex.

3.3. Consider a feasible region S defined by a set of linear constraints
S={x:Ax <b}.

Prove that S is convex.

3.4. Prove that a function f is concave if and only if — f is convex.

3.5. Let f(x) be a function on R". Prove that f is both convex and concave if and only
if £(x) = c"x for some constant vector c.

3.6. Prove that a convex combination of convex functions all defined on the same convex
set S is also a convex function on S.
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3.7.

3.8.

3.9.

3.10.

3.11.

3.12.

3.13.

3.14.

Let f be a convex function on a convex set S € i". Let k be a nonzero scalar, and
define g(x) = kf (x). Prove that if k > 0, then g is a convex function on S, and if
k < 0, then g is a concave function on S.

(Jensen’s Inequality.) Let f be a function on a convex set S € R". Prove that f is
convex if and only if

k k
f (Z%‘M) <Y aifx)
i=1 i1

forall xi,...,x, € Sand0 < o; < 1where Y5 oy = 1.
Prove the well-known inequality between the arithmetic mean and the geometric
mean of a set of positive numbers:

(rp 4+ x0)/k = Gy xR

Hint: Apply the previous problem to the function f(x) = — log(x).

Consider the function f (x1, x2) = ax]x7, defined on S = {x : x > 0}. For what
values of «, p, and ¢ is the function convex? Strictly convex? For what values is it
concave? Strictly concave?

Consider the problem
maximize f(x),
xe§
where S is a convex setand f is a concave function. Prove that any local maximizer

is also a global maximizer.
Let g1, ..., gn be concave functions on 9i”. Prove that the set

S={x:gx)=>0,i=1,...,m}

iS convex.
Let f be a convex function on the convex set S. Prove that the level set

T={xeS:fx)<k)

is convex for all real number k.

Afunction f is said to be quasi convex on the convex set S if every level set of f in
S is convex, that is, if {x € S: f(x) <k} is convex for all k.

(i) Prove that f(x) = /x is a quasi-convex functionon § = {x e %, x > 0}
but it is not convex on S.

(if) Prove that f is quasi convex on a convex set S if and only if for every x and
yinSandevery0 <o« <1,

flax + (1 —a)x) <max{f(x), f(»)}.

(iii) Prove that any local minimizer of a quasi-convex function on a convex set is
also a global minimizer.
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3.15.

3.16.

3.17.

3.18.
3.19.

3.20.

3.21.

3.22.

2.4

Let g1, ..., g be concave functions on )%". Prove that the set
S={x:g(x)>0,i=1,...,m}

is convex.

Let £ : ®\" — MN! be a convex function, and let g : R* — %! be a convex
nondecreasing function. (The notation f : %" — %! means that f is a real-valued
function of n variables; g is a real-valued function of one variable.) Prove that the
composite function /2 : " — R defined by 2 (x) = g(f(x)) is convex.

Complete the proof of Theorem 2.1 for the case when the objective function is strictly
convex.

Express (2, 2)7 as a convex combination of (0, 0)7, (1, 4)7, and (3, 1)T.

For each of the following functions, determine if it is convex, concave, both, or
neither on the real line. If the function is convex or concave, indicate if it is strictly
convex or strictly concave.

(i) f(x)=3x>+4x -5

(i) f(x) =exp(x?)

(iii) f(x) =7x—15

(iv) f(x) =+/1+x2

(V) f(x) =4 —5x+3x?

(Vi) f(x) =2x* 4 3x% 4 4x?
(vii) f(x) =x/(L+x).
Determine if

f(x1,x2) = 2)612 — 3x1x2 + 5x§ — 2x1 + 6x;

is convex, concave, both, or neither for x € R?.
Give an example of a one-dimensional function f that is strictly convex on the real
line even though f”(x) = 0 at some point x.

Let g1, ..., gn be concave functions on %", let f be a convex function on ", and
let u be a positive constant. Prove that the function

Bx) = f(x)—p)_logg(x)
i=1

isconvexontheset S ={x:g(x)>0,i=1,...,m}.

The General Optimization Algorithm

More algorithms for solving optimization problems have been proposed than could possibly
be discussed in a single book. This has happened in part because optimization problems can
come in so many forms, but even for particular problems such as one-variable unconstrained
minimization problems, there are many different algorithms that one could use.
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Despite this diversity of both algorithms and problems, all of the algorithms that we
will discuss in any detail in this book will have the same general form.

ALGORITHM 2.1.
General Optimization Algorithm |

1. Specify some initial guess of the solution xg.
2. Fork=0,1,...

(i) If x; is optimal, stop.
(ii) Determine x;1, a new estimate of the solution.

This algorithm is so simple that it almost conveys no information at all. However, as we
discuss ever more complex algorithms for ever more elaborate problems, it is often helpful
to keep in mind that we are still working within this simple and general framework.

The algorithm suggests that testing for optimality and determining a new point x;.1
are separate ideas, but this is usually not true. Often the information obtained from the
optimality test is the basis for the computation of the new point. For example, if we are
trying to solve the one-dimensional problem without constraints

minimize f(x),
then the optimality test will often be based on the condition
f'(x)=0.

If f'(xx) # 0, then x; is not optimal, and the sign and value of f’(x;) indicate whether
f is increasing or decreasing at the point x, as well as how rapidly f is changing. Such
information is valuable in selecting x 1.

Many of our algorithms will have a more specific form.

ALGORITHM 2.2.
General Optimization Algorithm 11

1. Specify some initial guess of the solution xo.
2. Fork=0,1,...

(i) If xy is optimal, stop.

(ii) Determine a search direction py.

(iii) Determine a step length o, that leads to an improved estimate of the solution:
Xk+1 = X + O Dk

In this algorithm, p, is a search direction that we hope points in the general direction of the
solution, or that “improves” our solution in some sense. The scalar «; is a step length that
determines the point x;1; once the search direction p; has been computed, the step length
ay is found by solving some auxiliary one-dimensional problem; see Figure 2.7.
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X1 = X T oy Py

Figure 2.7. General optimization algorithm.

Why do we not just solve for the solution directly? Except for the simplest optimi-
zation problems, formulas for the solution do not exist. For example, consider the problem

minimize f(x) = ¢* + x°.
The optimality condition f’(x) = 0 has the form
e +2x =0,

but there is no simple formula for the solution to this equation. Hence for many problems
some form of iterative method must be employed to determine a solution. (Any finite se-
quence of calculations is a formula of some sort, and so the solution of a general optimization
problem can only be found as the limit of an infinite sequence. When we refer to computing
a “solution” we most always mean an approximate solution, an element of this sequence
that has sufficient accuracy. Determining the exact solution, or the limit of such a sequence,
would be an “infinite” calculation.)

Why do we split the computation of x;.1 into two calculations? Ideally we would
like to have x;+1 = x¢ + pr Where p; solves

minimize f(x; + p),
p

but this is equivalent to our original problem
minimize f(x).

Instead a compromise is employed. For an unconstrained problem of the form here, we will
typically require that the search direction p; be a descent direction for the function f at the
point x;. This means that for “small” steps taken along p; the function value is guaranteed
to decrease:

fOx+apy) < f(x) for0<a<e
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f(xk+o<k pk)

Py

Figure 2.8. Line search.

for some €. For a linear function f(x) = c’x, py is a descent direction if
T + €pr) = cTxe + ecrpk < cIxy,

or in other words if ¢Tp; < 0. Techniques for computing descent directions for nonlinear
functions are discussed in Chapter 11.

With p, available, we would ideally like to determine the step length «; so as to
minimize the function in that direction:

minimize f(x; + apy).
a>0

This is a problem only involving one variable, the parameter «. The restriction « > 0 is
imposed because py is a descent direction.

Even for this one-dimensional problem there may not be a simple formula for the
solution, so it too cannot normally be solved exactly. Instead, an oy is computed that
either “sufficiently decreases” the value of f or yields an “approximate minimizer” of the
function f in the direction p,. Both these terms have precise theoretical meanings that will
be specified in later chapters, and computational techniques are available that allow «; to
be determined at reasonable cost. The calculation of «; is called a line search because it
corresponds to a search along the line x; + ap; defined by «. The line search is illustrated
in Figure 2.8.

Algorithm 11 with its three major steps (the optimality test, computation of p;, and
computation of ;) has been the basis for a great many of the most successful optimization
algorithms ever developed. It has been used to develop many software packages for non-
linear optimization, and it is also present implicitly as part of the simplex method for linear
programming. It is not the only approach possible (see Section 11.6), but it is the approach
that we will emphasize in this book.
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Using the concept of descent directions, we can establish an important condition for
optimality for the constrained problem

minimize f(x).
xes
We define p to be a feasible descent direction at a point x;, € S if, for some € > 0,

xp+apeS and  f(x+ap) < f(x)

forall 0 < o < e. If a feasible descent direction exists at a point x;, then it is possible to
move a short distance along this direction to a feasible point with a better objective value.
Then x; cannot be a local minimizer for this problem. Hence, if x, is a local minimizer,
there cannot exist any feasible descent directions at x,. This result will be used to derive
optimality conditions for a variety of optimization problems.

Exercises

4.1. Letx, = (2, 1)7and py = (=1, 3)7. Plotthe set {x : x = xx + apr, o >0},

4.2. Find all descent directions for the linear function f(x) = x; — 2x, 4+ 3x3. Does your
answer depend on the value of x?

4.3. Consider the problem

minimize  f(x) = —x;1 —xp
subjectto  x3 +xp, <2
x1,x2 > 0.

(i) Determine the feasible directions at x = (0, 0)7, (0, 1)7, (1, D)7, and (0, 2)7.
(if) Determine whether there exist feasible descent directions at these points, and
hence determine which (if any) of the points can be local minimizers.

2.5 Rates of Convergence

Many of the algorithms discussed in this book do not find a solution in a finite number of
steps. Instead these algorithms compute a sequence of approximate solutions that we hope
get closer and closer to a solution. When discussing such an algorithm, the following two
questions are often asked:

e Does it converge?
e How fast does it converge?

It is the second question that is the topic of this section.

If an algorithm converges in a finite number of steps, the cost of that algorithm is
often measured by counting the number of steps required, or by counting the number of
arithmetic operations required. For example, if Gaussian elimination is applied to a system
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of n linear equations, then it will require about »n® operations. This cost is referred to as
the computational complexity of the algorithm. This concept is discussed in more detail in
Chapter 9 in the context of linear programming.

For many optimization methods, the number of operations or steps required to find an
exact solution will be infinite, so some other measure of efficiency must be used. The rate
of convergence is one such measure. It describes how quickly the estimates of the solution
approach the exact solution.

Let us assume that we have a sequence of points x; converging to a solution x,. We
define the sequence of errors to be

€ = X — Xg.

Note that
lim e, = 0.

k—o00

We say that the sequence { x; } converges to x, with rate » and rate constant C if

ekl
k=00 [lex]”

and C < oo. To understand this idea better, let us look at some examples.
Initially let us assume that we have ideal convergence behavior

lexs1ll = C llexll”  forall k,

so that we can avoid having to deal with limits. When r = 1 this is referred to as linear
convergence:
lextall = C llexll .

If 0 < C < 1, then the norm of the error is reduced by a constant factor at every iteration.
If C > 1, then the sequence diverges. (What can happen when C = 1?) If we choose
C =0.1 =101 and |leg] = 1, then the norms of the errors are

1,107%,1072,107%,107*,107°,10°%, 1077,

and seven-digit accuracy is obtained in seven iterations, a good result. On the other hand,
if C = 0.99, then the norms of the errors take on the values

1, 0.99, 0.9801, 0.9703, 0.9606, 0.9510, 0.9415, 0.9321, ... .,

and it would take about 1600 iterations to reduce the error to 10~7, a less impressive result.
If r = 1and C = 0, the convergence is called superlinear. Superlinear convergence
includes all cases where r > 1 since if

. e
il _ |
e el
then el lewsal
. €k+1 . €k+1 _ . _
lim =% = lim —— = e "t = C x lim [l "~ = 0.
et el ke el e
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When r = 2, the convergence is called quadratic. As an example, letr = 2, C = 1, and
lleoll = 10~1. Then the sequence of error norms is

1071,1072,107%, 1078,

and so three iterations are sufficient to achieve seven-digit accuracy. In this form of quadratic
convergence the error is squared at each iteration. Another way of saying this is that the
number of correct digits in x; doubles at every iteration. Of course, if the constant C # 1,
then this is not an accurate statement, but it gives an intuitive sense of the attractions of a
quadratic convergence rate.

For optimization algorithms there is one other important case, and that is when 1 <
r < 2. This is another special case of superlinear convergence. This case is important
because (a) it is qualitatively similar to quadratic convergence for the precision of common
computer calculations, and (b) it can be achieved by algorithms that only compute first
derivatives, whereas to achieve quadratic convergence it is often necessary to compute
second derivatives as well. To get a sense of what this form of superlinear convergence
looks like, let » = 1.5, C = 1, and |leo|| = 10~1. Then the sequence of error norms is

1x1071,3%x1072,6x1073,4 x107%,9 x 107%,3 x 10°¢,
and five iterations are required to achieve single-precision accuracy.
Example 2.2 (Rate of Convergence of a Sequence). Consider the sequence
2,1.1,1.01,1.001, 1.0001, 1.00001, . ..
with general term x; = 1 + 10~*. This sequence converges to x, = 1 and e, = x; — x, =

10—*. Hence
- leggall . 107®FD 1

k—oo |lex]l ~ k—oo 107K T 10’

so that the sequence converges linearly with rate constant %
Now consider the sequence

4,2.5,2.05,2.00060975, ...

defined by the formula

1 4 X 2
Y1t =g\ X+ — )= F5 +—
2 Xk

with xo = 4. It can be shown that x, — 2. Also

Ck+1 = Xk+1 — X«
Xk 2
=422
2 Xk

1
Z—Xk(xlg + 4 — 4Xk)

1
= (xp —2)2% = _—¢2.
Zxk (Xk ) 2xkek
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From this it follows that

el 11
k—o00 ||ek||2 2|x*| 4
Hence this sequence converges quadratically with rate constant }1. |

In practical situations ideal convergence behavior is not always observed. The rate
of convergence is only observed in the limit, so at the initial iterations there is no guarantee
that the norm of the error will be reduced at all, let alone at any predictable rate. In fact, it
is not uncommon for an algorithm to expend almost all of its effort far from the solution,
with this asymptotic convergence rate only becoming apparent at the last few iterations. In
addition, the algorithm will be terminated after a finite number of iterations when the error
in the solution is below some tolerance, and so the limiting behavior described here may be
only imperfectly observed.

There is ambiguity in the definition of the rate of convergence. For instance, any
sequence that converges quadratically also converges linearly, but with rate constant equal
to zero. It is common when discussing algorithms to refer to the fastest rate at which the
algorithm typically converges. For example, in Section 2.7 we show that a certain sequence

{ x } satisfies
_ ~ f/,(x*) . 2
Xk+1 Xy ~ (Zf’(x*)> (-xk -x*) 5

where x, = lim x; and f is a function used to define the sequence. Based on this formula,
the sequence { x; } is said to converge quadratically. However, if f'(x,) = 0 the right-hand
side is not defined. On the other hand, if f/(x,) # 0but f”(x,) = 0, then the sequence can
converge faster than quadratically. “Typically” these things do not happen.

In many situations people use a sort of shorthand and only refer to the convergence
rate without mention of the rate constant. For quadratic rates of convergence this is not
too misleading, since the ideal behavior and the observed behavior are similar unless the
rate constant is exceptionally large or small. However, in the linear case the rate constant
plays an important role. It is not uncommon to see rate constants that are close to one,
and more unusual to see rate constants near zero. As a result, linear convergence rates are
often considered to be inferior. However, if the rate constant is small, then there is little
practical difference between linear and higher rates of convergence at the level of precision
common on many computers. In summary, even though it is generally true that higher rates
of convergence often represent improvements in performance, this is not guaranteed, and
an algorithm with a linear rate of convergence can sometimes be effective in a practical
setting.

Exercises

5.1. Foreach of the following sequences, prove that the sequence converges, find its limit,
and determine the rate of convergence and the rate constant.
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(i) The sequence
111 1 1

with general term x; = 2%, fork = 1,2, .. ..
(if) The sequence
1.05, 1.0005, 1.000005, ...

with general term x;, = 14+5 x 1072 fork =1,2, ....
(iii) The sequence with general term x; = 22"
(iv) The sequence with general term x;, = 3+,

(v) The sequence with general term x; = 1 — 22 for k odd, and x; = 1 + 27*
for k even.

5.2. Consider the sequence defined by xo = @ > 0 and

1 a
Xkl = 3 Xk+x— .
k

Prove that this sequence converges to x, = +/a and that the convergence rate is
quadratic, and determine the rate constant.

5.3. Consider a convergent sequence {x; } and define a second sequence {y;} with
Y = cx; Where ¢ is some nonzero constant. What is the relationship between
the convergence rates and rate constants of the two sequences?

5.4. Let {x; } and { ¢, } be convergent sequences, and assume that
lim ¢, =c #0.
k—o00

Consider the sequence { y; } with y; = cxx;. Isthissequence guaranteed to converge?
If so, can its convergence rate and rate constant be determined from the rates and
rate constants for the sequences { x; } and { ¢, }?

2.6 Taylor Series

The Taylor series is a tool for approximating a function f near a specified point xo. The
approximation obtained is a polynomial, i.e., a function that is easy to manipulate. The
Taylor series is a general tool—it can be applied whenever the function has derivatives—
and it has many uses:

e |t allows you to estimate the value of the function near the given point (when the
function is difficult to evaluate directly).

e The derivatives and integral of the approximation can be used to estimate the deriva-
tives and integral of the original function.

e It is used to derive many algorithms for finding zeroes of functions (see below), for
minimizing functions, etc.
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Since many problems are difficult to solve exactly, and an approximate solution is often
adequate (the data for the problem may be inaccurate), the Taylor series is widely used, both
theoretically and practically. Even if the data are exact, an approximate solution may be
adequate, and in any case it is all we can hope for under most circumstances.

How does it work? We first consider the case of a one-dimensional function f with
n continuous derivatives. Let xq be a specified point (say xo = 17.5 or xo = 0). Then the
nth order Taylor series approximation is

1 n
f(xo+ p) &~ f(x0) + pf'(x0) + Epzf”(xw ot %f(")(xo).

Here £ (xo) is the nth derivative of f at the pointxg, andn! =n(n—1)(n—2)---3-2-1.
Notice that § p? £ (xo) = (p?/21) @ (xo). In this formula, p is a variable; we will decide
later what values p will take. The approximation will normally only be accurate for small
values of p.

Example 2.3 (Taylor Series). Let f(x) = /x and let xo = 1. Then
flo)=yxo=v1=1
1

1.72 _14-3 _ 1
fxo)=3%2=312=3
_3 3
o) = iy ? = —21F = -
5 5
My =3, 2 _31-3 _ 3
Jrxo) =5x " =3l 2=3

Hence, substituting into the formula for the Taylor series,

V1+p=fxo+p)
~ f(x0) + pf'(x0) + 507 f"(x0) + ¢ P° £ (x0)
=1+pG) + 30D +50°@)
=1+3p—3p*+Lp°
How do we use this? Suppose we want to approximate f(1.6). Then xo + p =
14+ p=16,andso p =0.6:

/1.6 =+1+0.6
~ 1+ 1(0.6) — £(0.6)2 + (0.6)° ~ 1.2685.
The true value is 1.264911 . . . ; the approximation is accurate to three digits. |

The first two terms of the Taylor series give us the formula for the tangent line for
the function f at the point xo. We commonly define the tangent line in terms of a general
point x, and not in terms of p. Since xo + p = x, We can rearrange to get p = x — xo.
Substitute this into the first two terms of the series to get the tangent line:

y = f(x0) + (x — x0) f'(x0).
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2.5

1.5

quadratic approximation
1+(x—1)12 —(x—1)%8

05 //

L L L L L ,
0 1 2 3 4 5 x 6

Figure 2.9. Taylor series approximation.

For the example above we get
y=1+@x-1} or y=1ix+1.

The first three terms of the Taylor series give a quadratic approximation to the function f
at the point xo. This is illustrated in Figure 2.9.

So far we have only considered a Taylor series for a function of one variable. The
Taylor series can also be derived for real-valued functions of many variables. If we use
matrix and vector notation, then there is an obvious analogy between the two cases:

L-variable:  f(xo+ p) = f(x0) + pf'(x0) + 5P f" (x0) + - -
n-variables:  f(xo + p) = f(x0) + p'V f(x0) + 3p" VA f(x))p + -+ -.
In the second line above xg and p are both vectors. The notation V f(xg) refers to the
gradient of the function £ at the point x = xo. The notation V2 f (xo) represents the Hessian
of f at the point x = xq. (See Appendix B.4.) The higher-order terms of the Taylor series

can also be written down, but the notation is more complex and they will not be required in
this book.

Example 2.4 (Multidimensional Taylor Series). Consider the function
f(x1, x2) = x3 + 5xlxp + Tax? + 2x3

at the point
xo = (=2, 3).
The gradient of this function is
3x2 + 10x1xp + 7x2
Vf@)z( : 2)
5xi + 14x1x7 4 6x5

and the Hessian matrix is

2 _( 6xy1+10x> 10x1 + 14x;
Vife) = (10x1 +14x, 14x + 12xz> :
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At the point xo = (—2, 3)7 these become

Vf(xo>=<_18> and v2f<x0)=(;g 2§>

If p = (p1, p2)T = (0.1,0.2)7, then
£(=1.9,3.2) = f(—240.1,340.2)
= f(xo+ p)
T l T2
~ f(xo) + p 'V f(xo) + 2P Ve f(xo)p

=20+ (0.1 0.2)<_ig>+%(0-1 02)(;2 2;) (8%)

=—-20—-05+0.69 = —-19.81.

The true value is f(—1.9,3.2) = —19.755, so the approximation is accurate to three
digits. |

The Taylor series for multidimensional problems can also be derived using summa-
tions rather than matrix-vector notation:

of (x)

fGo+p)=fxo)+ ) pi Py
i=1

I 3% f(x)
X=X + E Z Zplpj 8xi3xj X=X +
i=1 j=1
The formula is the same as before; only the notation has changed.

There is an alternate form of the Taylor series that is often used, called the remainder
form. If three terms are used it looks like

l-variable:  f(xo+ p) = f(x0) + pf'(x0) + 5P 1" (§)
n-variables:  f(xo + p) = f(x0) + p'V f(x0) + 3p'V2 f(§)p.
The point & is an unknown point lying between xq and xo + p. In this form the series is
exact, but it involves an unknown point, so it cannot be evaluated. This form of the series
is often used for theoretical purposes, or to derive bounds on the accuracy of the series.
The accuracy of the series can be analyzed by establishing bounds on the final “remainder”
term.
If the remainder form of the series is used, but with only two terms, then we obtain
1-variable:  f(xo + p) = f(x0) + pf'(€)
n-variables:  f(xo + p) = f(x0) + p'V f(§).

This result is known as the mean-value theorem.

Exercises
6.1. Find the first four terms of the Taylor series for

f(x) =log(1 + x)
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6.2.

6.3.

6.4.

6.5.

6.6.

6.7.

6.8.

about the point xo = 0. Evaluate the series for p = 0.1 and p = 0.01 and compare
with the value of f (xo+ p). Derive the remainder form of the Taylor series using five
terms (the four terms you already derived plus a remainder term). Derive a bound
on the accuracy of the four-term series. Compare the bound you derived with the
actual errors for p = 0.1 and p = 0.01.

Find the first three terms of the Taylor series for the following functions.

(i) f(x) = sinx about the point xo = 7.
(if) f(x) = 2/(3x + 5) about the point xp = —1.
(iii) f(x) = e* about the point xo = 0.

Determine the general term in the Taylor series for the function

. e Vx ifx > 0,
fm_{o ifx <0,

aboutthe point xo = 0. Compare this with the Taylor series for the function f(x) =0
about the same point. What can you conclude about the limitations of the Taylor
series as a tool for approximating functions?

Find the first three terms of the Taylor series for
fx1, x2) = 3xi1 — foxz — 4x12x§ + 5x1x§ + 2)651

at the point

xo = (1, =17
Evaluate the series for p = (0.1, 0.01)” and compare with the value of f(xo + p).
Find the first three terms of the Taylor series for

fx1, x2) =/x?+x3
about the point xo = (3, ).

Prove that if p’V f(x;) < 0, then f(x; + ep) < f(x;) for e > 0 sufficiently
small. Hint: Expand f(x; 4+ €p) in a Taylor series about the point x; and look at
Sk +€p) — f(xp).

(The results of this and the next problem show that a function f is convex on a
convex set S if the Hessian matrix V2 f (x) is positive semidefinite for all x € S.)
Let f be a real-valued function of n variables x with continuous first derivatives.
Prove that f is convex on the convex set S if and only if

fO = [+ V@) (y—x)

forall x,y € S.

Let f be areal-valued function of n variables x with continuous second derivatives.
Use the result of the previous problem to prove that f is convex on the convex set S
if V2 f(x) is positive semidefinite for all x € S.



2.7. Newton’s Method for Nonlinear Equations 67

2.7 Newton’s Method for Nonlinear Equations

Let us now consider methods for solving

fx)=0.
We first consider the one-dimensional case where x is a scalar and f is a real-valued
function. Later we will look at the n-dimensional case where x = (xq,...,x,)" and

Ff@) = (fi(x), ..., f(x)T. Note that both x and f(x) are vectors of the same length ».
Throughout this section we assume that the function f has two continuous derivatives.

If £(x) isalinear function, it is possible to find a solution if the system is nonsingular.
The cost of finding the solution is predictable—it is the cost of applying Gaussian elimina-
tion. Except for a few isolated special cases, such as quadratic equations in one variable,
in the nonlinear case it is not possible to guarantee that a solution can be found, nor is it
possible to predict the cost of finding a solution. However, the situation is not totally bleak.
There are effective algorithms that work much of the time, and that are efficient on a wide
variety of problems. They are based on solving a sequence of linear equations. As a result,
if the function £ is linear, they can be as efficient as the techniques for linear systems. Also,
we can apply our knowledge about linear systems in the nonlinear case.

The methods that we will discuss are based on Newton’s method. Given an estimate
of the solution x, the function f is approximated by the linear function consisting of the
first two terms of the Taylor series for the function f at the point x;. The resulting linear
system is then solved to obtain a new estimate of the solution x; .

To derive the formulas for Newton’s method, we first write out the Taylor series for
the function f at the point x;:

fGx+p) &~ ) + pf'(x)-
If f'(xx) # 0, then we can solve the equation

F) &~ fa) + pf(a) =0
for p to obtain

p=—f)/f ).
The new estimate of the solution is then x;,1 = x; + p or
X1 = Xx — f ) [ ().
This is the formula for Newton’s method.
Example 2.5 (Newton’s Method). As an example, consider the one-dimensional problem
f(x) =Tx* 433+ 2x°+9x +4=0.

Then
fl(x) =28x3 +9x2 +4x +9
and the formula for Newton’s method is
Txf +3x2 4+ 2x2 + 9x + 4
28x,§ + 9x,f +4x +9

Xk+1 = Xk —



68 Chapter 2. Fundamentals of Optimization

Table 2.1. Newton’s method for a one-dimensional problem.

X S ) [ X — Xl

0 4 x 10° 5x 1071
—0.4444444444444444 4 x 107! 7 x 1072
—0.5063255748934088 3 x 1072 5x 1078
—0.5110092428604380 2x107* 3x10°°
—0.5110417864454134 9x10°° 2x10°°
—0.5110417880368663 0 0

O WNPEFEO|x

If we start with the initial guess xo = 0, then

7x§+3xg+2xg+9xo+4
28xg +9x§+4x0+9
7Tx0*+3x084+2x0°+9%x0+4
. 28x034+9x02+4x0+9
4

=0— 5= —4/9=-04444....

X1 = X9 —

=0

At the next iteration we substitute x; = —4/9 into the formula for Newton’s method and
obtain x, ~ —0.5063. The complete iteration is given in Table 2.1. [ |

Newton’s method corresponds to approximating the function f by its tangent line at
the point x;. The point where the tangent line crosses the x-axis (i.e., a zero of the tangent
line) is taken as the new estimate of the solution. This geometric interpretation is illustrated
in Figure 2.10.

The performance of Newton’s method in Example 2.5 is considered to be typical
for this method. It converges rapidly and, once x; is close to the solution x.,, the error is
approximately squared at every iteration. It has a quadratic rate of convergence as we now
show.

It is not difficult to analyze the convergence of Newton’s method using the Taylor
series. Define the error in x; by e; = x; — x,. Using the remainder form of the Taylor
series:

0= f(x) = flxx—e) = ) —ef () + 3¢5 1 ().
Dividing by f'(x;) and rearranging gives

LS 1, @)
TP 2K
Since e¢; = x; — x, We obtain
L B SRR )
fow 27T oy
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Figure 2.10. Newton’s method—geometric interpretation.

which is the same as ,
> f7(&)
= (O — x4 .
2 S ()
If the sequence { x; } converges, then & — x,, and hence when x; is sufficiently close to x,,

l " ”
Xep1 = Xa N S (?,&;) (i — x.)°

indicating that the error in x; is approximately squared at every iteration, assuming that the
rate constant %f”(x*)/f’(x*) isnotridiculously large or small. These results are summarized
in the following theorem.

Xk+1 — Xy =

Theorem 2.6 (Convergence of Newton’s Method). Assume that the function f(x) has two
continuous derivatives. Let x, be a zero of f with f'(x,) # 0. If |[xg — x| is sufficiently
small, then the sequence defined by

Xir1 = X — O /f ()

converges quadratically to x, with rate constant

C=1f"(x)/2f (xI.

Proof. See the Exercises. [

Example 2.5 also shows that the function values f (x;) converge quadratically to zero.
This also follows from the Taylor series:

0= f(x) = flx+e) = flx) +ef'(E).
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This can be rearranged to obtain

FO) = —ecf'(§) = —f'(§)(xx — xx)

sothat f (x;) is proportional to (x, —x;). Hence they converge at the same rate if f'(x,) # 0.

In the argument above we have assumed that { [ () } and f’(x,) are all nonzero.
If f'(xx) = 0 for some k, then Newton’s method fails (there is a division by zero in the
formula). Geometrically this means that the tangent line is horizontal, parallel to the x-axis,
and so it does not have a zero. If on the other hand f'(x;) # 0 for all k, f”(x,) # O, but
f'(x.) = 0, then the coefficient in the convergence analysis

1)
21" (xx)
tends to infinity, and the algorithm does not have a quadratic rate of convergence. If f

is a polynomial, this corresponds to f having a multiple zero at the point x,; this case is
illustrated in Example 2.7.

Example 2.7 (Newton’s Method; f’(x,) = 0). We now apply Newton’s method to the
example

fx) =x* =723 +17x2 —17x + 6
=(x—1)>%x-2)(x—3)=0.

This function has a multiple zero at x, = 1 and at this point f(x,) = f'(x,) = 0. The
derivative of f is
f(x) = 4x® — 21x% 4+ 34x — 17

and the formula for Newton’s method is

X —Tx3+17x2—17x +6
4x3 — 21x2 4+ 34x — 17

If we start with the initial guess xo = 1.1, then the method converges to x, = 1 at a linear
rate, whereas if we start with xo = 2.1, then the method converges to x, = 2 at a quadratic
rate. The results for these iterations are given in Tables 2.2 and 2.3. (In the final lines of
both tables the function value f(x;) is zero; this is the value calculated by the computer
and is a side effect of using finite-precision arithmetic.) |

Xi+1 = Xk —

In Example 2.7 the slow convergence only occurs when the method converges to a
solution where f’(x,) = 0. Quadratic convergence is obtained at the other roots, where
f'(xs) #0.

It should also be noticed that the accuracy of the solution was worse at a multiple
root. This too can be explained by the Taylor series, although this time we expand about
the point x,:

o) = fr+e) = fx) +ef )+ 3¢ £76)

At the solution, f(x,) = 0, and since this is assumed to be a multiple zero, f'(x,) = 0 as
well. Hence

fo) =221/ = GrrE)u —x)2
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Table 2.2. Newton’s method: f’(x,) =0 (xo = 1.1).

Xk

fx) [xe — X4l

CLVWooONOOULPWNE O | &

[N

25

1.100000000000000
1.045541401273894
1.021932395992710
1.010779316995807
1.005345328998912
1.002661858321646
1.001328260855184
1.000663467429195
1.000331568468827
1.000165742989413
1.000082861192927

1.000000075780004
1.000000040618541

2 x 1072 1x101
4 %1073 5x 1072
9x 104 2 x 1072
2 x 10 1x 1072
6 x 107° 5 x 1073
1x10°° 3x 1078
4 x 10°° 1x 1073
9 x 107 7 x 1074
2 x 1077 3x 104
6 x 1078 2 x 10
1x10°8 8 x 107°

1x10"4 8 x 1078
0 4 x 1078

Table 2.3. Newton’s method:

f(x) #0 (xo =2.1)

Xk

f ) [ Xk — X

A OWONRELO|x

2.100000000000000
2.006603773584894
2.000042472785593
2.000000001803635
2.000000000000001

—1x 1071 1x 101!
—7x 1073 7 x 1073
—4x10°° 4 x10°°
—2x 1079 2 x 107°

0 9 x 10716

The function value f(x;) is now proportional to the square of the error (x; — x,). So, for
example, if £ (x;) = 1076 (about the level of machine precision in typical double precision
arithmetic), and %f”(é) = 1, then x; — x,, = 1072, In this case the point x; is only accurate

to half precision.

The proof of convergence for Newton’s method requires that the initial point xo be
sufficiently close to a zero. If not, the method can fail to converge, even when there is no
division by zero in the formula for the method. This is illustrated in the example below. In
Chapter 11 we discuss safeguards that can be added to Newton’s method that prevent this

from happening.

Example 2.8 (Failure of Newton’s Method). Consider the problem

X

e —e

fx) =

—X

er e+



72 Chapter 2. Fundamentals of Optimization

_—

X3 X 0 x Xy

//

Figure 2.11. Failure of Newton’s method.

If Newton’s method is used with the initial guess xo = 1, then the sequence of approximate
solutions is
xo=1, x1 = —0.8134, xp = 0.4094
x3 = —0.0473, x4 =7.06x1075 x5=-235x10"1

and at the final point f(xs5) = —2.35 x 1013, so the method converges to a solution.
However if xg = 1.1, then

xo =11, x1 = —1.1286, x, =1.2341
x3 = —1.6952, x4 =05.7154, x5=—2.30x 10*

and at the next iteration an overflow results. At the final point f(xs) = 1, so the sequence
is not converging to a solution.

A graph of the function is given in Figure 2.11. This function is also called the
hyperbolic tangent function, f(x) = tanh x. |

2.7.1 Systems of Nonlinear Equations

Much of the discussion in the one-dimensional case can be transferred with only minor
changes to the n-dimensional case. Suppose now that we are solving

fx)=0,
where this represents

Silxy, ... x,) =0,
folxt, ..., x) =0,

£ty o) = 0.
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Define the matrix V f(x) with columns V f1(x), ..., V f,(x). This is the transpose of the
Jacobian of f at the point x. (The Jacobian is discussed in Appendix B.4.) As before, we
write out the Taylor series approximation for the function f at the point x;:

Fe+p)~ flu) + Vi) p,
where p is now a vector. Now we solve the equation
fa) = f)+ Vi) 'p=0
for p to obtain
p=-Vfx) fx).
The new estimate of the solution is then
Xepr =X+ p=x — V)T f(xp).

This is the formula for Newton’s method in the n-dimensional case.

Example 2.9 (Newton’s Method in n Dimensions). As an example, consider the two-
dimensional problem

Sf1(x1, x2) = 3x1x2 + 7x1 + 2x, — 3 =0,
fo(x1, x2) = Bx1xp —9x1 —4x, +6 =0.
Then

Vfx1, x2) = (

3xo+7 5x,—9
3x1+2 5x1—-4)°

and the formula for Newton’s method is

N — o — 3xo+7 5x,—9 - 3x1xp + 7Tx1 +2x, — 3
L= 7\ 3% +2 5x;—4 5x1xp — 9x1 — 4xp, +6 )

If we start with the initial guess xo = (1, 2)7, then

= o — 3xo+7 5x,—9 - 3x1xp + Tx1 +2x, — 3
1=70 3x1+2 5x;—4 5x1xp — 9x1 — 4x, + 6

(1) (13 1\ (14

T \2 5 1 -1

(1) _ 2375\ ([ —1.375

—\2 -3375) 5375 )"
The complete iteration is given in Table 2.4. |

In the n-dimensional case, Newton’s method corresponds to approximating the func-
tion f by a linear function at the point x;. The zero of this linear approximation is the
new estimate x;1. As in the one-dimensional case, the method typically converges with a
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Table 2.4. Newton’s method for an n-dimensional problem.

X Xk 171, llx = x. Il
1.0000000 x 10° 2.0000000 1 x 10! 1 x 10°
—1.3749996 x 10° 5.3749991 5 x 10! 4 % 10°
—5.4903371 x 1071 3.0472771 1 x 10! 2 x 10°

—1.6824928 x 101 1.9741571 2 x 10° 5x 101!

—2.7482068 x 1072 15774495 3 x 107! 8 x 1072
—1.0090199 x 10~% 1.5028436 1 x 1072 3x 1073
—1.4637396 x 106 15000041 2 x 10°° 4 x 108
—3.0852447 x 10712 15000000 4 x 10~ 9 x 10712
—2.0216738 x 10~18 1.5000000 0 2 x 10718

co~NO O WNPFPO|

quadratic rate of convergence, as the theorem below indicates. A proof of quadratic con-
vergence for Newton’s method can be found in the book by Ortega and Rheinboldt (1970,
reprinted 2000).

Theorem 2.10 (Convergence of Newton’s Method in » Dimensions). Assume that the
function f(x) has two continuous derivatives. Assume that x, satisfies f(x,) = 0 with
V f (x,) nonsingular. If || xo — x,|| is sufficiently small, then the sequence defined by

X1 = Xk — (V£ ) 7 f ()

converges quadratically to x,.

Our discussion has implicitly assumed that every Jacobian matrix V £ (x;)7 is non-
singular, that is, the system of linear equations that defines the new point x; 1 has a unique
solution. If this assumption is not satisfied, Newton’s method fails. If the Jacobian matrix
at the solution V £ (x,)7 is singular, then there is no guarantee of quadratic convergence.

The proof of convergence assumes that x; is “sufficiently close” to x,, as in the
one-dimensional case. If it is not, the method can diverge.

Exercises
7.1. Apply Newton’s method to find all three solutions of
fx)=x—5x2—12x+19=0.

You will have to use several different initial guesses.

7.2. Let a be some positive constant. It is possible to use Newton’s method to calculate
1/a to any desired accuracy without doing division. Determine a function f such
that f(1/a) = 0, and for which the formula for Newton’s method only uses the
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7.3.

7.4.

7.5.

7.6.

7.7.

7.8.

7.9.
7.10.

arithmetic operations of addition, subtraction, and multiplication. For what initial
values does Newton’s method converge for this function?

Apply Newton’s method to
fO)=0x=-2"+(x-2°

with initial guess xo = 3. You should observe that the sequence converges linearly
with rate constant %. Now apply the iterative method

X1 = Xk — A f () /f (xp).

This method should converge more rapidly for this problem. Prove that the new
method converges quadratically, and determine the rate constant.

A function f has a root of multiplicity m > 1 at the point x, if

f)=f) == f" V) =0.

Assume that Newton’s method with initial guess xo converges to such a root. Prove
that Newton’s method converges linearly but not quadratically. Assume that the
iteration

X1 = Xk — mf () /f (k)

converges to x,. If £ (x,) # 0, prove that this sequence converges quadratically.

Apply Newton’s method to solve f(x) = x? —a = 0, where a > 0. This is a good
way to compute +./a. How does the iteration behave if a < 0? What happens if
you choose xg as a complex number?

Prove that your iteration from the previous problem converges to a root if xqg # 0.
When does the iteration converge to +./a and when does it converge to —./a?

For the iteration in the previous problem, can you efficiently determine a good initial
guess xg using the value of a and the elementary operations of addition, subtraction,
multiplication, and division? Can you determine an upper bound on how many
elementary operations are required to determine a root to within a specified accuracy?

Newton’s method was derived by approximating the general function f by the first
two terms of its Taylor series at the current point x;. Derive another method for
finding zeroes by approximating f with the first three terms of its Taylor series at
the current point, and finding a zero of this approximation. Determine the rate of
convergence for this new method (you may assume that the method converges).
Apply the method to the functions in Examples 2.5 and 2.7.

Prove Theorem 2.10.

Apply Newton’s method to the system of nonlinear equations

filr, x) =xf+xf—1=0
fo(x1,x2) = 5xf —x, — 2 =0.

There are four solutions to this system of equations. Can you find all four of them
by using different initial guesses?
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7.11. (Extended Project) Apply Newton’s method to solve f(x) = x" —a = 0 for various
values of n. Experiment with the method in an attempt to understand its properties.
Under what circumstances will the method converge to a root? Can you, by using
complex-valued initial guesses, determine all » roots of this equation? What can you
prove about the convergence of the iteration? What happens if n is not an integer?

7.12. Suppose that Newton’s method is applied to a system of nonlinear equations, where
some of the equations are linear. Prove that the linear equations are satisfied at every
iteration, except possibly at the initial point.

2.8 Notes

Global Optimization—Techniques for global optimization are discussed in the books by
Hansen (1992) and Floudas and Pardalos (1992, reprinted 2007); Hansen and Walster (2003);
Horst et al. (2000); and Liberti and Maculan (2006). A survey of results can be found in
article by Rinnooy Kan and Timmer (1989).

Newton’s Method—If a function is known to have a multiple root, and if the multi-
plicity of the root is known (e.g., if it is known to be a double root), then it is possible to
adjust the formula for Newton’s method to restore the quadratic rate of convergence. (See
the Exercises above.) However, on a general problem it is unlikely that this information
will be available, so this is not normally a practical alternative.



Chapter 3

Representation of Linear
Constraints

3.1 Basic Concepts

In this chapter we examine ways of representing linear constraints. The goal is to write
the constraints in a form that makes it easy to move from one feasible point to another.
The constraints specify interrelationships among the variables so that, for example, if we
increase the first variable, retaining feasibility might require making a complicated sequence
of changes to all the other variables. It is much easier if we express the constraints using a
coordinate system that is “natural” for the constraints. Then the interrelationships among
the variables are taken care of by the coordinate system, and moves between feasible points
are almost as simple as for a problem without constraints.

In the general case these constraints may be either equalities or inequalities. Since any
inequality of the “less than or equal” type may be transformed to an equivalent constraint of
the “greater or equal” type, any problem with linear constraints may be written as follows:

minimize  f(x)
subjectto  a/x =b;, i €&

aiszb[, iel.

Each a; here is a vector of length n and each b; is a scalar. £ is an index set for the equality
constraints and Z is an index set for the inequality constraints. We denote by A the matrix
whose rows are the vectors a and denote by b the vector of right-hand side coefficients b;.
Let S be the set of feasible points. A set of this form, defined by a finite number of linear
constraints, is sometimes called a polyhedron or a polyhedral set. In this chapter we are not
concerned with the properties of the objective function f.

Example 3.1 (Problem with Linear Constraints). Consider the problem
minimize  f(x) = x? + x3x3

subjectto  x3 +2x2 +3x3 =6
X1, X2, x3 > 0.

77
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J.ﬁ

Figure 3.1. Feasible directions.

For this example £ = {1} and Z = {2, 3,4}. The vectors {¢a; } that determine the con-

straints are
aa=((1 2 3T, aa=1 0 0

az=(0 1 0), aa=(0 0 1)I
and the right-hand sides are

by=6, by=0, b3=0, and by =0. [ |

We start by taking a closer look at the relation between a feasible point and its neigh-
boring feasible points. We shall be interested in determining how the function value changes
as we move from a feasible point x to nearby feasible points.

First let us look at the direction of movement. We define p to be a feasible direction at
the point x if a small step taken along p leads to a feasible point in the set. Mathematically,
p is a feasible direction if there exists some ¢ > O suchthatx +ap € Sforall0 < o <.
Thus, a small movement from x along a feasible direction maintains feasibility. In addition,
since the feasible set is convex, any feasible point in the set can be reached from x by moving
along some feasible direction. Examples of feasible directions are shown in Figure 3.1.

In many applications, it is useful to maintain feasibility at every iteration. For exam-
ple, the objective function may only be defined at feasible points. Or if the algorithm is
terminated before an optimal solution has been found, only a feasible point may have prac-
tical value. These considerations motivate a class of methods called feasible-point methods.
These methods have the following form.

ALGORITHM 3.1.
Feasible-Point Method

1. Specify some initial feasible guess of the solution xo.
2. Fork=0,1,...

(i) Determine afeasible direction of descent py at the point x;. If none exists, stop.

(ii) Determine a new feasible estimate of the solution: x; 1 = x; + oy pr, Where
S Garg) < fx).
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In this chapter we are mainly concerned with representing feasible directions with
respect to S in terms of the constraint vectors a;. We begin by characterizing feasible
directions with respect to a single constraint. Specifically, we determine conditions that
ensure that small movements away from a feasible point x will keep the constraint satisfied.

Consider first an equality constraint a/x = b;. Let us examine the effect of taking a
small positive step « in the direction p. Since a/x = b;, then a/(x + ap) = b; will hold if
and only if a/p = 0.

Example 3.2 (An Equality Constraint). Suppose that we wished to solve

minimize £ (x1, x2)
subjectto  x1 +xp = 1.

For this constraint a; = (1, 1)Tand b, = 1. Letx = (0, 1)7 so that x satisfies the constraint.
Then X + ap will satisfy the constraint if and only if «lp = 0, that is,

p1+p2=0.
For this example
aj (X +ap) = (R + %) + a(p1+ p2) = (1) + «(0) =1,

as expected.
The original problem is equivalent to

minimize f(x + ap),

where ¥ = (0, 1)7, as before, and where p = (1, —1)T is a vector satisfying a/p = 0.
Expressing feasible points in the form x 4+ ap will be a way for us to transform constrained
problems to equivalent problems without constraints. |

Continuing to inequality constraints, consider first some constraint a/x > b; which
is inactive at x. Since a/x > b;, then a/(x + ap) > b; for all « sufficiently small. Thus,
we can move a small distance in any direction p without violating the constraint.

If the inequality constraint is active at x, we have a/x = b;. Then to guarantee that
al(x + ap) > b; for small positive step lengths e, the direction p must satisfy a/p > 0.

Example 3.3 (An Inequality Constraint). Suppose that we wished to solve

minimize £ (x1, x2)
subjectto  x3 + xz > 1.

For this constraint a; = (1, 1)Tand by = 1. If ¥ = (0, 2)7, then the constraint is inactive
and any nearby point is feasible.

If x = (0, 1)7, then the constraint is active and nearby points can be expressed in the
form x +ap with af p > 0. For this example this corresponds to the condition p; + p, > 0,
or p1 = —p». i
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In summary, we conclude that the feasible directions at a point x are determined by
the equality constraints and the active inequalities at that point. Let Z denote the set of
active inequality constraints at x. Then p is a feasible direction with respect to the feasible
set at x if and only if

~

aiTp=O, i€k, aiTpZO, iel.

Inthe following, it will be convenient to consider separately problems that have only equality
constraints, or only inequality constraints.
The general form of the equality-constrained problem is

minimize  f(x)
subjectto  Ax =b.

It is evident from our discussion above that a vector p is a feasible direction for the linear
equality constraints if and only if
Ap =0.

We call the set of all vectors p such that Ap = 0 the null space of A. A direction p is a
feasible direction for the linear equality constraints if and only if it lies in the null space
of A.

The general form of the inequality-constrained problem is

minimize  f(x)
subjectto  Ax > b.

Let x be a feasible point for this problem. We have observed already that the inactive
constraints at x do not influence the feasible directions at this point. LetA be the submatrix
of A corresponding to the rows of the active constraints at x. Then a direction p is a feasible
direction for S at x if and only if

AAp > 0.

Since the inactive constraints at a point have no impact on its feasible directions, such
constraints can be ignored when testing whether the point is locally optimal. In particular,
if we had prior knowledge of which constraints are active at the optimum, we could cast
aside the inactive constraints and treat the active constraints as equalities. A solution of the
inequality-constrained problem is a solution of the equality-constrained problem defined by
the active constraints.

The theory for inequality-constrained problems draws on the theory for equality-con-
strained problems. For this reason, it is important to study problems with only equality
constraints. In particular, it will be useful to study ways to represent all the vectors in the
null space of a matrix. This is the topic of Sections 3.2 and 3.3.

Once a feasible direction p is determined, the new estimate of the solution is of the
form x + ap where ¢ > 0. Since the new point must be feasible, in general there is an
upper limit on how large « can be.

For an equality constraint we have a/p = 0, and so

al-T()E +ap) = aiT)E = b;
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aTx >b Py

Figure 3.2. Movement to and away from the boundary.

for all values of «. For an active inequality constraint we have a/p > 0, and so
T/= T=
a;(x +ap) > a;x > b;

for all values of @« > 0. Thus only the inactive constraints are relevant when determining
an upper bound on «.

Because x is feasible, a/x > b; for all inactive constraints. Thus, if a/p > 0, the
constraint remains satisfied for all « > 0. As « increases, the movement is away from the
boundary of the constraint. On the other hand, if a/p < 0, the inequality will remain valid
onlyifa < (a/x—b;)/(—alp). Apositive step along p is a move towards the boundary, and
any step larger than this bound will violate the constraint. (See Figure 3.2.) The maximum
step length @ that maintains feasibility is obtained from a ratio test:

a = min { (aiT)E - bi)/(—aiTp) : aiTp < 0} ,
where the minimum is taken over all inactive constraints. If a/p > 0 for all inactive
constraints, then an arbitrarily large step can be taken without violating feasibility.

Example 3.4 (Ratio Test). Letx = (1, 1)7and p = (4, —2)”. Suppose that there are three
inactive constraints with

al=(1 4) and by =3
al]=(0 3) and by =2
al=(5 1) and b3 =4
Then
T . _ T, _ T  __
ap=—4<0, ap=-6<0, and a3p=18>0,
so only the first two constraints are used in the ratio test:
o = min { (aiT)E — bi)/(—aiTp) : aiTp < O}
=min{(5-3)/4,(3—-2)/6}=1/6.

Notice that the pointx + ap = (g, %)T is on the boundary of the second constraint. |
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Exercises

1.1. Find the sets of all feasible directions at points x, = (0, 0, 2)7, x;, = (3,0, 1)7, and
xe = (1,1, )T for Example 3.1.

1.2. Consider the set defined by the constraints x; + x, = 1, x; > 0, and x, > 0. At
each of the following points determine the set of feasible directions: (a) (0, 1)7;
(b) (1,0)7; (c) (0.5,0.5)7.

1.3. Consider the system of inequality constraints Ax > b with

9 4 1 9 7 —15
A=<6 -7 8 -4 —6) and b:(—SO).
1 6 3 —7 6 -20

For the given values of x and p, perform a ratio test to determine the maximum step
length @ such that x 4+ @ p remains feasible.

(i) x=,4,-3,4,D7and p = (1,1,1,1, 1)7,

(i) x =(7,-4,-3,-3,3)Tand p = (3,2,0,1, —2)7,
(i) x = (5,0, —6, -8, —3)"and p = (5,0,5,1,3)",
(iv) x =(9,1,-1,6,3)Tand p = (-4, —2,4, -2,2).

1.4. What are the potential consequences of miscalculating @ in the ratio test?

1.5. Let S = {x : Ax < b}. Derive the conditions that must be satisfied by a feasible
direction at a point x € S.

1.6. On a computer, there is a danger that an overflow can occur during the ratio test if,
in a particular ratio, the numerator is large and the denominator is small. How can
the ratio test be implemented so that this danger is removed?

3.2 Null and Range Spaces

Let A be an m x n matrix with m < n. We denote the null space of A by
N@A) ={peR :Ap=0}.

The null space of a matrix is the set of vectors orthogonal to the rows of the matrix. Recall
that the null space represents the set of feasible directions for the constraints Ax = b. Itis
easy to see that any linear combination of two vectors in A/(A) is also in N'(A), and thus
the null space is a subspace of :”. It can be shown that the dimension of this subspace is
n —rank(A). When A has full row rank (i.e., its rows are linearly independent), this is just
n—m.

Another term that will be important to our discussions is the range space of a matrix.
This is the set of vectors spanned by the columns of the matrix (that is, the set of all linear
combinations of these columns). In particular, we are interested in the range space of A7,
defined by

R(AN ={qeR" :g=A"" forsomereR"}.
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N(A):anio </

Figure 3.3. Null space and range space of A = (a7).

Throughout this text, if we mention a range space without specifying a matrix, it refers to
the range space of A”. The dimension of the range space is the same as the rank of A7, or
equivalently the rank of A.

There is an important relationship between A (A) and R(AT): they are orthogonal
subspaces. This means that any vector in one subspace is orthogonal to any vector in the
other. To verify this statement, we note that any vector ¢ € R(AT) can be expressed as
g = AT) for some A € 9™, and therefore, for any vector p € N'(A) we have

qg'p=r"Ap=0.

There is more. Because the null and range spaces are orthogonal subspaces whose
dimensions sum to n, any rn-dimensional vector x can be written uniquely as the sum of a
null-space and a range-space component:

xX=p+gq,

where p € N(A) and g € R(AT). Figure 3.3 illustrates the null and range spaces for
A = (al), where a is a two-dimensional nonzero vector. Notice that the vector a is
orthogonal to the null space and that any range-space vector is a scalar multiple of a. The
decomposition of a vector x into null-space and range-space components is also shown in
Figure 3.3.

How can we represent vectors in the null space of A? For this purpose, we define a
matrix Z to be a null-space matrix for A if any vector in A’(A) can be expressed as a linear
combination of the columns of Z. The representation of a null-space matrix is not unique.
If A has full row rank m, any matrix Z of dimension n x r and rank n — m that satisfies
AZ = 0is a null-space matrix. The column dimension » must be at least (n — m). In the
special case where r is equal to n — m, the columns of Z are linearly independent, and Z
is then called a basis matrix for the null space of A. If Z is an n x r null-space matrix, the
null space can be represented as

NA)={p:p=2Zv forsomeve R},

thus N (A) = R(Z). This representation of the null space gives us a practical way to
generate feasible points. If x is any point satisfying Ax = b, then all other feasible points
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can be written as
xX=x+Zv

for some vector v.
As an example consider the rank-two matrix

1 -100
A=<o 011>'

The null space of A is the set of all vectors p such that

P1
Ap:1—100 p2| _(pri—p2\_(0).
0 01 1 D3 p3+ pa 0/’
pa
that is, the vector must satisfy p; = p, and ps = —p4. Thus any null-space vector must
have the form
V1
_ U1
p= Vo
v,
for some scalars v; and v,. A possible basis matrix for the null space of A is
1 0
1 0
Z= 0 1
0 -1

and the null space can be expressed as

N@A) ={p:p=2Zv forsomeveR’}.

The matrix
1 0 2
- 1 0 2
Z= 0 1 -1
0 -1 1

is also a null-space matrix for A, but it is not a basis matrix since its third column is a linear
combination of the first two columns. The null space of A can be expressed in terms of Z
as

N@A)={p:p=Ziforsomev € W3 }.

Exercises

2.1. Ineach of the following cases, compute a basis matrix for the null space of the matrix
A and express the points x; as x; = p; + g; where p; is in the null space of A and ¢;
is in the range space of A”.
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2.2.

2.3.

2.4.

2.5.

2.6.

() . 0
1 1 11 3 .
AZ(l —1 —1 1), X1 = 1 N X2 = _3
0 1 01 5 .
(i)
2 7
4 5
A= 11 b, m=[ o] m=|_3
_2 1
(iii)
4 1
a1 1 11 N N
“\1 -1 -1 1) RTla|l 27| s
0 -5
(iv)
1 1 11 f g
A= 2 0 0 2 . X1 = . X2 =
1 -1 -1 1 1 —2
2 —4

Let Z be an n x r null-space matrix for the matrix A. If Y is any invertible r x r
matrix, prove that Z = ZY is also a null-space matrix for A.

Let A be a given m x n matrix and let Z be a null-space matrix for A. Let X be
an invertible m x m matrix and let Y be an invertible n x n matrix. If a change of
variable is made to transform A intoA = X AY, how can Z be transformed into Z,
a null-space matrix for A?

Let A be a full-rank m x n matrix and let Z be a basis matrix for the null space of
A. Use the results of the previous problem to prove that, for appropriate choices of
X and ¥, A and Z have the form

A=(0 I,) and Z= <I”O"’>,
where I, and I,,_,, are identity matrices of the appropriate size. What is the cor-
responding result in the case where A is not of full rank and Z is any null-space
matrix?

Let A be an m x n matrix with m < n. Prove that any n-dimensional vector x can
be written uniquely as the sum of a null-space and a range-space component:

xX=p+gq,

where p € N'(A) and ¢ € R(AT).

Suppose that you are given a matrix A and a vector p and are told that p is in the
null space of A. On a computer, you cannot expect that Ap will be exactly equal
to zero because of rounding errors. How large would the computed value of ||Ap]||
have to be before you could conclude that p was not in the null space of A? (Your
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answers should incorporate the values of the machine precision and the components
of A and p.) If the computed value of ||Ap]|| is zero, can you conclude that p is in
the null space of A?

3.3 Generating Null-Space Matrices

We present here four commonly used methods for deriving a null-space matrix for A. The
discussion assumes that A isan m x n matrix of full row rank (and hence m < n). Two of the
approaches, the variable reduction method and the Q R factorization, yieldann x (n — m)
basis matrix for A’(A). The other two methods yield an n x n null-space matrix.

3.3.1 Variable Reduction Method

This method is the approach used by the simplex algorithm for linear programming. It is
also used in nonlinear optimization (see Section 15.6). We start with an example.
Consider the linear system of equations:

p1+ p2—p3=0
—2p2+p3=0.

This system has the form Ap = 0. We wish to generate all solutions to this system.

We can solve for any two variables whose associated columns in A are linearly inde-
pendent in terms of the third variable. For example, we can solve for p; and p3 in terms of
p2 as follows:

p1= p2
P3 =2pa.

The set of all solutions to the system can be written as

1
P = (1)172,
2

where p, is chosen arbitrarily. Thus Z = (1, 1, 2)7 is a basis for the null space of A.

Since the values of p; and p3 depend on p,, they are called dependent variables.
They are also sometimes called basic variables. The variable p, which can take on any
value is called an independent variable, or a nonbasic variable.

To generalize this, consider the m x n system Ap = 0. Select any set of m variables
whose corresponding columns are linearly independent—these will be the basic variables.
Denote by B the m x m matrix defined by these columns. The remaining variables will be
the nonbasic variables; we denote the m x (n — m) matrix of their respective columns by
N. The general solution to the system Ap = 0 is obtained by expressing the basic variables
in terms of the nonbasic variables, where the nonbasic variables can take on any arbitrary
value.
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For ease of notation we assume here that the first m variables are the basic variables.
Thus

Ap=(B N) (p8> = Bp, + Np, =0.
Pv
Premultiplying the last equation by B~ we get
Py =—B"'Npy.

Thus the set of solutions to the system Ap =0 is
(s _ —B7 1IN
r= ()= (")
and the n x (n — m) matrix
—B7IN
=)
is a basis for the null space of A.
Consider now the system Ax = b. One feasible solution is

;:(Bolb).

If x is any point that satisfies Ax = b, then x can be written in the form
_ _ B~b —-B7IN
X=x+p=x+ZpN=< 0 >+< 7 )pN.

If the basis matrix B is chosen differently, then the representation of the feasible points
changes, but the set of feasible points does not.

In this derivation we assumed that the first m variables were the basic variables. If
this is not true, the rows in Z must be reordered to correspond to the ordering of the basic
and nonbasic variables. This technique is illustrated in the following example.

Example 3.5 (Variable Reduction). Consider the system of constraints Ax = b with

1 -2 1 3 5
A=<0 11 4) and b=(6>.

Let B consist of the first two columns of A, and let N consist of the last two columns:

1 -2 1 3
B:(O 1) and N:(1 4).

Then
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and
-3 -1
—B7IN -1 -4
Z= ( i ) = 1 o
0 1
It is easy to verify that Ax = b and AZ = 0. Every point satisfying Ap = 0 is of the form
-3 -1 —3p3 —1lp,
-1 -4 (ps —p3—4pa
Z = =
Pr 1 0 <P4> P3
0 1 P4
If instead B is chosen as columns 4 and 3 of A (in that order), and N as columns 2
and 1, then

31 -2 1
B=(4 1) and N=< 1 0).

Care must be taken in defining x and Z to ensure that their components are positioned
correctly. In this case

0

1, (1 - _|o
B b_<2> and x = 2
1

Notice that the components of B~1b are at positions 4 and 3 in x, corresponding to the
columns of A that were used to define B. Similarly

0 1
iy (-3 1 oo
5 N_(ll —4> and Z=1 1 4

-3 1

The rows of —B~1N are placed in rows 4 and 3 of Z, and the rows of I are placed in rows
2 and 1. As before, Ax = band AZ = 0. Every point satisfying Ap = 0 is of the form

0 1 D1
| 1 0](p2)_ p2
=11 4 ( p1> | Wpa—4py ) "
-3 1 —3p2+p1

In practice the matrix Z itself is rarely formed explicitly, since the inverse of B should
not be computed. Thisis nota limitation; Z is only needed to provide matrix-vector products
of the form p = Zv, or the form Z7g. These computations do not require Z explicitly.
For example, the vector p = Zv may be computed as follows. First we compute r = Nv.
Next we compute u = —B~¢, by solving the system Bu = —t. (This should be done via a
numerically stable method such as the LU factorization.) The vector p = Zv is now given
by p = T, vHT.

The variable reduction approach for representing the null space is the method used in
the simplex algorithm for linear programming. This approach has been enhanced so that
ever larger problems can be solved. These enhancements exploit the sparsity that is often
present in large problems, in order to reduce computational effort and increase accuracy. A
more detailed exposition of these techniques is given in Chapter 7.
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P x

Figure 3.4. Orthogonal projection.

3.3.2 Orthogonal Projection Matrix

Let x be an n-dimensional vector, and let A be an m x n matrix of full row rank. Then x
can be expressed as a sum of two components, one in A'(A) and the other in R(AT):

xX=p+gq,

where Ap = 0, and ¢ = ATA for some m-dimensional vector A. Multiplying this equation
on the left by A gives Ax = AATA, from which we obtain » = (AAT)~*Ax. Substituting
for ¢ gives the null-space component of x:

p=x—ATAAD)TAx = (1 — AT(AAD)A)x.

The n x n matrix
P=1—-AT(AAD) 1A

is called an orthogonal projection matrix into A'(A). The null-space component of the
vector x can be found by premultiplying x by P; the resulting vector Px is also termed the
orthogonal projection of x onto NV (A) (see Figure 3.4).

The orthogonal projection matrix is the unique matrix with the following properties:

e |tis anull-space matrix for A;

e P2 = P, which means repeated application of the orthogonal projection has no further
effect;

o PT = p (P is symmetric).

The name “orthogonal projection” may be misleading—unless P is the identity matrix it is
not orthogonal.

There are a number of ways to compute the projection matrix. Selection of the method
depends in general on the application, the size of m and », as well as the sparsity of A. We
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point out that by “computing the matrix” we mean representing the matrix so that a matrix-
vector product of the form Px can be formed for any vector x. The projection matrix itself
is rarely formed explicitly.

To demonstrate this point, suppose that A consists of a single row: A = a”, where a
is an n-vector. Then

P=1 Lt
= - maa .
Forming P explicitly would require approximately n?/2 multiplications and n?/2 storage
locations. Forming the product Px for some vector x would require »n? additional multipli-
cations. These costs can be reduced dramatically if only the vector a and the scalar a’a are
stored. “Forming” P this way only requires » multiplications in the calculation of (a’a).
The matrix-vector product is computed as Px = x — a(a’x)/(a’a). This requires only 2n
multiplications.

In the example above the matrix AAT is the scalar a’a, which is easy to invert. In the
more general case where A has several rows, the task of “inverting” A A” becomes expensive,
and care must be taken to perform this in a numerically stable manner. Often, this is done
by the Cholesky factorization. However, if A is dense it is not advisable to form the matrix
AAT explicitly, since it can be shown that its condition number is the square of that of A. A
more stable approach is to use a Q R factorization of AT (see Appendix A.7.3 and Section
3.3.4 below).

For the case when A is large and sparse, the Q R factorization may be too expensive,
since it tends to produce dense factors. Special techniques that attempt to exploit the sparsity
structure of A have been developed for this situation.

3.3.3 Other Projections

As before, let A be an m x n matrix of full row rank. Let D be a positive-definite n x n
matrix, and consider the n x n matrix

Pp=1—DAT(ADAT)1A.

It is easy to show that Pp is a null-space matrix for A. Also, PpbPp = Pp. Ann x n
matrix with these two properties is called a projection matrix. An orthogonal projection is
therefore a symmetric projection matrix.

Many of the new interior point algorithms for optimization use projections of this
form. In the case of linear programming, the matrix D is generally a diagonal matrix with
positive diagonal terms. This matrix D changes from iteration to iteration, while A remains
unchanged. Special techniques for computing and updating these projections have been
developed.

3.3.4 The QR Factorization
Again let A be an m x n matrix with full row rank. We perform an orthogonal factorization
of AT:

AT = QR.
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Let O = (Q1, Q2), where Q1 consists of the first m columns of Q, and Q, consists of the
last n — m columns. Also denote the top m x m triangular submatrix of R by R;. The
rest of R is an (n — m) x m zero matrix. Since Q is an orthogonal matrix, it follows that
AQ =RT, or

AQ;=R] and AQ,=0.
Thus

Z=0;

is a basis for the null space of A. This basis is also known as an orthogonal basis, since
Z'7 = 1.

Example 3.6 (Generating a Basis Matrix Using the Q R Factorization). Consider the matrix
1 -1 00
A= (0 01 1) :

An orthogonal factorization of A7 yields

—J2/2 0  —1/2 -1;2 V2 0
| V272 0 -172 —172 r| © -2
Q= 0 —V2/2 172 -12 )| I o |’
0 —V2/2 —-1/2  1)2 0 0
hence
-1/2 -1/2
S| -2 12
1/2 —1/2
-1/2  1/2
is a basis for the null space of A. |

The QR factorization method has the important advantage that the basis Z can be
formed in a numerically stable manner. Moreover, computations performed with respect
to the resulting basis Z are numerically stable. (For further information, see the references
cited in the Notes.) However, this numerical stability comes at a price, since computing
the QR factorization is relatively expensive. If m is small relative to n, some savings may
be gained by not forming Q explicitly. An additional drawback of the Q R method is that
the basis Z can be dense even when A is sparse. As a result it may be unsuitable for large
sparse problems.

Exercises

3.1. For each of the following matrices, compute a basis for the null space using variable
reduction (with A written in the form (B, N)).

(i)
1 1 11
A:(l—l—ll).
0 1 01
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3.2.

3.3.

3.4.

3.5.

3.6.

3.7.

3.8.

3.9.

3.10.
3.11.

(i)
A=(1 1 1 1).

1 1 11
A:<1 -1 -1 1)'

1 1 11
A:(Z 0 0 2).
1 -1 -1 1

Compute the orthogonal projection matrix for each of the matrices in the previous
problem.

Consider the system Ap = 0, where
1 2 0 2
A= (2 1 2 4) '
Compute a basis for the null-space matrix of A using p, and p3 as the basic variables.

Use this to write a general expression for all solutions to this system. Could you do
the same if p; and p4 were the basic variables?

Let A be an m x n matrix of full row rank. Prove that the matrix AA” is positive
definite, and hence its inverse exists.

Let A be an m x n matrix of full column rank. Prove that the matrix A”A is positive
definite, and hence its inverse exists.

Let A be an m x n full row rank matrix and let Z be a basis for its null space. Prove
that

(iii)

(iv)

I —ATAAD YA =z(ZzT2) 1277,
Let P be the orthogonal projection matrix associated with an m x n full row rank
matrix A. Prove that P has n — m linearly independent eigenvectors associated
with the eigenvalue 1, and m linearly independent eigenvectors associated with the
eigenvalue 0.
Prove that if P is the orthogonal projection matrix associated with A/(A), then I — P
is the orthogonal projection matrix associated with R(A7).
Let A= (1,3,2,—1)7and let x = (6,8, —2, 1)". Compute the orthogonal projec-
tion of x into the null space of A without explicitly forming the projection matrix.
Prove that an orthogonal projection matrix is positive semidefinite.
Let A be an m x n matrix of full row rank, and let P be the orthogonal projection
matrix corresponding to A. Let a be an n-dimensional vector and suppose that a is
not a linear combination of the rows of A.

(i) Prove that a”Pa # 0.
A A

(ii) Let
and let P be the orthogonal projection matrix corresponding to A. Prove that
P=P— Pa@"Pa)~1a"P.
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3.12. Let A be an m x n full row rank matrix and D an n x n positive-definite matrix.

(i) Prove that the matrix AD AT is positive definite, and hence its inverse exists.
(i) Let Pp = I—DAT(ADAT)~1A. Provethat Ppx = Oifandonlyifx = DA™y
for some m-dimensional vector 7.
(iii) Prove that the matrix Pp D is positive semidefinite, and x”Pp Dx = 0, if and
only if x = A"y for some vector 7.
3.13. Compute an orthogonal basis matrix for the matrices in Exercise 3.1.
3.14. Consider the QR factorization of a full row rank matrix A. Prove that Q10,7 +
0,07 =1.
3.15. Consider the problem of forming the orthogonal projection matrix associated with a

matrix A. One approach to avoid the potential ill-conditioning of the matrix AAT is
to use the QR factorization for the matrix AA”. Assume that A has full row rank.

(i) Provethatthe AAT = R]R; and hence R is the lower triangular matrix of the
Cholesky factorization for AAT.
(ii) Prove that the resulting orthogonal projection is P = 0,0,".
(iii) Prove that AT(AAT)™1 = Q1R ".
3.16. Let A be a matrix with full row rank, and let Z be an orthogonal basis matrix for A.
Prove that the orthogonal projection matrix associated with A satisfies P = ZZT.

3.17. Let P be an orthogonal projection. Prove that P is unique. Hint: Let P = ZZT
where Z is an orthogonal basis matrix for the null space. Suppose that P; is another
orthogonal projection. Then P, = ZVT for some full-rank matrix V. Now prove
that vV = Z.

3.18. Compute an orthogonal projection matrix for
1111
A= (2 2 2 2)'
3.4 Notes

Further information on these topics can be found in the books by Gill, Murray, and Wright
(1991); Golub and Van Loan (1996); and Trefethen and Bau (1997).
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Chapter 4

Geometry of Linear
Programming

4.1 Introduction

Linear programs can be studied both algebraically and geometrically. The two approaches
are equivalent, but one or the other may be more convenient for answering a particular
question about a linear program.

The algebraic point of view is based on writing the linear program in a particular way,
called standard form. Then the coefficient matrix of the constraints of the linear program
can be analyzed using the tools of linear algebra. For example, we might ask about the rank
of the matrix, or for a representation of its null space. It is this algebraic approach that is
used in the simplex method, the topic of the next chapter.

The geometric point of view is based on the geometry of the feasible region and uses
ideas such as convexity to analyze the linear program. It is less dependent on the particular
way in which the constraints are written. Using geometry (particularly in two-dimensional
problems where the feasible region can be graphed) makes many of the concepts in linear
programming easy to understand, because they can be described in terms of intuitive notions
such as moving along an edge of the feasible region.

There is a direct correspondence between these two points of view. This chapter will
explore several aspects of this correspondence.

Before giving an outline of the chapter, we show how a two-dimensional linear pro-
gram can be solved graphically. Consider the problem

minimize z=—x; —2x
subjectto  —2x; +xp, <2
—x1+x, <3
x1 <3

x1, x2 > 0.

The feasible region is graphed in Figure 4.1.
Thefigure also includes lines corresponding to various values of the objective function.
For example, the line z = —2 = —x; — 2x, passes through the points (2, 0)" and (0, 1)7,

97
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=15

[ -2 X+ X9 =27 .

Figure 4.1. Graphical solution of a linear program.

and the parallel line z = 0 passes through the origin. The goal of the linear program is to
minimize the value of z. As the figure illustrates, z decreases as these lines move upward
and to the right. The objective z cannot be decreased indefinitely, however. Eventually the
z line ceases to intersect the feasible region, indicating that there are no longer any feasible
points corresponding to that particular value of z. The minimum occurs when z = —15
at the point (3, 6)7, that is, at the last point where an objective line intersects the feasible
region. This is a corner of the feasible region.

It is no coincidence that the solution occurred at a corner or extreme point. Proving
this result will be the major goal of this chapter.

To achieve this goal, we will first describe standard form, a particular way of writ-
ing a system of linear constraints. Standard form will be used to define a basic feasi-
ble solution. We will then show that the algebraic notion of a basic feasible solution is
equivalent to the geometric notion of an extreme point. This equivalence is of value be-
cause, in higher dimensions, basic feasible solutions are easier to generate and identify
than extreme points. It will then be shown how to represent any feasible point in terms
of extreme points and directions of unboundedness (directions used in the description of
unbounded feasible regions). Finally, this representation of feasible points will be used to
prove that any linear program with a finite optimal solution has an optimal extreme point.
This last result will, in turn, motivate our discussion of the simplex method, a method that
solves linear programs by examining a sequence of basic feasible solutions, that is, extreme
points.

Exercises

1.1. Solve the following linear programs graphically.
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V) o
minimize z = 3x1 + x»
subject to x1—x2 <1
3x1 +2xp <12
2x1+3x, <3
—2x1+3x,>9
X1, X2 = 0.
(i)
maximize z=x1+2x
subject to 2x1 +xp > 12
xX1+x2>5
—x1+3x2 <3
6x1 —xp > 12
x1, xp > 0.
(iii)
minimize z=x; —2x;
subjectto  x3 —2xp > 4
x1+x2 <8
x1,x2 > 0.
(iv) o
minimize z=-—x; —x»
subjectto  x; —xp>1
X1 —2xp > 2
x1,x2 > 0.
v) o
minimize z =2x; —xp
subjectto  x; —xp > 2
2x1+x,>1
x1,x2 > 0.
(vi)
minimize z =4x; — x;
subject to x1+x2 <6
x1—x2>3
—x1+ 2xp > 2
x1,x2 > 0.
(vii)
maximize z =6x; — 3x;
subjectto  2x; + 5x, > 10
3x1 +2x; <40
x1, x2 < 15.
(viii)
minimize z = x; + 9x;
subjectto  2x; + x2 < 100
x1+x <80
x1 <40

x1, x2 > 0.
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(iX)
minimize z = 2x1 + 13x;
subject to X1 +x2 <5
X1+ 2x <6
x1, x2 > 0.
()

minimize z = —5x; — 7x;
subjectto  —3x; + 2x, < 30
—2x1+x, <12

x1,x2 > 0.

1.2. Find graphically all the values of the parameter a such that (—3, 4)7 is the optimal
solution of the following problem:

maximize z=ax;+ (2 —a)x
subjectto  4x; +3x, <0
2x1+3x <7
x14+x <1

1.3. Find graphically all the values of the parameter a such that the following systems
define nonempty feasible sets.

(1)
5x¢14+ xo+x3+3x4=a
8x1+3x2+x3+2x4=2—a
X1, X2, x3, x4 > 0.
(i)

axy+x;+3x3—x4 =2
xl—xz—X3—2x4=2
X1, X2, x3, x4 > 0.

1.4. Suppose that the linear program

minimize z = cx

subjectto Ax =0b
x>0

has an optimal objective z,.. Discuss how the optimal objective would change if (a) a
constraint is added to the problem; and (b) a constraint is deleted from the problem.

4.2 Standard Form

There are many different ways to represent a linear program. It is sometimes more conve-
nient to use one instead of another, at times to make a property of the linear program more
apparent, at other times to simplify the description of an algorithm. One such representation,
called standard form, will be used to describe the simplex method.
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In matrix-vector notation, a linear program in standard form will be written as

minimize z = cx

subjectto Ax =b
x>0

with b > 0. Here x and c¢ are vectors of length n, b is a vector of length m, and A is an
m x n matrix called the constraint matrix. The important things to notice are (i) it is a
minimization problem, (ii) all the variables are constrained to be nonnegative, (iii) all the
other constraints are represented as equations, and (iv) the components of the right-hand
side vector b are all nonnegative. This will be the form of a linear program used within the
simplex method. In other settings, other forms of a linear program may be more convenient.

Example 4.1 (Standard Form). The linear program

minimize z = 4x; — 5x, + 3x3

subjectto  3x; —2x, +Tx3 =7
8x1 +6x +6x3=5
X1, X2, x3 >0

is in standard form. In terms of the matrix-vector notation,

X1 4
3 -2 7 7
)CZ()Cz), c=<—5>, A:(8 6 6)’ b:(S)'
X3 3
There are n = 3 variables and m = 2 constraints. [ |

All linear programs can be converted to standard form. The rules for doing this are
simple and can be performed automatically by software. Most linear programming software
packages allow the user to represent a linear program in any convenient way and then the
software performs the conversion internally. We illustrate these techniques via examples.
Justification for these rules is left to the Exercises.

If the original problem is a maximization problem:

maximize z = 4x; — 3x, + 6x3 = ¢’x,
then the objective can be multiplied by —1 to obtain
minimize Z = —4x; + 3x, — 6x3 = —c’x.

After the problem has been solved, the optimal objective value must be multiplied by —1,
so that z, = —Zz,. The optimal values of the variables are the same for both objective
functions.

If any of the components of b are negative, then those constraints should be multiplied
by —1. This will cause a constraint of the “<” form to be converted to a “>" constraint and
vice versa.

If a variable has a lower bound other than zero, say

X1 > 9,



102 Chapter 4. Geometry of Linear Programming

then the variable can be replaced in the problem by
x; =x;— 5.

The constraint x1 > 5 is equivalent to x; > 0. An upper bound on a variable (say, x1 < 7)
can be treated as a general constraint, that is, as one of the constraints included in the
coefficient matrix A. This is inefficient but satisfactory for explaining the simplex method.
More efficient techniques for handling upper bounds are described in Section 7.2.

A variable without specified lower or upper bounds, called a free or unrestricted
variable, can be replaced by a pair of nonnegative variables. For example, if x; is a free
variable, then throughout the problem it will be replaced by

X2 =x5 —xy With x5, x5 >0.

Intuitively, x; will record positive values of x, and x; will record negative values. So if
xp = 7,thenx), = 7and xj = 0, and if x = —4, then x; = 0 and x; = 4. The properties of
the simplex method ensure that at most one of x; and x; will be nonzero at a time (see the
Exercises in Section 4.3). This is only one way of handling a free variable; an alternative is
given in the Exercises; another is given in Section 7.6.6.

The remaining two transformations are used to convert general constraints into equa-
tions. A constraint of the form

2x1 + 7x2 — 3x3 <10
is converted to an equality constraint by including a slack variable s;:
2x1+7x; —3x3+s1 =10

together with the constraints; > 0. The slack variable just represents the difference between
the left- and right-hand sides of the original constraint. Similarly a constraint of the form

6x; — 2xp + 4x3 > 15
is converted to an equality by including an excess variable e;:
6x1 —2xp +4x3 —e; =15

together with the constrainte, > 0. (For emphasis, the slack and excess variables are labeled
here as s1 and e, to distinguish them from the variables used in the original formulation of
the linear program. In other settings it may be more convenient to label them like the other
variables, for example as x4 and xs. Of course, the choice of variable names does not affect
the properties of the linear program.)

Example 4.2 (Transformation to Standard Form). To illustrate these transformation rules,
we consider the example

maximize z = —5x; — 3xp + 7x3

subject to 2x1 +4xp +6x3=7
3x1 —5xp+3x3 <5
—A4x; — xp +4x3 < —4
x1 > =2, 0 <xp <4, x3free.
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To convert to a minimization problem, we multiply the objective by —1:
minimize z = 5x1 + 3x, — Txs.

The third constraint is multiplied by —1 so that all the right-hand sides of the constraints
are nonnegative:

dx1 + 9xp — 4x3 > 4.

The variable x; will be transformed to
x;=x1+2.

The upper bound x, < 4 will be treated here as one of the general constraints and the
variable x3 will be transformed to

X3 = X5 — X3,

because it is a free variable. When these substitutions have been made we obtain
minimize  Z = 5x; 4+ 3x2 — 7x3 + 7x; — 10
subjectto  2x; + 4xp + 6x5 — 6x5 =11
3x; —5x2 4+ 3x5 — 3x5 <11
4x; + 9xp — 4xj 4+ 4xg > 12
Xy < 4
X1, X2, x5, x5 > 0.

The constant term in the objective, “—10,” is usually removed via a transformation of the
form z/ = Z + 10 so that we obtain the revised objective

minimize z' = 5x; + 3x, — x5 + 7xj.

The final step in the conversion is to add slack and excess variables to convert the general
constraints to equalities:

minimize 7z’ = 5x] + 3x — 7x5 4+ 7x5
subject to 2x; 4 4x; 4 6x5 — 6xg =11
3x7 —5x+3x5 —3x5 + 5, =11
4x; + 9xp — 4x5 4+ 4xg —e3 =12
Xo+sa=4
X1, X2, X5, X3, 82, e3, 54 > 0.

With this the original linear program has been converted to an equivalent one in standard
form.
In matrix-vector form it would be represented as

minimize z =cx

subjectto Ax =b
x>0
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with ¢ = (5,3, —7,7,0,0,0), b = (11, 11, 12, 47, and

2 4 6 -6 0 O
3 5 3 -31 0
4 9 -4 4 0 -1
0o 1 0 00 O

A=

= O O o

The vector of variables is x = (x1, x2, x3, x5, 52, e3, sa)T.
It can be shown that the solution to the problem in standard form is

7/ = —0.12857, xi =0, x, = 1.65714, xé = 0.728571,
x5 =0,5,=17.1,e3 = 0, 54 = 2.34286,

so that the solution to the original problem is
7 =10.12857, x; = —2, x, = 1.65714, x3 = 0.728571. |

One of the reasons that the general constraints in the problem are converted to equal-
ities is that it allows us to use the techniques of elimination to manipulate and simplify the
constraints. For example, the system

x1=1
X1 +x2=2

can be reduced to the equivalent system

x1:1
)C2=1

by subtracting the first constraint from the second. However, if we erroneously apply the
same operation to

X121
x1+x2>2,

then it results in

x1>1
x2>1,

a system of constraints that defines a different feasible region. The two regions are illustrated
in Figure 4.2. Elimination is not a valid way to manipulate systems of inequalities because
it can alter the set of solutions to such systems.

It might seem that the rules for transforming a linear program to standard form could
greatly increase the size of a linear program, particularly if a large number of slack and
excess variables must be added to obtain a problem in standard form. However, these new
variables only appear in the problem in a simple way so that the additional variables do not
make the problem significantly harder to solve.
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Figure 4.2. Elimination and inequalities.

after elimination

Exercises

2.1. Convert the following linear program to standard form:

maximize
subject to

z = 3x1 + 5xp — 4x3

Txy —2xy —3x3 >4

2.2. Convert the following linear program to standard form:

minimize
subject to

Z=x1—5x2—7x3

5x1 —2xp + 6x3 > 5
3x1+4x; —9x3 =3
Tx1+3x2+5x3 <9
X1 > —2, xo, x3 free.

2.3. Convert the following linear program to standard form:

maximize
subject to

= le — 3)62
2x1 +5x, > 10
3x1 + 2xp <40
x1, X2 < 15.

—2x1 + 4xp + 8x3 = —3
5x1 —3x; —2x3 <9
x1>1, x, <7, x3>0.

2.4. Consider the linear program in Example 4.2. Convert it to standard form, except do
not make the substitution x3 = x5 — x3. Show that the problem can be replaced by
an equivalent problem with one less variable and one less constraint by eliminating
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x3 using the equality constraints. (This is a general technique for handling free vari-
ables.) Why cannot this technique be used to eliminate variables with nonnegativity
constraints?

2.5. Consider the linear program

minimize z =cx
subjectto Ax <b

elx =1

X1y eees Xp—1 = 09 Xn fl’ee,
where e = (1, ..., 1)7, b and c are arbitrary vectors of length , and A is the matrix
with entries a;; = a;,, = 1 fori = 1,...,n and all other entries zero. Use the

constraint e’x = 1 to eliminate the free variable x,, from the linear program (as in
the previous problem). Is this a good approach when » is large?

2.6. Prove that each of the transformation rules used to convert a linear program to
standard form produces an equivalent linear programming problem. Hint: For each
of the rules, prove that a solution to the original problem can be used to obtain a
solution to the transformed problem, and vice versa.

2.7. Consider the linear program

minimize z = c’x

subjectto Ax =1b
x>0.

Transform it into an equivalent standard-form problem for which the right-hand-side
vector is zero. Hint: You can achieve this by introducing an additional variable and
an additional constraint.

4.3 Basic Solutions and Extreme Points

In this section we examine the relationship between the geometric notion of an extreme
point of the feasible region and the algebraic notion of a basic feasible solution. First, it is
necessary to give a precise definition of both these terms. To do this, let us consider a linear
programming problem in standard form

minimize z = c’x

subjectto Ax =0b
x> 0.

In this problem x is a vector of length n and A is an m x n matrix with m < n. We will
assume that the matrix A has full rank, that is, the rows of A are linearly independent.

The full-rank assumption is not unreasonable. If A is not of full rank, then either the
constraints are inconsistent or there are redundant constraints, depending on the right-hand-
side vector b. If the constraints are inconsistent, then the problem has no solution and the
feasible region is empty, so there are no extreme points. If there are redundant constraints,
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Figure 4.3. Definition of an extreme point.

then theoretically they could be removed from the problem without changing either the
solution or the feasible region.

If m = n, then the constraints Ax = b would completely determine x, and the feasible
region would consist of either a single point (if x > 0) or would be empty (otherwise). If
m > n, then in most cases the constraints Ax = b would have no solution.

An extreme point is defined geometrically using convexity. A point x € S is an
extreme point or vertex of a convex set S if it cannot be expressed in the form

x=ay+ (1 —-oa)z

withy,z € §,0 < @ < 1,and y,z # x. That is, x cannot be expressed as a convex
combination of feasible points y and z different from x. See Figure 4.3. Notice that the
values @ = 0 and o = 1 are excluded in this definition. If « = 0 then x = z, and if
o = 1then x = y. Since y and z are supposed to be different from x, these two cases are
ruled out.

The definition of an extreme point applies to any convex set. In particular, since a
system of linear constraints defines a convex set (see Section 2.3), it applies to the feasible
region of a linear programming problem.

A basic solution is defined algebraically using the standard form of the constraints. A
point x is a basic solution if

* x satisfies the equality constraints of the linear program, and

« the columns of the constraint matrix corresponding to the nonzero components of x
are linearly independent.

Since the matrix A has full row rank, it is possible to separate the components of x into
two subvectors, one consisting of n — m nonbasic variables x, all of which are zero, and
the other consisting of m basic variables x, whose constraint coefficients correspond to an
invertible m x m basis matrix B. In cases where more than n —m components of x are zero
there may be more than one way to choose x, and x,. The set of basic variables is called
the basis.

A point x is a basic feasible solution if in addition it satisfies the nonnegativity con-
straint x > 0. It is an optimal basic feasible solution if it is also optimal for the linear
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- 2X1+X2:2

Figure 4.4. Feasible region.

program. The word “solution” in these definitions refers only to the equality constraints for
the linear program in standard form, and has no connection with the value of the objective
function. In Section 4.4 we show that if a linear program has an optimal solution, then it
has an optimal basic feasible solution. For this reason it will be sufficient to examine just
the basic feasible solutions when solving a linear programming problem.

Example 4.3 (Basic Feasible Solutions). Consider the linear program from Section 4.1:

minimize z= —x; —2x;
subjectto  —2x; +xp, <2
—x1+x2 <3
x1 < 3

X1, X2 = 0.

The feasible region for this problem is illustrated in Figure 4.4, and the optimal value of
this problem is z, = —15 at the point x,, = (3, 6)”. The graph will be used to examine the
extreme points.

The boundaries of the feasible region are defined by the lines

—2x1+xp =2
—x1+x=3
x1=3
)C1=0
XQ=0

and each corner of the feasible region corresponds to the intersection of two of these lines.
There are ten potential intersections of this type, but only five of them (x,, xp, x¢, x4, x.) are
corners of the feasible region. Four others lie outside the feasible region, and one pairing is
impossible since the lines x; = 0 and x; = 3 do not intersect.
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In standard form this linear program is written as

minimize z=—x; —2x,
subjectto  —2x; +x2+s51 =2
—X1+x2+5,=3
X1 +s3=3
X1, X2, 81, $2, 853 > 0.

Standard form will be used to describe the basic feasible solutions. In this form the problem
has five variables.
In our example, the basis { x;, s1, s3 } produces the basic solution

(x1 x2 s1 52 s3)'=(0 3 -1 0 3);

it corresponds to the infeasible corner x s. The basis { s1, s2, s3 } produces the basic feasible
solution

(x1 x s1 52 s3)'=(0 0 2 3 3

it corresponds to the corner x,. If the basis { x1, x», s1 } is chosen, we obtain the optimal
basic feasible solution

(x1 x2 s1 52 s3)'=(3 6 2 0 0);

it corresponds to the corner x,. We will show how to determine basic feasible and optimal
basic feasible solutions when we discuss the simplex method in Chapter 5.

Two different bases can correspond to the same point. To see this, consider the
constraints defined by

X1

2 1.0 0 6
Ax=<3 0 1 o) *2 =(13)=b.
4 00 1/\™ 12

Xa

If x = (3,0,4,0)" > 0, then there is ambiguity about the choice of x, and x,. If x, =
(x1, x2, x3)T and x, = (x4), then the coefficient matrix for the nonzero components of x,

2 0
4 0
has linearly independent columns, so x is a basic feasible solution. In this example the

coefficient matrix for x,
2 10
B = (3 0 1)
4 0 0

is invertible. The same basic feasible solution is obtained using

T
xp=(x1 x3 x4) and x, = (x2)
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2 00
B=<3 1 O).
4 0 1

Because of this ambiguity, the point (3, 0, 4, 0)7 is called a degenerate basic feasible solu-
tion. |

with invertible basis matrix

Let x be any basic feasible solution. Once a set of basic variables has been selected
it is possible to reorder the variables so that the basic variables are listed first:

(“‘B ) .
N
The constraint matrix can then be written as

A=(B N),

where B is the coefficient matrix for x, and N is the coefficient matrix for x,. For a basic
solution we have x, = 0, so that the set of constraints Ax = b simplifies to Bx, = b:

Ax = (B N)<;CB

N

):BXR+NXN=BXB=b.

Thus x,, and hence x, is determined by B and b.
The number of basic feasible solutions is finite and is bounded by the number of ways
that the m variables x, can be selected from among the n variables x. This number is a

binomial coefficient
ny n!
m)  m!(n—m)\

nl=nmn—-1)n-2)---3-2-1.

where

Not all choices of x, will necessarily correspond to feasible points, so this number can be
an overestimate.

The concept of an extreme pointis equivalent to the concept of a basic feasible solution,
as is proved in the following theorem.

Theorem 4.4. A point x is an extreme point of the set { x : Ax = b, x > 0} if and only if it
is a basic feasible solution.

Proof. We first show that if x is a basic feasible solution, then it is also an extreme point.
If x is a basic feasible solution, then it is a feasible point. For convenience we may assume
that the last n — m variables of x are nonbasic so that

- (2)-(6)
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Let B be the invertible basis matrix corresponding to x,. The proof will be by contradiction:
If x is not an extreme point, then there exist two distinct feasible points y and z satisfying
x=ay+ (1 —a)zwith0 < o < 1. We will write y and z in terms of the same basis

y = (y“> and z= <Zl‘).
Yn Iy
Both y and z are feasible, so that y, > 0and z, > 0. Since 0 = x, = ayy + (1 — @)z, and
0 < a < 1, all the terms on the right-hand side are nonnegative, and we can conclude that
yv = zy = 0. Also, because x, y, and z are feasible they satisfy the equality constraints of
the problem, so that

Bxy = By, = Bz, = b.

Since B isinvertible, x, = y, = z;, contradicting our assumption that y and z were distinct
from x. Hence x is an extreme point.

The more difficult part of the proof is to show that if x is an extreme point then it is a
basic feasible solution. This will also be proved by contradiction. An extreme point x must
be feasible so that Ax = b and x > 0. By reordering the variables if necessary so that the
zero variables are last, x can be written as

where x, = 0and x, > 0. We write A = (B, N) where B and N are the coefficients
corresponding to x, and x,, respectively. (B may not be a square matrix.) If the columns
of B are linearly independent, then x is a basic feasible solution, and nothing needs to be
proved. So we will suppose that the columns of B are linearly dependent and construct
distinct feasible points y and z that satisfy x = %y + %z, hence showing that x cannot be
an extreme point.

Let B; be the ith column of B. If the columns of B are linearly dependent, then there
exist real numbers p1, ..., px, not all of which are zero, such that

Bip1+ Bopo + -+ Bypr = 0.

If we define p = (p1, ..., pr)7, then the above equation can be written as Bp = 0. Note
that
B(x;tap)=Bx,£aBp=Bx; £0=Bx; =b

for all values of «. Since x, > 0, for small positive values of ¢ we will have

Xlg+€p>0
x; —ep > 0.

y=<x8+6p) and z=<x3_6p>.
Xy Xy

Then y and z are feasible and distinct from x. Since x = %y + %z, this contradicts our
assumption that x was an extreme point. This completes the proof. O

Let



112 Chapter 4. Geometry of Linear Programming

Itis possible that one or more of the basic variables in a basic feasible solution will be
zero. If this occurs, then the point is called a degenerate vertex, and the linear program is
said to be degenerate. At a degenerate vertex several different bases may correspond to the
same basic feasible solution. This was illustrated in the latter part of Example 4.3, where
the basic feasible solution (x1, x2, x3, x4)7 = (3, 0, 4, 0)7 could be represented using either
xp = (x1, X2, x3)7 OF X, = (x1, x3, x4)".

Degeneracy can arise when a linear program contains a redundant constraint. For
example, the constraints in Example 4.3 arose when slack variables were added to the
constraints

2x1 < 6
3x; <13
4x, < 12.

In this form, the first and third constraints are equivalent, and so either of them could be
removed from the problem without changing its solution.

There are several more definitions that will be useful when discussing the simplex
method. Geometrically, two extreme points areadjacent if they are connected by an edge
of the feasible region. For example, in Figure 4.4 the extreme points x, and x;, are adjacent,
but x, and x. are not. For a linear program in standard form with m equality constraints,
two bases will be adjacent if they have m — 1 variables in common. Adjacent bases define
adjacent basic feasible solutions. (Note that adjacent bases may not define distinct basic
feasible solutions; see Example 4.3.)

One further concept is needed to describe the feasible region geometrically, the concept
of a direction of unboundedness. (Some authors use the term direction of a set.) If Sis a
convex set, then d # 0 is a direction of unboundedness if

x+ydeS forallx e Sandy > 0.

As we will show in the next section, every feasible point can be represented as a convex
combination of extreme points plus, if applicable, a direction of unboundedness.

Example 4.5 (Direction of Unboundedness). We obtain an unbounded feasible region by
deleting one constraint from our example:

minimize z = —x; — 2xy
subjectto  —2x; +xp, <2
—x1+x2 <3

X1, X2 = 0.

The feasible region for this new problem is illustrated in Figure 4.5.

Now there are only three extreme points, x, = (0, 0)7, x, = (0, 2)7, and x. = (1, 4)”.
The point y = (2, 1)7 cannot be represented as a convex combination of these extreme
points. This follows from the conditions

U1Xg + CoXp + 03X, =y
o tay+az3=1
ag, o, a3 > 0.
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-2 X1t Xp=2

Figure 4.5. Unbounded feasible region.

The first condition represents two linear equations, one for each component of y. Combined
with the second condition, it gives the linear system

0 0 1\ /a1 2
11 1/ \as 1

whose unique solution is ey = 5/2, ¢ = —7/2, a3 = 2. Since o, < 0, this is not a convex
combination. The triangular area in Figure 4.5 shows which points are convex combinations
of extreme points.

For this example, if x is any feasible point and y > 0, then any point

v+ (p)

is also feasible. The direction (1, 0)” is a direction of unboundedness because it is possible
to move arbitrarily far in that direction and remain feasible. In this example it is possible
to select two linearly independent directions of unboundedness, such as d; = (1, 0)” and
d> = (1, )T Itis not difficult to show that any feasible point can be written as a convex
combination of the extreme points x,, x,, and x., plus some multiple of either of these
directions of unboundedness. [ |

Let x be a feasible point for the linear program in standard form (Ax = b, x > 0)
and let d be a direction of unboundedness. Then both x and x + yd must be feasible for all
y > 0, so that

Ax=b, x>0,
Ax+yd)=b, x+yd=>0.
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Together these conditions show that a direction of unboundedness must satisfy

Ad =0
d> 0.

In addition, any nonzero vector d satisfying these two conditions will be a direction of
unboundedness; see the Exercises.

Exercises

3.1. Consider the system of linear constraints

2x1 +x2 <100
x1+x2 <80
x1 <40
x1,x2 > 0.

(i) Write this system of constraints in standard form, and determine all the basic
solutions (feasible and infeasible).

(if) Determine the extreme points of the feasible region (corresponding to both the
standard form of the constraints, as well as the original version).

3.2. Consider the following system of inequalities:

X1+ x2 <5
X1+2x <6
x1,x2 = 0.

(i) Find the extreme points of the region defined by these inequalities.

(if) Does this set have any directions of unboundedness? Either prove that none
exist, or give an example of a direction of unboundedness.

3.3. Consider the feasible region in Figure 4.5.

(i) Show that d; = (1,0)" and d» = (1, 1)7 are directions of unboundedness.
Determine the corresponding directions of unboundedness for the problem
written in standard form, and verify that the conditions Ad = 0and d > 0 are
satisfied for both directions.

(ii) Prove that d is a direction of unboundedness if and only if d is a nonnegative
combination of d; and d,.

3.4. Consider the linear program

minimize z = —5x; — 7x;
subjectto  —3x; + 2x, < 30
—2x1+x, <12

x1, xp > 0.
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(i) Draw a graph of the feasible region.
(ii) Determine the extreme points of the feasible region.
(iii) Determine two linearly independent directions of unboundedness.

(iv) Convert the linear program to standard form and determine the basic feasible
solutions and two linearly independent directions of unboundedness for this
version of the problem. Verify that the directions of unboundedness satisfy
Ad =0andd > 0.

3.5. Consider a linear program with the constraints in standard form
Ax=0b and x>0.
Prove that if d # 0 satisfies
Ad=0 and d >0,

then d is a direction of unboundedness.
3.6. Consider the system of constraints

2x1+x, <3
3x1+x, <4
dx; +x, <5
5x;+x2 <6

x1, x2 > 0.

(i) Determine the extreme points for the feasible region.
(if) Convert the problem to standard form, and determine the basic feasible solu-
tions.
(iii) Which basic feasible solution corresponds to the extreme point (1, 1)”? How
many different bases can be used to generate this basic feasible solution? Which
of these bases are adjacent?

3.7. Find all the vertices of the region defined by the following system:

i +x2+x3+x=1
X1 +6x —2x3+x5=1
X1, X2, X3, x4 > 0.

Does the system have degenerate vertices?
3.8. Find all the values of the parameter a such that the regions defined by the following
systems have degenerate vertices.
0]
X1 +x<8
6x1 +x <12
2x1+x2<a
x1, x2 > 0.
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3.9.

3.10.

3.11.

3.12.

3.13.

3.14.

3.15.

(i)
axy1+x3 > 1
2x1+x2 <6
—x1+x, <6
X1+ 2x>6
x1, x2 > 0.

Consider a linear program with the following constraints:

Ax1 +Txp +2x3 —3x4+x5+4xg = 4
—X1 —2Xp +x3+ x4 — x5 =—1
xXp—3x3—x4—x5+2x¢= 0

x; >0, i=1...,6.

Determine every basis that corresponds to the basic feasible solution (0, 1, 0, 1, 0, 0).

Consider the feasible region in Figure 4.4. Determine formulas for the points on the
edges of the feasible region. What are the corresponding formulas for the problem
in standard form? The formulas you determine should be of the form

(extreme point) + «(direction) for0 < o < @pgx-

Repeat the previous problem for the feasible region in Figure 4.5. Note that in some
cases there will be no upper bound on «.

Consider the system of constraints Ax = b, x > 0 with
1 4 7 1 00 12
A:(Z 58 01 0) and b:<15>.
36 9 001 18

Isx =(1,1,1,0,0,0)7 a basic feasible solution? Explain your answer.

Suppose that a linear program includes a free variable x;. In converting this problem
to standard form, x; is replaced by a pair of nonnegative variables:

/ " / "
xi=x;—x;, x,x;>0.

Prove that no basic feasible solution can include both x; and x;" as basic variables.
Let the m x n matrix A be the coefficient matrix for a linear program in standard

form. The upper bound
ny n!
m)  m!(n —m)!

on the number of basic feasible solutions can sometimes be precise, but it can also
be a considerable overestimate.

(i) Construct an example with n = 4 and m = 2 where the number of basic
feasible solutions is equal to ().

(if) Construct examples of arbitrary size where the number of basic feasible solu-
tions is equal to zero.

Prove that the set S = {x : Ax < b} does not contain any extreme points.
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3.16. Let § = {x xTx <1 } Prove that the extreme points of S are the points on its
boundary.

3.17. Considertheset S ={x :x1 > x, >--->x, >0}.

(i) Prove that if x € Sthensois ax € S for all « > 0. A set with this property is
called a cone.

(if) Prove that the origin is the only extreme point of S.
(iif) Find n linearly independent directions of unboundedness for this set.

3.18. Give an example of a degenerate linear program that does not contain a redundant
constraint.

3.19. Give an example of a linear program where a degenerate basic feasible solution only
corresponds to a single basis.

4.4 Representation of Solutions; Optimality

The first goal of this section is to prove that any feasible point can be represented as a
convex combination of extreme points plus, possibly, a direction of unboundedness. Then
this result will be used to prove that any linear program with a finite optimal solution has
an optimal basic feasible solution.

The idea behind the representation theorem is straightforward and will first be illus-
trated using two examples of feasible sets, one bounded and one unbounded. The examples
will be in two dimensions so they can be graphed, but the techniques used in the examples
are the same as those used in the proof.

We will use the examples from Section 4.3. First we consider a bounded problem
with the constraints

—2x1+x <2
—x1+x <3
x1 <3
x1,x2 > 0.

We would like to show that if x is any feasible point, then it can be expressed as a convex
combination of extreme points of the feasible region. Our discussion will be based on
Figure 4.6.

Let us choose the feasible point x = (2, 1)7. We would like to express x as a convex
combination of the extreme points x,, ..., x.. Consider the direction p = (1, 1)”. Since x
is in the interior of the feasible region, x + yp will be feasible for small values of y. (By
“small” we mean small in absolute value.) However, since the region is bounded, as we
move along p or —p eventually we will hit the boundary of the region. In this example this
occurs at the points y; = x + p = (3,2)Tand y, = x — p = (1, 0)7, that is, for y = 1 and
y = —1. Notice that x = %yl + %yg so that x is a convex combination of y; and y,.

Neither y; nor y, is an extreme point; both are along an edge of the feasible region.
For small values of y the points y; + yp; and y, + yp» will be feasible, where p; =
0, D)7 and p, = (1,0)". However, as y is increased in magnitude, we will eventually hit
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-2X1+X2:2

Figure 4.6. Representation via extreme points: Bounded case.

another boundary of the region. For y; this occurs at yi; = y1 + 4p1 = (3,6)” = x, and
yi2 = y1 —2p1 = (3,0)" = x,, and for y, this occurs at y,1 = y, + 2p, = (3,0)" and
y22 = y2 — 1p> = (0, 0)7. The points y; and y, can be written as

n= %Mz + %yn

Y2 = %yzz + %ym-

The points on the right-hand side are extreme points.
Since x = 2y, + 31 we can combine these results to obtain

1 1 1 1
X = 3¥2+ gy +3Y2+ gyu
1 1 1 1
= 3%t §Xe + 3Xe + §Xa

1 1 1
= gxu + E.xe + Exd.

Thus we have expressed x as a convex combination of extreme points.
Now we will consider the unbounded region obtained by deleting one of the con-
straints:

—2x1+x2 <2
—x1+x <3
x1,x2 > 0.

We would like to show that if x is any feasible point, then it can be expressed as a con-
vex combination of extreme points plus, if required, a direction of unboundedness. Our
discussion will be based on Figure 4.7.

Let us again choose the feasible point x = (2, 1)7 and the direction p = (1, 1)7.
As before, x + yp will be feasible for small values of . For y < 0, the boundary is
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-2X1+X=2

Figure 4.7. Representation via extreme points: Unbounded case.

encountered at the point y, = x — p = (1, 0)T. However, the direction p is a direction of
unboundedness so that x + y p is feasible for all positive values of y. In this case we will
represent x as the sum of a direction of unboundedness and a point on the boundary, that is,
X =p-+y.

The point y, is not an extreme point so we will represent it in terms of other points
along the same edge. For p, = (1, 0)7 we examine points of the form y, + yp,. Another
boundary is encountered at the point y»» = y» — p» = (0, 0)7. In the direction p, the region
is unbounded and y, = p» + y22, that is, y is the sum of a direction of unboundedness and
an extreme point.

Combining these two results we obtain

X=p+y2=p+ (p2+y2)
=(p+p2)+yn=p+x,

where p = p + p2 = (2, 1)7, another direction of unboundedness. In this way we have
expressed x as the sum of a direction of unboundedness and a (trivial) convex combination
of extreme points.

The representation theorem is given below. For the examples above, the constraints
were not in standard form; this was so the examples could be graphed easily. The theorem
works with a problem expressed in standard form. This is not an essential detail—it merely
eliminates ambiguity about how the constraints are represented. The argument is the same.

To point out the connection between the two approaches, we write the constraints for
the unbounded example in standard form, that is, S = {x : Ax = b, x > 0} with

-2 110 2
A=<—1 1 0 1) and b=(3>.

The pointx = (2, 1)Tis transformed into ¥ = (2, 1, 5, 4)7, where x3 = 5and x, = 4 are the
slack variables for the two constraints. The direction p = (1, 1)7 is transformed into the
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direction p = (1, 1, 1, 0)7, with the last two components chosen so that A(x + p) = b or,
equivalently, Ap = 0.

Theorem 4.6 (Representation Theorem). Consider the set
S={x:Ax=b,x>0},
representing the feasible region for a linear program in standard form. Let
V={v,v,..., 0}

be the set of extreme points (vertices) of S. If S is nonempty, then V is nonempty, and every
feasible point x € S can be written in the form

k
x=d+ E o,
i=1

where
k

Za,- =1 and o; >0, i=1,...,k

i=1
and d satisfies Ad = 0and d > 0, i.e., either d = 0 or d is a direction of unboundedness
of S.

Proof. The proof will make repeated use of the equivalence between extreme points and
basic feasible solutions. We will assume that A is of full row rank, since if A is not of full
row rank it can be replaced by a smaller full-rank matrix.

We will first consider the case where the set S is bounded, so that there are no directions
of unboundedness and d = 0. Let x € S be any feasible point. If x is an extreme point,
then x = v; for some i and the theorem is true with o; = 1and «; = 0 for j # i.

If x is not an extreme point, then, by the results in the last section, x is not a basic
feasible solution. Hence the columns of A corresponding to the nonzero entries are linearly
dependent and we can find a feasible direction p, that is, a vector p # 0 satisfying

Ap =0
piZO |fx,=0

If € is small in magnitude,

A(x+ep)=0>b
x+ep >0
(x+ep);=0 ifx;=0.

Hence x + €p € S. Since S is bounded, as e increases in magnitude (either positive or
negative) eventually points are encountered where some additional component of x + ¢p
becomes zero. Let y; be the point obtained with ¢ > 0 and y, be the point obtained with
€ < 0. Then x is a convex combination of y; and y, and both y; and y, have at least one
more zero component than x does; see the Exercises.
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The argument is now completed by induction. If y; and y, are both extreme points,
then we are finished. Otherwise, the same reasoning is applied as necessary to one or both of
y1 and y, to express them as convex combinations of points with one more zero component.
This is repeated until eventually a representation is obtained in terms of extreme points.
(There is one detail that must be checked: it must be shown that if y; and y, are convex
combinations of extreme points, then so is x; see the Exercises.) This argument also shows
that the set of extreme points is nonempty. Because the number of nonzero components is
decreasing by one at each step, and is bounded below by 0, eventually the points generated
by this scheme must be basic feasible solutions, that is, extreme points.

The unbounded case is proved similarly. Choose x € S. If x is not an extreme point
we can form x + ep for a vector p chosen as before. However, it is possible that either p
or —p is a direction of unboundedness if either p > 0 or p < 0, respectively. (They cannot
both be directions of unboundedness because of the nonnegativity constraints x > 0; see
the Exercises.) Suppose that p is a direction of unboundedness, so a move in the direction
— p will hit the boundary at some point y,, that is, x — yp = y, with y > 0. (Analogous
remarks apply if — p is a direction of unboundedness.) Then

x=d+1-y,

where d = yp for some y, so that x is the sum of a direction of unboundedness and a
(trivial) convex combination of y,. As before, y, has at least one more zero entry than x
does.

Now the same argument can be applied inductively to y, to show that it can be
expressed as a convex combination of extreme points plus a nonnegative linear combination
of directions of unboundedness with nonnegative coefficients. Since such a combination of
directions of unboundedness is again a direction of unboundedness (see the Exercises), this
completes the proof. [

So far our main concern has been the constraints in a linear program. We now examine
the objective function and show that a solution to a linear program, if one exists, can always
be chosen from among the extreme points of the feasible region.

Theorem 4.7. If a linear program in standard form has a finite optimal solution, then it has
an optimal basic feasible solution.

Proof. Let x be a finite optimal solution for the linear program represented in standard
form. Using the representation theorem we can write x as

k
x=d+ E oV,
i=1

where
k
> ai=1 and >0, i=1.. .k
i=1
As before {v; } is the set of extreme points of the feasible region, and d is either zero or a
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direction of unboundedness. The objective function has the value

k
cx=cTd+ Zaich,-.
i=1
We first show that ¢’d = 0. If ¢’d < 0, then the objective function is unbounded below,
since it is straightforward to verify that

k

x, =yd+ Zaivi
i=1

will be feasible forany y > 0and ¢’(yd) = yc’d will be unbounded below as y increases.
Thisinturn implies that ¢”x,, is unbounded below. Since x was assumed to be a finite optimal
solution, this is a contradiction and so ¢’d > 0. Now if ¢7d > 0, then ¢Tx > Ty where

k
y = E o V;
i=1

is a feasible point. This shows that x would not be optimal in this case. Hence ¢’d = 0 and
c'x = Ty, showing that y is also an optimal solution.

Now pick an index j forwhich ¢’v; = min; {ch,- } Then for any convex combination
of the v;’s,

k k
CTy = E a,-ch,- > E Ol,'CTUj
i=1 i=1

k
=cCv, E a; =c'v;j.
i=1

Since y is optimal it must be true that ¢’y = ¢’v;, showing that there is an optimal extreme
point, namely v;, or equivalently an optimal basic feasible solution. [

One of the conditions for an optimal solution is that the objective function cannot
decrease if we move in any feasible direction. Consider the linear program from Section 4.1:

minimize z = —x; —2x;
subjectto  —2x; +xp, <2
—x1+x, <3
x1 <3

X1, X2 = 0.

If we select the optimal point x = (3, 6)7 and move some small distance ¢ > 0 in the
feasible direction d = (-2, —3)7, then

cTx +ed) =cTx +ec’d
= —15+ 8¢ > —15,

so that the objective function increases in this direction.
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We can also represent this idea algebraically. Suppose that we have a linear program

in standard form L T
minimize z=c'x

subjectto Ax =b
x>0,
and that x is an optimal basic feasible solution. If p is a feasible direction, then x 4+ ep must

be feasible for small € > 0. In addition, because x is optimal, c”(x + ep) > c"x. Hence p
must satisfy

chEO
Ap=20
plZO Ifx,:O

We will use these conditions when deriving the simplex method in the next chapter.

Exercises
4.1. Let x be a feasible point for the constraints
Ax=b, x>0
that is not an extreme point. Prove that there exists a vector p # 0 satisfying

Ap=0
pi=0 ifx; =0
4.2. Let x be an element of a convex set S. Assume that x; = x + e1p € S and

X = x —ep € S, where p # 0and ¢;,¢, > 0. Prove that x is a convex
combination of x; and x,. That is, prove that

x =ax1+ (1 —a)xy,

where 0 < @ < 1, and determine the value of «.

4.3. Let x be a convex combination of { y1, ..., y:}. Assume in turn that each y; is a
convex combination of {y,»,l, ey Viks } Prove that x is a convex combination of
the vectors { y; ; }.

4.4. Let p be a direction of unboundedness for the constraints
Ax =b, x>0.

Prove that — p cannot be a direction of unboundedness for these constraints.
45, Let{d,...,d;} bedirections of unboundedness for the constraints

Ax =b, x>0.
Prove that

k
d=Y ad; Witha; >0
i=1
is also a direction of unboundedness for these constraints.
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4.6.

4.7.

4.8.

4.9.

4.5

Consider the linear program

minimize z =2x; — 3x;
subjectto  4x; + 3x, <12
X1 — 2)C2 <2
x1, xp > 0.

Represent the point x = (1, 1)7 as a convex combination of extreme points plus, if
applicable, a direction of unboundedness. Find three different representations.

Consider the linear program

minimize z =3x;+ x;

subject to X1 — X9 >2
—2x1+x <4
x1, x2 > 0.

Represent the point x = (5, 2)7 as a convex combination of extreme points plus, if
applicable, a direction of unboundedness. Find three different representations.

Suppose that a linear program with bounded feasible region has ¢ optimal extreme
points vy, ..., v,. Prove that a point is optimal for the linear program if and only if
it can be expressed as a convex combination of { v; }.

Complete the proof of Theorem 4.6 in the case where S is bounded by showing that
x is a convex combination of y; and ys.

Notes

The material in this chapter is well known and is discussed in a number of books on linear
programming such as the books of Dantzig (1963, reprinted 1998), Chvatal (1983), Murty
(1983), and Schrijver (1986, reprinted 1998).
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The Simplex Method

5.1 Introduction

The simplex method is the most widely used method for linear programming and one of the
most widely used of all numerical algorithms. It was developed in the 1940’s at the same
time as linear programming models came to be used for economic and military planning.
It had competitors at that time, but these competitors could not match the efficiency of the
simplex method and they were soon discarded. Even as problems have become larger and
computers more powerful, the simplex method has been able to adapt and remain the method
of choice for many people. It is only in recent years with the development of interior-point
methods (see Chapter 10) that the simplex method has had a serious challenge for primacy
in the realm of linear programming.

Even though the simplex method only solves linear programming problems, its tech-
niques are of more general interest. The same techniques can be used to handle linear
constraints in nonlinear optimization problems and can be generalized to handle nonlinear
constraints. This is discussed in Chapter 15. The ways that constraints are represented are
used in other settings, as are the methods for computing Lagrange multipliers (dual vari-
ables; see Chapter 6). Our study of the simplex method will also provide a good setting for
discussing degeneracy and a number of other topics.

The simplex method has important historic ties to economics, and this has influenced
the terminology associated with the method. For example, it is common to speak of reduced
“costs” and shadow “prices.” For many applications these terms are useful and suggestive
of the interpretations that will be given to the linear programming model.

In this chapter we describe the basic form of the simplex method. We apply the
method to a linear program in standard form, show how to find an initial feasible point,
and adapt the simplex method to solve degenerate problems. Our emphasis will be on the
general properties of the method. The details that make up a modern implementation of the
method are delayed until Chapter 7.

The results of Chapter 4 provide the major motivation for the simplex method. We
proved that if a linear program has a finite optimal solution, then it has an optimal basic
feasible solution. This implies that we need only examine basic feasible solutions to solve
a linear program. The simplex method is a systematic and effective way to do just this.

125



126 Chapter 5. The Simplex Method

5.2 The Simplex Method

The simplex method is an iterative method for solving a linear programming problem written
in standard form. When applied to nondegenerate problems, it moves from one basic feasible
solution (extreme point) to another. The simplex method is an example of a feasible-point
method (see Section 3.1). What distinguishes the simplex method from a general feasible-
point method is that every estimate of the solution is a basic feasible solution. At each
iteration the method tests to see if the current basis is optimal. If it is not, the method selects
a feasible direction along which the objective function improves and moves to an adjacent
basic feasible solution along that direction. Then everything repeats.

Here we present the simplex method using explicit matrix inverses. Modern computer
implementations of the simplex method do not do this, but rather use matrix factorizations
and related techniques (see Section 7.5). The main reason is that explicit matrix inverses
are not suitable for sparse problems. However, many important ideas about linear pro-
gramming and about the simplex method can be explained without reference to the specific
representation of the inverse matrix.

The simplex method will be illustrated using the linear program

minimize z = —x; — 2x
subjectto  —2x; +x, <2
—x1+2x, <7
x1 <3
X1, X2 > 0.

Slack variables are added to put it in standard form:

minimize z = —x; —2x
subjectto —2x1+x2 +x3=2
— X1+ 2x0+x4=7
x1+x5=3
X1, X2, X3, X4, x5 > 0.

As usual, we denote the objective function by z = ¢”x and the constraints by Ax = b, with
x > 0. The feasible region for the original form of the problem is illustrated in Figure 5.1.

In this problem each of the constraints has a slack variable. This makes it easy to
find a basic feasible solution, that is, x, = (x3, xa, x5)7 and x, = (x1, x2)7. The coefficient
matrix associated with a complete set of slack variables will always be the identity matrix 1,
whose columns are linearly independent. Since the nonbasic variables will be zero, the
basic variables will satisfy

Ix, =x,=0b.

In standard form the right-hand side » will be nonnegative, so x > 0 and is feasible. For
this example, the initial basic feasible solution is

(x1 Xx2 x3 X4 X5)T=(0 0 2 7 3)T.

This corresponds to the extreme point x, in Figure 5.1.
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Figure 5.1. The simplex method.

We now test if this point is optimal. To do this, we determine if there exist any feasible
descent directions. The constraints can be written with the basic variables expressed in terms
of the nonbasic variables:

x3=24+2x1 — x»
Xo =T+ x1—2x7
x5=3—x1.

All other feasible points can be found by varying the values of the nonbasic variables x; and
x and using the constraints to determine the values of the basic variables x3, x4, and xs.
Because the nonbasic variables are currently zero and all variables must be nonnegative, it
is only valid to increase a nonbasic variable so that it becomes positive.

Our goal is to minimize the objective function

I=—X1— 2X2,

and its current value is z = 0. If either x1 or x; is increased from zero, then z will decrease.
This shows that nearby feasible points obtained by increasing either x; or x, give lower
values of the objective function, so that the current basis is not optimal.

The simplex method moves from one basis to an adjacent basis, deleting and adding
justone variable from the basis. This corresponds to moving between adjacent basic feasible
solutions. In geometric terms, the simplex method moves along edges of the feasible region.
Itis not difficult to calculate how the objective function changes along an edge of the feasible
region, and this contributes to the simplicity of the method.

For this example, moving to an adjacent basic feasible solution corresponds to in-
creasing either x; or x,, but not both. The coefficient of x, is greater in absolute value
than the coefficient of x1, so z decreases more rapidly when x; is increased. In the hope of
making more rapid progress toward the solution, we choose to increase x; rather than x;.
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Every unit increase of x, decreases the objective value by two, so the more x; is in-
creased, the better the value of the objective. However, the value of x;, cannot be increased
indefinitely because the region is bounded. The constraint equations show that as x; in-
creases and x; is kept fixed at zero, x3 = 2 — x, and x4 = 7 — 2x; decrease but x5 = 3
is unaffected. To maintain nonnegativity of the variables, x, can be increased only until
one of x3 or x4 becomes zero. The first constraint shows that x3 = 0 when x, = 2 (and
x4 = 3 > 0); this corresponds to the point x; in Figure 5.1. The second constraint shows
that x4, = 0 when x, = % (and x3 = —g < 0); this corresponds to the infeasible point x
in the figure. Consequently x, can only be increased to the value x, = 2. At this point x3
becomes zero and leaves the basis, and x, has entered the basis. The new basic feasible
solution is x;:

(x1 x2 x3 x4 x5)'=(0 2 0 3 3),

where x, = (x2, xa, x5)7 and x, = (x1, x3)".

The final step in the iteration is to make the transition to the new basic feasible solution.
One way to do this is to rewrite the problem so that the new basic variables are expressed
in terms of the new nonbasic variables. We want only the nonbasic variables to appear
in the objective, and we want the coefficient matrix for the basic variables in the equality
constraints to be the identity matrix. Writing the constraints in this way will allow us to
repeat the same analysis at the new basic feasible solution. It will make it easy to determine
if the current basis is optimal, and if not, how the basis can be changed to improve the value
of the objective.

Since x; is replacing x3 in the basis, we use the first constraint (the one that defines x3
in terms of the other variables) to express x; in terms of the nonbasic variables x; and x3:

Xy =2+ 2x1 — X3.

We then use this equation to make substitutions for x, in the remaining constraints and the
objective function. After simplification the linear program has the form

minimize z = —4 — 5x1 + 2x3
subject to the constraints

Xp =2+ 2x1 — x3
x4 =3 —3x1 + 2x3
X5=3—X1

and with all variables nonnegative. Since x; = x3 = 0the current objective valueisz = —4
and the basic variables have the values x, = 2, x4 = 3, and x5 = 3. This completes one
iteration of the simplex method.

We can now begin again by testing for optimality, examining how the objective
changes when we increase the nonbasic variables from zero. This basic feasible solu-
tion is not optimal and we can improve the objective by increasing x;. And so forth. At
each iteration, we identify a nonbasic variable that can improve the objective (if one exists).
This variable is increased until some basic variable decreases to zero. This gives a hew
basic feasible solution, and the process repeats.

For this example, the simplex method moves from x, to x; to x. to x4, the optimal
point. We will go through the remaining iterations in Example 5.2.
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5.2.1 General Formulas

Let us now consider a general linear program and derive general formulas for the steps in
the simplex method. Assume that the problem has » variables and m linearly independent
equality constraints.
We derive the formulas in matrix-vector form for the linear program
minimize z=c"x
subjectto Ax =b
x >0.

Let x be a basic feasible solution with the variables ordered so that
=)
Xy
where x; is the vector of basic variables and x, is the (currently zero) vector of nonbasic
variables. The objective function can be written as
= c:xg + c,CxN,

where the coefficients for the basic variables are in ¢, and the coefficients for the nonbasic
variables are in ¢, . Similarly, we write the constraints as

Bx, + Nx, = b.
The constraints can be rewritten as
Xp = B_lb — B_leN.

By varying the values of the nonbasic variables we can obtain all possible solutions to
Ax = b.
If this formula is substituted into the formula for z, we obtain

z=c'B b+ (¢! —cTB7'N)x,.
If we define y = (¢ B~1)" = B¢, then z can be written as
z2=y"b+ (! —y'N)x,.

This formula is efficient computationally. The vector y is the vector of simplex multipliers.
The current values of the basic variables and the objective are obtained by setting x, = 0.
We denote these by

x,=b=B"' and ;=c/B b

Example5.1 (General Formulas). For our sample linear program,
-1

-2 1100 2 -2
A:(—l 2 01 0>, b:(?), and c¢= 0
1 0001 3 0
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0 0
, N=(1 0),
01

cl' = (=1,-2,0),and ¢! = (0, 0). The current values of the variables are

A 3
x;=b=B"th= (5)
3

and x, = (0, 0)”. The objective value is

If x, = (x1, x2, x3)T and xy, = (x4, x5)7, then

-2 11 0
B:(—l 2 o), B1t=|0
1 —

1 00

Nl NI O
NIW N[ =

Z=cI'Bh=-13.

If we define
yi=eBt=(0 -1 -2),

then the objective value could also be computed as 2 = y’b» = —13. If x,, # 0, then the
general formula for the basic variables is

X4

X5 ’

3
x; =B b — B 'Nx, = (5) -

3

NI= NP O
Nlw Nl =

and the general formula for the objective value is
2=y + (c —y"N)xy =-13+ (1 2) (z‘) [ |

Let ¢; be the entry in the vector ¢ = (¢! — ¢ B=*N) corresponding to x;. The
coefficient ¢; is called the reduced cost of x;. Then

A AT
Z2=2Z+C\Xy.

(In Example 5.1, ¢4 = 1 and & = 2.) If the nonbasic variable x; is assigned some nonzero
value ¢, then the objective function will change by ¢;e.

To test for optimality we examine what would happen to the objective function if each
of the nonbasic variables were increased from zero. If ¢; > 0 the objective function will
increase, if ¢; = 0 the objective will not change, and if ¢; < 0 the objective will decrease.
Hence if ¢; < 0 for some j, then the objective function can be improved if x; is increased
from zero. If the current basis is not optimal, then a variable x, with ¢, < 0 can be selected
to enter the basis.

Once the entering variable x, has been selected, we must then determine how much
it can be increased before a nonnegativity constraint is violated. This determines which
variable (if any) will leave the basis. The basic variables are defined by

x; = B™'b— B"INx,,
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and, with the exception of x,, all components of x, are zero. Thus

A

= l; —Axy,

where A, is the vector B~1A, and 4, is the rth column of A.
We examine this equation componentwise:

(xs)i = b; — Qi 1x;.

Ifa;, > 0,then (x;); will decrease as the entering variable x, increases, and (x;); will equal
zero when x;, = 13,-/&,-,[. Ifa;, <0, then (x;); will increase, and if a;, = 0, then (x,); will
remain unchanged.

The variable x, can be increased as long as all the variables remain nonnegative, that
is, until it reaches the value

_ N
X; = min A—l:a,-,,>0 .
1<i<m a;

This is a ratio test (see Section 3.1), but of an especially simple form. The minimum ratio
from the ratio test identifies the new nonbasic variable, and hence determines the new basic
feasible solution, with x, as the new basic variable. The formulas

Xy < x5 —A %, and 7 < Z 4+ Cx;

can be used to determine the new values of the objective function and the basic variables in
the current basis. The variable x;, is assigned the value x,; the remaining nonbasic variables
are still zero.

If a;, < 0 forall values of i, then none of the basic variables will decrease in value as
x; is increased from zero, and so x, can be made arbitrarily large. In this case, the objective
function will decrease without bound as x, — oo, indicating that the linear program does
not have a finite minimum. Such a problem is said to be “unbounded.”

We can now outline the simplex algorithm. The method starts with a basis matrix B
corresponding to a basic feasible solution x, = b= B"1b>0.The steps of the algorithm
are given below.

1. The Optlmallty Test—Compute the vector y7 = ¢I'B~1. Compute the coefficients
¢l = ¢l — yIN. If ¢T > 0, then the current ba5|s is optimal. Otherwise, select a

varlable x; that satlsfles ¢; < 0 as the entering variable.

2. The Step—Compute A, = B71A,, the constraint coefficients corresponding to the
entering variable. Find an index s that satisfies

b N
—* — min A—':ai,,>0 .
sy =i=m | a;,

This ratio test determines the leaving variable and the “pivot entry” a, ;. If a;, <0
for all i, then the problem is unbounded.

3. The Update—Update the basis matrix B and the vector of basic variables x,.




132 Chapter 5. The Simplex Method

The optimality test is a local test since it only involves the reduced costs in the current
basis. Since linear programming problems are convex optimization problems, however,
any local solution is also a global solution. (See Section 2.3.) Thus this test identifies a
global solution to a linear program.

Example 5.2 (Simplex Algorithm). We will illustrate the simplex method on our example
linear program:

-1

-2 1 100 2 -2
A:(—l 2 01 0), b:(?), and c¢= 0
1 00 01 3 0

0

If we use the slack variables as the initial basis, then x, = (x3, xa, x5)7, xy = (x1, x2)7,
B=1=B"1cI=(0,00),c=(-1,-2),and

-2 1
N=(_1 2).
10

Thus x, = b = B~1b = (2, 7, 3)T. With this basis
yi=c’Br=( 0 0) and &f=cf —yIN=(-1 -2).

Both components of ¢, are negative, so this basis is not optimal. Since (¢, ), is the more
negative component, we select x; (the second nonbasic variable) as the entering variable.
For the ratio test we compute the entering column

. 1
Ay = B_lAg = (2) R
0

so that the ratios (corresponding to the first two components of A,) are

~

by
— =2 and -
ai» ap, 2

by 7

The first ratio is smaller, so x3 (the first basic variable) is the variable that leaves the basis.
At the next iteration x, replaces x3 in the basis, so that x, = (xo, x4, x5)7, x, =

(1, x3)7,

100 100 -2 1
B:(Z 1 0), B-1=<—2 1 0), N:(—l 0),
0 0 1 0 0 1 10
¢l =(=2,0,0),and ¢! = (—1,0). Thus

xy=b=Bth=(2 3 3)T
yi=cIBt=(-2 0 0)
el =cl —yIN=(-5 2).



5.2. The Simplex Method 133

The first reduced cost is negative, so this basis is not optimal, and x; (the first nonbasic
variable) is the entering variable. The entering column is

) -2
Ay =B A = ( 3)
1

and the candidate ratios are 132/&2,1 = 1 and 133/&3,1 = 3, so that x4 (the second basic
variable) is the leaving variable.
At the third iteration x, = (x2, x1, x5)7, xy = (x3, x2)7,

1 -2 0 - 0 10
B:(Z -1 o), Bt=|— ol. N=<0 1>’
0 11 1 00
¢l =(=2,-1,0),and ¢’ = (0, 0). Then
xy=b=B%=(04 1 2)7

B
yi=cIBt=(§ -3 0)

AT T T 4 5
CNZCN_yNZ(_§ §)

WIN WIN Wik
Wik Wik WIN

This basis is not optimal and x3 is the entering variable. The entering column is

WIN WIN Wi

A3 = B_1A3 =

and the only candidate ratio is 133/&3’1 = 3, S0 x5 is the leaving variable.
At the fourth iteration, x, = (x2, x1, x3)7, xy = (x4, x5)7,

1 -2 1 0 3 3 00
B:(Z -1 0), Bt=|0 0 1], N:(l o),
0 1 0 1 _% % 0 1

cZ = (-2,-1,0), and cAT, = (0, 0). Then

xy=b=B=(5 3 3)7
yi=cB =0 -1 -2)
r=cl —yIN=(1 2).

N =

This basis is optimal. |

In the optimality test of the simplex method there is an ambiguity about the choice
of the entering variable. In the example, we selected the entering variable corresponding
to the most negative ¢; < 0. If x; is increased by e, then z will change by ¢;e, so this
choice achieves the best rate of decrease in z. This choice does not take into account the
results of the ratio test, so it is possible that only a tiny step will be taken and that z will only
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decrease by a small amount. It also does not take into account the scaling of the variables in
the problem. Other more sophisticated ways of choosing the entering variable are possible,
but they may require additional computations and can be more expensive to use. They are
discussed in Section 7.6.1.

Had we chosen x; to enter the basis at the first iteration, the method would have moved
from x, through x, to the optimal point x,, requiring only two iterations; see Figure 5.1.
For general problems, however, there is no practical way to predict which choice of entering
variable would lead to the least number of iterations.

5.2.2 Unbounded Problems

In step 2 of the simplex method there is the possibility that the problem will be unbounded.
If a;, > 0, then basic variable (x;); will decrease as the entering variable x, increases,
and (x;); will equal zero when x, = Ei/&i,,. If a;, < O for all i, then none of the basic
variables will decrease as x, increases, implying that x, can be increased without bound, and
hence the feasible region is unbounded. The objective function will change by an amount
equal to ¢, x; as x, increases. Since the entering variable was chosen because ¢; < 0, the
objective function can be decreased indefinitely. Thus the linear program will not have a
finite minimum value. Unboundedness is illustrated in the following example.

Example 5.3 (Unbounded Linear Program). Consider the linear program

minimize z = —x; —2x

subject to —Xx1+x <2
—2x1+x2 <1
x1, x2 > 0.

After two iterations, the basis is x, = (x1, x2)T with x, = (x3, x4)7,

(-1 1 4 (1 1
B_(_2 1) and B _<2 _1>.

At this iteration, x, = (1, 3)7 and the reduced costs for the nonbasic variables are ¢’ =
(5, —3), so the current basis is not optimal, and x4 (the second nonbasic variable) is the
entering variable. The entering column is

. ~1
()

so there are no candidates for the ratio test. The entering variable x4 can be increased
without limit, so the objective function can be decreased without limit, and there is no finite
solution to this linear program. This can also be seen by looking at a graph of the feasible
region; see Figure 5.2. (The figure represents the two-variable version of the problem, not
the problem in standard form.)

The current basic feasible solution is (x1, x2, x3, x4)7 = (1, 3, 0, 0)7. From the equa-
tion x, = b — A4x4 we conclude that all points of the form

X1 1 1
X2 _ 3 1
x|~ lo]Tof™
X4 0 1
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o, P
Vz/l 1 2 3

Figure 5.2. Unbounded linear program.

are feasible. Letd = (1,1,0, 1)7. Itis easy to check that 4 > 0 and Ad = 0, where
-1 110
A= (—2 10 1)

is the coefficient matrix for the constraints of the problem in standard form. Hence d is
a direction of unboundedness. Since c¢’d < 0, the objective decreases as x4 is increased,
showing that the problem is unbounded.

In this example it would have been possible to stop at the first iteration. Our rule for
choosing the entering variable picked x; to enter the basis, but any variable x; with ¢; < 0

can be the entering variable since such a variable will lead to an improvement in the objective
function. If x; were chosen as the entering variable, then the entering column would be

. (-1
Ay = (_2),

and there would be no candidates for the ratio test, again indicating that the problem is
unbounded. At the first iteration, all points of the form

X1 0 1
X2 _ 0 0
X3 - 2 + 1 e
X4 1 2

are feasible, where d = (1, 0, 1, 2)7 is a direction of unboundedness along which the ob-
jective decreases. |

5.2.3 Notation for the Simplex Method (Tableaus)

Although we have presented the formulas for the simplex method already, these formulas
are not always convenient for classroom and explanatory use because they require the
calculation of matrix inverses or solving systems of equations. (If software is available
for performing the necessary matrix calculations, however, they are satisfactory.) In this
section we present a notational device called a “tableau” for representing the calculations in
the simplex method. The tableau uses the inverse of the basis matrix, but updates it at every
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iteration of the simplex method, rather than calculating it anew. This makes it possible to
solve small linear programs “by hand.”

The tableau is also a convenient and compact format to present examples. For this
reason we will sometimes use tableaus to discuss examples. To understand our examples
it is only necessary to be able to extract information from the tableaus, not to manipulate
them.

We emphasize that the tableaus (and the use of explicit matrix inverses) are merely
notational devices that assist our explanations of the simplex method. Computer implemen-
tations of the simplex method use other techniques more suitable for large sparse problems
(see Chapter 7).

For our example

minimize z = —x; — 2x;
subjectto  —2x; + xp +x3 =2
—x1+2x2+xs=7
X1 +x5=3
X1, X2, X3, X4, X5 > 0

the initial tableau looks like

basic X1 X2 X3 X4 X5 rhs
-z -1 =2 0 0 0 0
X3 -2 1 1 0 0 2
X4 -1 2 0 1 0 7
X5 1 0 0 0 1 3

The lower part of the tableau contains the coefficients of the constraints of the linear program
in standard form. For example, the last row corresponds to the third constraint x; + x5 = 3.
The top row of the tableau contains the coefficients in the objective function. It corresponds
to writing the objective function in the form of an equality constraint

—7—x1 — 2x2 +0x3 +0x4 +0x5 =0,

where the right-hand side is the negative of the current value of the objective function. To
emphasize that the objective value is multiplied by —1, the top row of the tableau is labeled
—z. The first column of the tableau lists the basic variables and the column labeled “rhs” for
“right-hand side” records the values of —z and the basic variables. (The nonbasic variables
are zero.)

We will again solve the example problem, this time using the tableau. Because
the initial basis matrix is B = I, the entries in the lower part of the “rhs” column are
x, = b = B~!b and the entries in the top row are the current reduced costs ¢. At every
iteration, the entries in the tableau will be represented in terms of the current basis, so that
the “rhs” column will include 5 and the top row will include .

Before proceeding with the example, we give the general formulas for the tableau.
Consider a linear program in standard form with »n variables and m equality constraints.
Let us assume that at the current iteration the vectors of basic and nonbasic variables are
Xp = (x1, ..., xp) and xy = (Xp41, ..., x,) 7, respectively.
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The original linear program corresponds to the tableau

basic Xy Xy rhs
—2Z el 0
Xg B N b

and the tableau for the problem in the current basis is

basic Xp Xy rhs
-z 0 ' —cI'BIN —cI'B7 1
Xy 1 BN B~

These are the matrix-vector formulas for the tableau.

The simplex iteration begins with the optimality test. For the basic variables the
reduced costs are zero. In our example, at the first iteration the reduced costs for the
nonbasic variables are negative, so the current basis is not optimal. The reduced cost for x;
is larger in magnitude, so we select x, as the entering variable.

We determine the leaving variable using the ratio test. The ratios are computed using
the “rhs” values and the values in the entering column, where the ratio is computed only
if the coefficient of the entering variable is positive. The smallest nonnegative ratio will
correspond to the leaving variable. In the tableau, only the first two constraint coefficients
for x, are greater than zero, giving the ratios 2/1 = 2and 7/2 = % Hence, x3 is the leaving
variable. In the tableau we mark the entering variable as well as the pivot entry in the x;
column and the x3 row:

U
basic X1 X2 X3 X4 X5 rhs
-z -1 =2 0 0 0 0
X3 -2 1 0 0 2
X4 -1 2 0 1 0 7
X5 1 0 0 0 1 3

The final step is to transform the tableau to express the coefficients in terms of the
new basis. This step is sometimes called pivoting. This can be done using the matrix-vector
formulas for the tableau using the new basis. It can also be done directly from the tableau
by applying elementary row operations to transform the x, column into

0

1

3 E

0
that is, into a column of the identity matrix with a one as the pivot entry and zeroes elsewhere.
The result of this transformation is that the new basic variables are represented in terms of
the new nonbasic variables.
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In this case we add 2 times the x3 row to the —z row, and subtract 2 times the x3 row

from the x4 row to obtain the new tableau:

basic X1 X2 X3 X4 X5 rhs
-z -5 0 2 0 0 4
X -2 1 1 0 0 2

X4 3 0 -2 1 0 3
X5 1 0 0 0 1 3

Notice that the “basic” column has been modified to reflect the change in the basis. This is
the tableau corresponding to the transformed linear program at the basic feasible solution

xp, that we derived earlier.

We now perform the second iteration of the simplex method. In the top row of the
tableau the reduced cost of x; is —5 < 0, so this basis is not optimal and x; will be the
entering variable. The ratio test indicates that x4 will leave the basis:

U
basic X1 X2 X3 X4 X5 rhs
-z -5 0 2 0 0 4
X2 -2 1 1 0 0 2
X4 0 -2 1 0 3
X5 1 0 0 0 1 3

We then apply elimination operations to get the next tableau. The tableaus for the remaining

iterations are

¢
basic X1 X2 X3 X4 X5 rhs
—z o 0 -3 3 0 9
x2 o 1 -3 %2 0 4
x1 1 0 -2 £ 0 1
x5 0 0 -1 1 2
and

basic X1 X2 X3 X4 X5 rhs
~z o 0 0 1 2 13
X2 o 1 o § 1 5

X1 1 0 0 0 1 3

X3 o o 1 -1 3 3
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At the fourth iteration the reduced costs of the nonbasic variables are all positive, so the
current basis is optimal. The solution can be read from the “rhs” column of the tableau:
z=-13, x, =5, x; = 3, and x3 = 3. The nonbasic variables, x4 and xs, are zero. This is
the same as in Section 5.2.

5.2.4 Deficiencies of the Tableau

In the tableau form of the simplex method, many of the computations performed in a given
iteration are not used in that iteration. For example, the tableau columns of all nonbasic
variables are computed, even though only the column of the entering variable is needed in
order to determine the new solution.

Implementations of the simplex method generate at each iteration only the information
that is specifically required for that iteration. The result is a version of the method which
requires less storage and less computation. It also makes it possible to utilize the sparsity of
the matrix A to reduce the number of computations. Historically this approach was named
the revised simplex method to distinguish it from the tableau form.

The version of the simplex method presented in Section 5.2.1 is of this type. Here we
discuss some of the advantages of this approach.

As before, we work with a problem in standard form

minimize z =c'x

subjectto Ax =0b
x>0,

where A is an m x n matrix of full row rank. Let B be the basis matrix at some iteration.
In matrix-vector notation, the current tableau is

basic Xp Xy rhs
-z 0 cI'—cI'BIN —cI'B™
X 1 BN B~

The information required for the simplex method can be generated directly from
B~ and the original data. This allows us to compute information only as needed. More
specifically, suppose that some representation of the m x m inverse of a basis matrix for
some iteration is available. Then the only other information that would be needed at that
iteration is the current solution vector, the reduced costs, and the column of the entering
variable. This information may be computed from the formulas for the method.

If the basis matrix inverse B! is available, then

X = b=B"
and the associated objective value is
7= cZBilb = cl{x,,.

The columns of the current tableau, A ;, are obtained from

A; =BtA,
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where A; is the jth column of A. If we define
yi=c B
we can compute the reduced costs from
¢ =c;—y'A;.

The process of computing the coefficients ¢; is called pricing.

Some mechanism is needed to update the representation of the inverse matrix for the
next iteration. The inverse could be computed anew at every iteration, but more efficient
techniques are discussed in Chapter 7.

We can be more precise about the computational differences between the simplex
method via formulas and via the tableau.

The simplex method, whether implemented using the formulas from Section 5.2.1
or using the tableau, will go through the same sequence of bases, provided that the same
criteria are used for selecting the entering variable and for breaking ties in selecting the
leaving variable. Thus, on a given problem the two versions perform the same number of
iterations. The difference between the versions of the method is in the organization of the
computation. In the following we compare the formulas with the tableau for a problem in
standard form with m constraints and » variables.

Consider first the storage requirements, beyond those required for storing the problem
itself. The tableau requires an (m + 1) x (n + 1) array. The formulas require

« an array of length m to store the value of x,,

« an array of length m to store the entering column,

* an array of length n — m to store the reduced costs, and
* arepresentation of B~1.

If B~ is represented explicitly, then an m x m array is required. If B is a sparse matrix, then
its inverse can typically be represented using storage proportional to the number of nonzero
entriesin B. Thus if n is much larger than m (as is frequently the case), the formulas achieve
significant savings in storage requirements as compared to the tableau.

Consider now the computational effort required by the two approaches. One measure
of this effort is the number of operations required per iteration. For simplicity we shall only
count the number of multiplications and divisions. The number of additions and subtractions
is roughly the same. We start by examining the work required to solve a dense problem.

The main computational effort in the tableau method is in pivoting. Each pivot updates
n —m + 1 tableau columns, corresponding to the (n — m) nonbasic variables plus the right-
hand-side vector. First, the pivot row is divided by the pivot term; this requires n —m + 1
operations. Next, a multiple of the updated pivot row is added to each of the remaining m
rows (including the top row); this requires m(n — m + 1) multiplications. In total, each
pivot requires

m—m+D+mn—m+1) =mn+n+1—m?
multiplications. The only other calculations occur in the ratio test, where at most mz divisions

are performed. The effort in the ratio test is negligible compared to the effort in pivoting,
and for simplicity we shall ignore it.
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The computational effort in an iteration with the formulas includes: computation
of ¢; (pricing); computation of the entering column; the ratio test; and the update. Each
computation ¢; = ¢; — y"A; requires m multiplications in the inner product. Since there
are n —m nonbasic variables, pricing will require m (n — m) multiplications. Computing the
entering column A, involves a matrix-vector product B—1A,, or m? multiplications. In the
update step, the representation of B~1 must be updated, along with the reduced costs and
the value of x,. If Gaussian elimination is used to do this (see Section 7.5), then the cost is
m + 1 multiplications per row, or a total cost of (m + 1)2. Summing up (and again ignoring
the cost of the ratio test), we conclude that the formula-based simplex method requires

mn —m) +m?+ (m + 1)% = mn + (m + 1)?

multiplications per iteration.

It appears that unless » is substantially larger than m, the tableau method will require
less computation. However, our operation count has not taken into account the effects of
sparsity. To examine this, consider for example a sparse problem, where each column of
A has exactly 5 nonzero elements. Then, if we are using the formulas, each inner product
yTA; will now only require 5 multiplications, hence full pricing will require 5(n — m)
multiplications. The matrix-vector product B—*A, will require 5m multiplications. The
update step will still require (m + 1)? operations. In total, the number of operations will be

5(n —m) +5m + (m + 1)®> =5n + (m + 1)°.

In contrast, the tableau will still require the number of computations given above. When
m and n are large, the savings offered by the revised simplex method are dramatic. For
example, if m = 1000 and n = 100,000, then each iteration of the tableau simplex method
will require about 99 million operations, while each iteration of the formula-based simplex
method will only require about 1.5 million operations. Such savings might reduce the total
solution time from days to just hours, or from hours to just minutes.

In the operation count, we assumed that B~ is dense. This is often the case, even
when the matrix B is sparse. Thus, if m is large the (m + 1) operations required to update a
dense matrix B~! may become expensive. In Chapter 7 we describe a variant of the simplex
method that represents B~ as a product of factors which tend to be sparse. This can further
reduce the work and storage required by the simplex method.

Exercises

2.1. Verify the computational results in Example 5.2.
2.2. Solve the following linear programs using the simplex method. If the problem is two
dimensional, graph the feasible region, and outline the progress of the algorithm.
() _
minimize z = —5x; — 7xp — 12x3 + x4
subjectto  2x; + 3x2 + 2x3 + x4 < 38
3x1 4+ 2xp +4x3 — x4 <55
X1, X2, X3, X4 = 0.
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(i)
maximize z = 5x; + 3x; + 2x3
subjectto  4x; + 5xy + 2x3 + x4 < 20
3x1+4x; —x3+x4 <30
X1, X2, X3, X4 = 0.
(iii)
minimize 7z = 3x; + 9x;
subjectto  —5x1 + 2x; < 30
—3x1 +xp <12
x1,x2 > 0.
(iv)
minimize z = 3x; — 2x; — 4x3
subjectto  4x; + 5x, — 2x3 < 22
x1— 2x2 +x3 <30
X1, Xx2,x3 >0
v)
maximize z = 7x; + 8x;
subjectto  4x; + x; < 100
x1+x2 <80
x1 <40
X1, x>0
(vi)

minimize z = —6x; — 14x, — 13x3
subjectto  x3 + 4xp + 2x3 < 48
X1+ 2x2 + 4x3 < 60
X1, X2, X3 = 0.

2.3. Consider the linear program

minimize z=x;—x

subjectto —x; +x <1
X1 —2xp <2
x1,x2 > 0.

Derive an expression for the set of optimal solutions to this problem, and show that
this set is unbounded.

2.4. Find all the values of the parameter a such that the following linear program has a
finite optimal solution:

minimize 7z = —ax; + 4xy + 5x3 — 3x4
subjectto  2x; +xp — Txz3 — x4 =2
X1, X2, x3, x4 > 0.
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2.5. Using the optimality test to find all the values of the parameter a such that x, =
(0, 1,1,3,0,0)7is the optimal solution of the following linear program:

minimize z = —x; — a%x, + 2x3 — 2ax4 — 5x5 + 10xg
subject to —2x1 — X2+ x4+ 2x6 =2
2x1+xp+x3=2
—2X1 — X3+ X4+ 2x5 =2
X1, X2, X3, X4, X5, xg > 0.
2.6. The reduced costs are given by the formula é? = ¢ — I B=1 N, and a basic feasible
solution is optimal if ¢ > 0. Construct an example involving a degenerate basic

feasible solution that corresponds to two different bases, where in one basis the basic
feasible solution is optimal, but in the other basis it is not.

2.7. Prove that the set of optimal solutions to a linear programming problem is a convex
set.

2.8. Prove that in the simplex method a variable which has just left the basis cannot
re-enter the basis in the following iteration.

2.9. Consider the linear program
minimize z=c’x
subjectto Ax <b

x>0,

where x = (x1, ..., x,),¢c=(0,...,0,—a),b=(1,..., 1T and

Here « is small positive number, say o = 2=,

(i) Consider the basic feasible solution where the slacks are the basic variables.
Compute the reduced costs for this basis. By how much does this basis violate
the optimality conditions? What is the current value of the objective?

(if) Consider now the solution where {xi, ..., x, } is the set of basic variables.
Prove that this is a basic feasible solution.

(iii) Prove that the solution defined in (ii) is optimal.
(iv) What is the optimal objective value? (Find a closed-form solution, if possible.)

2.10. Consider a linear program with a single constraint
minimize z = cix1 + coxo + -+ - 4+ cpx,
subjectto  aix; +axp+ -+ apx, <b
X1, X2, ..., %, > 0.
(i) Under what conditions is the problem feasible?
(ii) Develop a simple rule to determine an optimal solution, if one exists.
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2.11. Solve the linear programs in Exercise 2.2 using the tableau.

2.12. This problem concerns the number of additions/subtractions in the various versions
of the simplex method for a problem with » variables and m < n equality constraints.

(i) Compute the number of additions/subtractions required in each iteration of the
tableau version of the simplex method.

(if) Compute the number of additions/subtractions required in each iteration of the
Simplex method implemented using the formulas in Section 5.2.4.

(iii) Assume now that each column of the constraint matrix has / < m nonzero
entries. Repeat part (ii).

2.13. The following tableau corresponds to an iteration of the simplex method:

basic X1 X2 X3 X4 X5 X6 rhs
-z 0 a 0 b c 3 d
0 -2 1 e 0 2 f
1 g 0 -2 0 1 1
0 0 0 h 1 4 3
Find conditions on the parameters a, b, ..., h so that the following statements are

true.

(i) The current basis is optimal.

(if) The current basis is the unique optimal basis.
(iii) The current basis is optimal but alternative optimal bases exist.
(iv) The problem is unbounded.

(v) The current solution will improve if x4 is increased. When x4 is entered into
the basis, the change in the objective is zero.

5.3 The Simplex Method (Details)

In Section 5.2, a general discussion of the simplex method was given, and a small linear
program was solved, but this does not give a complete description of the method. For
example, it was not shown how to initialize the method, and there were no guarantees that
it would terminate. The rest of this chapter will fill some of these gaps. In this section, we
show how to detect if the linear program has multiple solutions. In Section 5.4, techniques
for initializing the simplex method are described. And in Section 5.5, we give conditions
under which the simplex method will be guaranteed to terminate when applied to any linear
program.

5.3.1 Multiple Solutions

Alinear program can have more than one optimal solution. This can occur when the reduced
cost of a nonbasic variable is equal to zero in the optimal basis.
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Example 5.4 (Multiple Solutions). Consider the linear program

minimize
subject to

After one iteration of the simplex method,

= —X1
—2x1+x2 <2
—x1+x<3

x1 <3
x1, x2 > 0.

basic X1 X2 X3 X4 X5 rhs
-z 0 0 0 0 1 3
X3 0 1 1 0 2 8
X4 0 1 0 1 1 6
X1 1 0 0 0 1 3

This basis is optimal, but the reduced cost for the nonbasic variable x; is zero. This in-
dicates that if this variable entered the basis, then the objective would change by ¢, x
(new value of x;) = 0, so the objective value would not be altered and would remain
optimal. If we perform this update we obtain

basic X1 X2 X3 X4  Xs rhs
-z 0O 0 O 0 1 3
X3 0 0 1 -1 1 2
X2 0 1 0 1 1 6
X1 1 0 o 0 1 3

This basis is also optimal, and again the reduced cost of a honbasic variable (x;) is zero.
This problem has two optimal basic feasible solutions. Any convex combination of
these two solutions is also optimal. These points correspond to an edge of the feasible

region. This is illustrated in Figure 5.3.

5.3.2 Feasible Directions and Edge Directions

The simplex method is an example of a feasible point method. It moves from one extreme
point to another along a sequence of feasible descent directions. For nondegenerate linear

programs, these directions correspond to edges of the feasible region.

We can determine formulas for the feasible directions in the simplex method. Let
A = (B, N) be the constraint matrix, and let

A

X =

(%)
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t t t
/3 -2 /l 1 2 3

Figure 5.3. Multiple solutions.

be the corresponding basic feasible solution. (It may be necessary to reorder the variables,
with the basic variables listed first.) Any feasible point can be represented as

AN B~ b — B INx,
Xn Xn
B~ 1p —B7IN
(") (%)
=Xx+Zx,

for some nonnegative value of x,. The matrix

(1)

is the null-space matrix for A obtained via variable reduction with this basis.
Alternatively, following the discussion in Section 3.1, x may be written as x + p
where p is a feasible direction. Since

AX+p)=b and X+ p>0,
it follows that
Ap=0 and p,>0.

Hence p is in the null space of A and can be written as p = Zv for some v. Comparing
this with the result above shows that we can set v = p, = x,. Any nonnegative choice of
xy Will correspond to a feasible direction.

In the simplex method, only one nonbasic variable is allowed to enter the basis at a
time. This implies that only one component of x, will be nonzero during an update. In turn,
this implies that the feasible directions considered at an iteration of the simplex method are
the columns of Z. If (x,), is the entering variable and Z; is the kth column of Z, then an
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update step in the simplex method corresponds to a step of the form
x =X+ (xy )i Zk.

The edges of the feasible region at the point x are the nonnegative points x that can be
written in this form, and the vectors Z, are called edge directions. The step in the simplex
method is of the form

X+ap

for a search direction p = Z; and a step length @ = (x,)«, and so the simplex method fits
into the framework of our general optimization algorithm.

If some column Z; of Z satisfies Z; > 0, thend = Z; is a direction of unboundedness
for the problem. It is easy to verify that Ad = 0 and d > 0, i.e., that the conditions for a
direction of unboundedness are satisfied.

Example 5.5 (Feasible Directions and Edge Directions). We look again at the linear
program
minimize z = —x; —2x;
subjectto  —2x; +x, <2
—x1+2x <7
x1 <3
X1, X2 = 0.

Its feasible region is depicted in Figure 5.1.
At the first iteration £ = x, = (0, 0, 2, 7, 3)”. The basic and nonbasic variables are
X5 = (x3, x4, x5)Tand x, = (x1, x2)7, respectively. The corresponding null-space matrix is

I 1 0

/ 0o 1
z:(_B_lN)z (1 0 0>—1<—2 1) = 2 1
-{o 10 -1 2 1 -2

001 10 -1 0

At this iteration, x, entered the basis. This is the second nonbasic variable and so the feasible
direction is

p=2Z=(0 1 -1 -2 0)".
The step procedure determines that the new value of x; is 2, and hence the step length is

o = 2. The new basic feasible solution can be written as

x=X4+ap=(0 0 2 7 3)7"+2(0 1 -1 -2 0)
=0 2 0 3 3).
It would also have been possible to take a step in the feasible direction p = Z;. Both Z;

and Z, are edge directions. They correspond to the edges connecting x, to x. and x, to x,
inFigure5.1. N
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The null-space matrix Z can also be used to derive a formula for the reduced costs:

—B7IN
Z=(cl' I ( I )

= —cZB‘lN +cl =cl — CZ;B_]'N.

Thus the reduced cost of the kth nonbasic variable is just c’Z;.

Exercises

3.1

3.2.

3.3.

3.4.

3.5.

Consider the linear program

minimize  z = —x1 + 2x; — x3
subjectto  x; + 2xp +x3 <12
2x1+ xp—x3<6
—x1+3x <9
X1, X2, x3 > 0.

Add slack variables x4, x5, and xg to put the problem in standard form.

(i) Consider the basis { x1, x4, x¢ }. Use the formulas for the simplex method to
represent the linear program in terms of this basis.

(if) Perform an iteration of the simplex method, constructing the null-space matrix
Z, and computing the search direction d and the step length « so that x;; =
X + ad, where x;, is the current vector of variables and x; 1 is the new vector
of variables.

Derive an expression for the family of optimal solutions to the linear program in
Example 5.5.

At each iteration of the simplex method x;1 = x; + ap. Determine « and p for
each iteration in the solution of the linear program from Section 5.2:

minimize z = —x; —2x;
subjectto  —2x; +xp, <2
—x1+2x <7
x1 <3

x1,x2 >0

and verify that Ap = 0 where A is the coefficient matrix for the equality constraints
in the problem.

Suppose that the optimal solution to a linear program has been found, and a reduced
cost associated with a nonbasic variable is zero. Must the linear program have
multiple solutions? Explain your answer.

Let x be an optimal basic feasible solution to a linear program in standard form with
m x n constraint matrix A of full row rank. Let Z be the null-space matrix for A
obtained via variable reduction using the basis corresponding to x. Suppose that
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'z, =0fork=1,...,¢ <n—m,where Z is the kth column of Z and c is the
vector of objective coefficients. Show that every nonnegative vector

¢
X:)’C\+ E Olij
j=1

is also optimal for the linear program.

5.4 Getting Started—Artificial Variables

The simplex method moves from one basic feasible solution to another until either a solution
is found or until it is determined that the problem is unbounded. In the example in Section
5.2, an initial basic feasible solution was obtained by choosing the slack variables as a basis.
In problems where every constraint has a slack variable this will always be a valid choice.

General problems will not have this property, raising the question of how to find a
basic feasible solution. Sometimes the person posing the problem will be able to provide
one. In cases where a sequence of similar linear programs is solved, such as a weekly
budget prediction where the data vary slightly from week to week, the optimal basis from
the previous linear program may be feasible for the new linear program. Or, say, if the linear
program is designed to optimize the operations of a factory, the current setup at the factory
may represent a basic feasible solution. The use of a specified initial basis was illustrated
in Example 5.1.

This still leaves problems for which no obvious initial feasible point is available.
One could guess at a basis but there is no guarantee that it would correspond to a point
that satisfied the nonnegativity constraints. Randomly trying one basis after another until
a basic feasible solution is found can be time consuming; if the problem were infeasible,
every basis would have to be examined before this could be concluded.

When no initial point is provided, some general technique for getting started is re-
quired. We describe two standard approaches. The first (called the two-phase method)
solves an auxiliary linear program to find an initial basic feasible solution. The second
(called the big-M method) adds terms to the objective function that penalize for infeasi-
bility. Although these are usually considered to be two separate approaches for finding a
feasible point, they are closely related. They both use artificial variables as an algorithmic
device, and in fact the two-phase method is the limit of the big-M method as the magnitude
of the penalty goes to infinity. There are differences, however, in the way in which these
methods are implemented in software, and for this reason it is worthwhile to consider them
separately.

We will study these approaches using the following example:

minimize z = 2x; + 3x;

subjectto  3x; + 2x, = 14
2x1 —4xp > 2
4x1 +3x, <19
x1, x2 > 0.
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In standard form this becomes

minimize z = 2x; + 3x;

subject to 3x1+2x, =14
2)(1 —4)(2 — X3 = 2
Axq + 3x + x4 =19
X1, X2, x3, x4 > 0.

The first constraint contains no obvious candidate for a basic variable. The second constraint
contains an excess variable, but if it were a basic variable it would take on the infeasible
value —2 < 0. Only the third constraint has a slack variable suitable as a member of the
initial basis.

Both initialization techniques use the device of artificial variables, that is, extra vari-
ables that are temporarily added to the problem. An artificial variable is added to every
constraint that does not contain a slack variable:

minimize z = 2x; + 3x;
subject to 3x1+2x+a; =14
2x1 —4xp —xz3+ap; =2
Ax1 + 3xp + x4 =19

X1, X2, X3, X4, a1, dp > 0.

Now it is possible to initialize the simplex method using x, = (a1, az, x4)7 with values
ap = 14, ap = 2, and x4 = 19. This choice of x, has coefficient matrix B that is a
permutation of the identity matrix 1.

Since the artificial variables are not part of the original problem, this choice of basis
does not correspond to a basic feasible solution to the original problem; it is not even
feasible for the original problem. The methods discussed below try to move to a basic
feasible solution which does not include artificial variables. If this is possible, then the new
basis will only include variables from the original problem and will represent a feasible
point for the linear program. If the artificial variables cannot be driven to zero, then the
constraints for the original problem are infeasible and the problem has no solution.

5.4.1 The Two-Phase Method

In the two-phase method the artificial variables are used to create an auxiliary linear program,
called the phase-1 problem, whose only purpose is to determine a basic feasible solution
for the original set of constraints. The objective function for the phase-1 problem is

minimize 7/ = Z a;,

L

where { a; } are the artificial variables. For our example z/ = a3 + a,. The constraints for
the phase-1 problem are the constraints of the original problem put in standard form, with
artificial variables added as necessary. If the constraints for the original linear program are
feasible, then the phase-1 problem will have optimal value z, = 0. If the original constraints
are infeasible, then z/, > 0.
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We will illustrate this approach using the tableau. The tableau for the problem with
artificial variables is

basic X1 X2 X3 X4 a1 a rhs
-7 0 0 0 0 1 1 0
a 3 2 0 0 1 0 14

ap 2 -4 -1 0 0 1 2
X4 4 3 0 1 0 0 19

The top-row entries for a; and a, are not zero, so 7’ is not expressed only in terms of the
nonbasic variables. If we write the linear program in terms of the current basis, we obtain

basic X1 X2 X3 X4 ai az rhs
-z -5 2 1 0 0 0 —16
a 3 2 0 0 1 0 14

as 2 -4 -1 0 0 1 2
X4 4 3 0 1 0 0 19

This transformation is necessary whenever the entries for the initial basic variables are not
zero; it can be performed using the general formulas for the simplex method or by using
elimination within the tableau. If we use the general formulas, the reduced costs for the
nonbasic variables are

00 1,/3 2 0
' —c"BIN=(0 0 0)—(0 1 1)(1 0 o)(z —4 —1>
010/\4 3 0

(-5 2 1).

The reduced costs for the basic variables are zero. Also, the objective value for the initial
basis is obtained either via elimination or from the formula —z = —c! B~1b.

At the first iteration, the reduced cost for x; is negative so this basis is not optimal.
The ratio test indicates that a; is the leaving variable. We would like to remove a, from
the problem completely. The artificial variables were added to constraints where there was
no obvious choice for a basic variable. In the current basis x; serves that function for the
second constraint, and a; is no longer required. For this reason a, (or any other artificial
variable that has left the basis) can be removed from the problem. The new basic solution is

basic X1 ilz X3 X4 ai rhs
—7 o -8 -2 o0 o0 -1
a o 8 3 0 1 11
X1 1 -2 -3 0 o0 1
X4 0 2 1 0 15
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At iteration 2 the reduced costs for x, and x3 are negative, so this basis is not optimal.
Since the coefficient of x; is larger in magnitude, x, will be selected as the entering variable.
Then x4 is the leaving variable. After pivoting we obtain

U

basic X1 X X3 X4 rhs
/ 1 8 1

—Z 0 0 -5 N 0 -1

1 8 1

ar 0 0 -3 1 L

3 2 41

X1 1 0 — % 1 0 i

2 1 15

X2 0 1 11 11 0 1

At iteration 3 the reduced cost for x3 is negative so this basis is not optimal and x3
is the entering variable. The ratio test shows that a; is the leaving variable. Pivoting (and
removing the a; column because it is irrelevant) gives the new tableau:

basic X1 X2 X3 X4 rhs
-z 0 0 O 0 0
X3 0 O 1 -16 2
X1 1 0 O -2 4
X2 0 1 0 3 1

The current basis does not involve any artificial variables and the objective value is zero,
so this is a feasible point for the constraints of the original problem.

The solution of the phase-1 problem only gives a basic feasible solution for the original
problem; it is not optimal. It can be used as an initial basic feasible solution for the original
problem with objective z = 2x;+3x;. Thisis called the phase-2 problem, with the following
data:

basic X1 X2 X3 X4 rhs
-z 2 3 0 0 0
X3 0O o 1 -16 2
X1 1 0 0 -2 4
X2 0 1 0 3 1

If the simplex method is implemented without a tableau, then all that is necessary is to
retain the final basis from the phase-1 problem as the initial basis of the phase-2 problem.



5.4. Getting Started—Aurtificial Variables 153

The reduced costs for the basic variables x; and x, are not zero, so the problem must
be expressed in standard form before the simplex method can be used. If we represent the
linear program in terms of the current basis, we obtain

N2
basic X1 X2 X3 X4 rhs
-z 0 0 0 -5 -11
X3 0 0 1 -16 2
X1 1 0 0 -2 4
X2 0 1 0 1

The reduced cost for x4 is negative so this basis is not optimal. Only x; is a candidate for
the ratio test, so it is the leaving variable. Pivoting gives

basic X1 X2 X3 Xa rhs
5 28

X3 0 ¥ 1 o0 z

2 14

X1 1 3 0 0 3

1 1

X4 0 3 0 1 3

This basis is optimal.

Much of the time, the two-phase method will work as indicated. The phase-1 problem
will be set up and solved via the simplex method. If the constraints for the original problem
have a basic feasible solution, at the end of phase 1 the artificial variables will all be
nonbasic, and the final basis from phase 1 can be used as an initial basis for the original
linear program. However, there are several exceptional cases that can arise at the end of
phase 1, all associated with artificial variables remaining in the basis. We will discuss these
using examples. These exceptional cases occur in an analogous way when a big-M approach
is used; see the Exercises.

In the following examples, intermediate results of the simplex method are omitted so
we can focus on the exceptional cases.

Example 5.6 (Infeasible Problem). Consider the linear program

minimize z = —x;
subject to x1+x2>6
2x1+3xp <4
x1, x2 > 0.

Anartificial variable will be used in the first constraint; the second constraint will have a slack
variable and so will not need an artificial variable. The optimal phase-1 basic solution is



154 Chapter 5. The Simplex Method
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Figure 5.4. Infeasible problem.

basic X1 X2 X3 X4 a rhs

-7 0 3 1 0 -4
a1 0o -3 -1 -3 1

X1 1 2 o % o0 2

The objective function is nonzero, and the artificial variable is still in the basis with value
a; = 4 > 0. There is no solution to the phase-1 problem that has a; = 0, indicating that
there is no feasible solution to the constraints. This can be seen from Figure 5.4. |

In the next example an artificial variable remains in the basis at the end of phase 1,
but with value 0, and the phase-1 objective function also has value 0. In this case a basic
feasible solution has been found, but additional update steps are required to remove the
artificial variables from the basis before phase 2 can begin.

Example 5.7 (Removing Artificial Variables). Consider the linear program
minimize z=x1 +x
subjectto  2x; +x2+x3 =14
X1+ x2+2x3=2
x1, x2,x3 > 0.
If artificial variables are added to both equations, and x; replaces a; in the basis at the first
iteration, then the optimal phase-1 basic solution is

basic X1 X2 X3 ai rhs
-7 0 1 3 0 0
ay 0o -1 -3 1 0
X1 1 1 2 0 2

The value of the objective function is zero, and the point (x1, x2, x3)7 = (2,0,0)T is a
feasible point for the original set of constraints. However, the artificial variable a; is still
in the basis so it is not possible to proceed with phase 2, since an appropriate basis for the
original problem has not yet been found.
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At the current point the values of the variables are
(x1 x x3 a)'=(2 0 0 0)f

and so there are three possible choices of basis that would lead to the same solution (assuming
that the corresponding coefficient matrices are of full rank): { x1, x2 }, { x1, x3 },and { x1, a1 }.
The last involves an artificial variable and is not of interest.

If {x1, xo } is selected as the basis, then

basic X1 X2 X3 ay rhs
-7’ 0 0 0 1 0
X2 0 1 3 -1 0
X1 1 0o -1 1 2

This basis is optimal for the phase-1 problem. If { x1, x3 } is selected, then

basic X1 X2 X3 ap rhs

-7 0O 0 O 1 0
X3 % 1 —%

X1 1 & 0 3 2

This basis is also optimal for the phase-1 problem. In both these cases it is now possible to
proceed with phase 2.

For both of these choices we ignored the usual rules for the simplex method. The
reduced costs for the entering variables were positive, and the rules for the ratio test were
violated. It was only possible to do this because the artificial variable was zero. The
purpose here was to find a feasible basis that did not include artificial variables, having
found a solution to the phase-1 problem with objective value zero. We were only interested
in changing the way the solution was represented, that is, in changing the basis to an
equivalent one. |

There is a general rule for cases where the phase-1 problem has optimal value zero
but the final basis includes artificial variables equal to zero. If the ith basic variable is a
zero-valued artificial variable, then it can be replaced in the basis by any nonbasic variable
x; from the original linear program for which g; ; # 0.

The final example is a linear program with linearly dependent constraints. We have
assumed up to now that such constraints would be removed. This example shows what can
happen if they are not.

Example 5.8 (Linearly Dependent Constraints). Consider the linear program

minimize z = x; + 2x;
subject to X1+ x=2
2x1+2x, =4

x1, x2 > 0.
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The second constraint is twice the first constraint. If artificial variables are added, and x;
replaces a; in the basis at the first iteration, we obtain the optimal phase-1 basis

basic X1 X2 a» rhs
-7 0O 0 O 0
X1 1 1 0 2
a, 0 O 1 0

This basis is optimal with objective value zero, but the artificial variable a; is still in the
basis. It is not possible to choose the basis { x1, x, } because the entry in column x, and row
ay is zero, so it cannot be a pivot entry.
To resolve the difficulty we look more carefully at the last row of the tableau. It
corresponds to the equation
a) = 0.

Since this equation has no influence on the original problem it can be removed (together
with the a, column), leaving the reduced problem

basic X1 X rhs
-7 0 0 0
X1 1 1 2

This basis can now be used to start phase 2. If the second constraint had been removed from
the problem to begin with, we would have obtained the same result. |

This is another case where the phase-1 problem has optimal value zero but the final
basis includes artificial variables equal to zero. In general, if the ith basic variable is a
zero-valued artificial variable and if ; ; = 0 for every variable x; from the original linear
program, then the constraints in the original program must have been linearly dependent.

On a computer it can be difficult to identify linear dependence. Small rounding errors
will be introduced making it unlikely that any computed value will be exactly zero. Itisthen
necessary to decide if a small number should be considered to be zero. A wrong decision
can lead to a dramatic change in the solution to the linear program. This topic is discussed
further in Chapter 7.

5.4.2 The Big-M Method

In the Big-M method penalty terms are added to the objective function that are designed to
push artificial variables out of the basis. We will again use the example

minimize z = 2x; + 3x;

subjectto  3x; + 2x, = 14
2x1 —4xy > 2
4x1 +3x, <19
x1,x2 >0
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toillustrate the method. As before, the problem is put in standard form and artificial variables
are added. But in this case, instead of setting up an auxiliary phase-1 problem, the objective
function will be changed to

minimize 7/ = 2x1+3x + May + May,

where M is a symbol representing some large positive number. In general, there will be one
penalty term for each artificial variable. For pencil-and-paper calculations M is left as a
symbol and no specific value is given for it. In a computer calculation M would be set large
enough to dominate all other numbers arising during the solution of the linear program.

If M is large, then any basis that includes a positive artificial variable will lead to a
large positive value of the objective function z’. If there is any basic feasible solution to
the constraints of the original linear program, then the corresponding basis will not include
any artificial variables and its objective value will be much smaller. Because the artificial
variables have a high cost associated with them, the simplex method will eventually remove
them from the basis if this is at all possible. Any basic feasible solution to the penalized
problem in which all the artificial variables are nonbasic (and hence zero) is also a basic
feasible solution to the original problem. The corresponding basis can be used as an initial
basis for the original problem.

The objective function in the phase-1 problem can be obtained as a limit of the ob-
jective function in the big-M method. The big-M method has objective function

4 =ch+MZa,-.

L

This is equivalent to using the objective

2=M1cx —G—Zai.
i

Taking the limit as M — oo gives the phase-1 objective. As a consequence, the tableaus
for the phase-1 problem will only differ from the big-M tableaus in the top row. For this
reason we will go through the simplex method for the example more quickly than we did
when examining the two-phase method.

In our example, the initial basis for the penalized problem with artificial variables
gives

basic X1 X2 X3 X4 ai az rhs
-7 2 3 0 0 M M 0
ap 3 2 0 0 1 0 14

a; 2 -4 -1 0 0 1 2
X4 4 3 0 1 0 0 19

As before, the reduced costs for the artificial variables are not zero and the problem must
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be written in terms of the current basis:

4
basic X1 X2 X3 X4 ai ay rhs
-7 -5SM+2 2M+3 M 0 0 0 -—-16Mm
ai 3 2 0 0 1 0 14
ap -4 -1 0 0 1 2
X4 4 3 0 1 0 0 19

At the first iteration, x; is the entering variable and a; is the leaving variable. As in
the two-phase method, once an artificial variable leaves the basis it becomes irrelevant and
can be removed from the problem. After pivoting (and removing a;), we obtain the basic
solution

Il
basic X1 X2 X3 X4 ay rhs
=4 0 —8M+7 -3M+1 0 0 -—11M-2
a 0 8 P01 1
X1 1 —2 -2 0 0 1
X4 0 2 1 0 15

At iteration 2, x; is the entering variable, and x4 is the leaving variable. After pivoting we
obtain

basic X1 X2 X3 X4 ay rhs

o __M+6 8M—7 _ M+127
Z 0 0 2 11 0 I

1 8 1

al 0 0 —11 T

3 2 41

X1 1 0 — 2 ki 0 1

2 1 15

X2 0 1 ki kT ﬁ

At iteration 3, x3 is the entering variable and a; is the leaving variable. After pivoting (and
removing the a; column because it is irrelevant) we obtain the new basic solution:

i}
basic X1 X2 X3 X4 rhs
-7 0 0 0 -5 -11
X3 0 0 1 -16 2
X1 1 0 0 -2 4
X2 0 1 0 1
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The current basis does not involve any artificial variables, so this is a feasible point for the
original problem. With the artificial variables gone, the objective function is now that of
the original linear program.

At iteration 4 the reduced cost for x4 is negative so this basis is not optimal. In the
column for x4, x, is the only possible exiting variable. Pivoting gives

basic X1 X2 X3 Xa rhs
-z o 2 o0 o -2
X3 0 ¥ 1 o0 z
X1 1 2 0 0 u
X4 0 : 0 1 :

This basis is optimal. As expected, it is the same as the optimal basis obtained using the
two-phase method.

In a software implementation it can be challenging to select an appropriate value for
the penalty M. M must be large enough to dominate the other values in the problem, but if
it is too large it can introduce serious computational errors through rounding. This topic is
discussed further in Section 16.3.

Exercises

4.1. Use the simplex method (via a phase-1 problem) to find a basic feasible solution to
the following system of linear inequalities:

2x1 — 3x2 +2x3 > 3
—x1+x2+x3>5
X1, X2, x3 > 0.

4.2. Solve the problem
minimize z = —4x; — 2x, — 8x3
subject to 2x1 — x2 +3x3 <30
x1 + 2xo + 4x3 = 40
x1, X2, x3 > 0,
using (a) the two-phase method; (b) the big-M method.
4.3. Solve the problem
minimize z = —4x; — 2x;
subject to 3x1—2x2, > 4
—2x1+x2=2
X1, %2, >0,

using (a) the two-phase method; (b) the big-M method.
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4.4. Solve the following problem using the two-phase or big-M method:

minimize z = 2x; — 2xp — x3 — 2x4 + 3x5
SUbjECt to —2x1+xp—x3—xs=1
X1 — X2 +2x3+ x4 +x5 =4
—X1+x—x5=4

X1, X2, X3, X4, x5 > 0.

4.5. Consider the phase-1 problem for a linear program with the constraints

x1>5
xp>1
X1+ 2x, >4
x1,x2 > 0.

Consider the following sequence of points (x1, x,)7:

(8)- (1) (1) (6)- (6) = (5)

Show that these points could correspond to successive basic feasible solutions if
the simplex method were applied to the phase-1 problem. Hence show that it is
possible for artificial variables to leave and then re-enter the basis if they are retained
throughout the solution of the phase-1 problem.

4.6. Apply the big-M method to the linear programs in Examples 5.7, 5.8, and 5.9.

4.7. The following are the final phase-1 basic solutions for four different linear program-
ming problems. In each problem a; and a; are the artificial variables for the two
constraints, and the objective of each of the problems is

minimize z = x1 + x2 + x3.

For each of the problems, determine whether the problem is feasible; and if it is
feasible, find the initial basis for phase 2 and write the linear program in terms of

that basis.
(i)
basic X1 X2 X3 ai as rhs
-7’ 0 0 0 1 1 0
3 0 1 -1 2 0
2 1 0 0 1 5
(ii)
basic X1 X2 X3 ai as rhs
-7 1 1

w
or| o
o
ol o
=]
oNn| o
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(iii)
basic X1 X X3 a; a rhs
-7 0 1 2 0 o0 -1
o 1 -2 -3 1 1
1 3 4 1 0 3
(iv)
basic X1 X2 X3 ai;  a rhs
-7 0 0 O 3 0 0
1 2 12 1 0 3
0o 0 o0 -2 1 0

4.8. The following is the final basic solution for phase 1 in a linear programming problem,
where a; and a, are the artificial variables for the two constraints:

basic X1 X2 X3 X4 X5 ai ar rhs
-7 0 a 0 0 »b c 1 d
-2 0 4 1 0 0 -2 1

e f g 0 h 1 Jj

Find conditions on the parametersa, b, ¢, d, e, f, g, h, i, and j such that the following
statements are true. You need not mention those parameters that can take on arbitrary
positive or negative values. You should attempt to find the most general conditions
possible.

(i) Abasic feasible solution to the original problem has been found.
(ii) The problem is infeasible.
(iii) The problem is feasible but some artificial variables are still in the basis. How-

ever, by performing update operations a basic feasible solution to the original
problem can be found.

(iv) The problem is feasible but it has a redundant constraint.

(v) Forthecasea =4,b=1,¢c=0,d =0,e =0, f =—4,g=0,h = -1,
i = 1,and j = 0, determine whether the system is feasible. If so, find an
initial basic solution for phase 2. Assume that the objective is to minimize
Z = X1+ Xa.

4.9. Consider the linear programming problem

minimize z =cx

subjectto Ax =b
x> 0.
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Let ai, ..., a, be the artificial variables, and suppose that at the end of phase 1 a
basic feasible solution to the problem has been found (no artificial variables are in
the basis). Prove that, in the final phase-1 basis, the reduced costs are zero for the
original variables x1, ..., x,, and are one for the artificial variables.
4.10. Describe how you would use the big-M method to solve a maximization problem.
4.11. Consider the linear programming problem

minimize z = c’x

subjectto Ax >b
x>0,

where b > 0. It is possible to use a single artificial variable to obtain an initial
basic feasible solution to this problem. Let s be the vector of excess variables,
e=(1,...,1)7Tand a be an artificial variable. Consider the phase-1 problem

minimize 7 =a

subjectto Ax —s+ae=0»b
x,s,a>0.

(i) Assume for simplicity that b, = max { b; }. Prove that {a, s2, 53, ..., s, } IS @
feasible basis for the new problem.

(ii) Prove that if the original problem is feasible, then the phase-1 problem will
have optimal objective value z, = 0, and if the original problem is infeasible
it will have optimal objective value z/, > 0.

5.5 Degeneracy and Termination

The version of the simplex method that we have described can fail, cycling endlessly without
any improvement in the objective and without finding a solution. This can only happen on
degenerate problems, problems where a basic variable is equal to zero in some basis.

On a degenerate problem, an iteration of the simplex method need not improve the
value of the objective function. Suppose that at some iteration, x, is the entering variable
and x; is the leaving variable. Then the formulas for the simplex method in Section 5.2
indicate that

X = = and 7 =27+ ¢x,,
dg ¢
where 7 is the new objective value. On a degenerate problem it is possible that 5, = 0 and
x; = 0, the entering variable will have value 0 in the new basis (the same value it had as a
nonbasic variable), and the objective value will not change (z = z).

Example 5.9 (Degeneracy). Consider the problem

minimize z=—x1 —xp

subject to xp <2
X1+x <2
X1, X2 = 0.
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The successive bases for this problem are

i}

basic X1 X2 X3 Xa4 rhs
-z -1 -1 0 0 0
X3 0 1 0 2

X4 1 1 0 1 2

4

basic X1 X2 X3  Xa rhs
-z 0 -1 1 0 2
X1 1 0 1 0 2

X4 0 -1 1 0
basic X1 X2 X3 Xz rhs
-z 0 0 0 1 2
X1 1 0 1 0 2

X 0 1 -1 1 0

The degeneracy arises because of the tie in the ratio test at the first iteration. At the second
iteration, x, enters the basis but its new value is zero. As a result, the values of the variables
and the objective function are unchanged. |

If the problem is not degenerate, then b, > 0 and so X, > 0 and z < 2. This fact
will be used to prove that, if the problem is not degenerate, then our version of the simplex
method is guaranteed to terminate.

The “linear program” mentioned in the theorem might be a phase-1 problem or might
include big-M terms for problems where an initial basic feasible solution is not available.
In the case of a phase-1 problem (say), the “optimal basic feasible solution” would only be
a solution to the phase-1 problem and, if the optimal objective value were positive, would
indicate that the original problem were infeasible.

Theorem 5.10 (Finite Termination; Nondegenerate Case). Suppose that the simplex method
is applied to a linear program, and that at every iteration every basic variable is strictly
positive. Then in a finite number of iterations the method either terminates at an optimal
basic feasible solution or determines that the problem is unbounded.

Proof. Consider an iteration of the simplex method. If all the reduced costs satisfy ¢; > 0,
then the current basis is optimal and the method terminates. Otherwise, it is possible to
choose an entering variable x; with ¢, < 0. The ratio test for this variable computes
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We have assumed that at every iteration every basic variable is strictly positive, so that
b; > 0foralli. If a;; < 0forall i, then there is no valid ratio to consider in the ratio test,
and the problem is unbounded. Otherwise, the minimum ratio from the ratio test will be
strictly positive; let its value be «. The new value of the entering variable will be x;, = «
and the objective will change by a¢, < 0, so that the new value of the objective will be
strictly less than the current value.

The value of the objective is completely determined by the choice of basis (the values
of the basic variables are determined from the equality constraints, and the nonbasic variables
are equal to zero). Since the objective is strictly decreased at every iteration, no basis can
reoccur. Since there are only finitely many bases, the simplex method must terminate in a
finite number of iterations. [

Termination is not guaranteed for degenerate problems. Consider the linear program

minimize  z = —3x; + 150x; — Z5x3 + 6x4

subjectto  x; —60x, — &x3 +9xs <0

3x1—90xz — g5x3 +3x4 <0
x3<1

X1, X2, x3, x4 > 0.

We will apply the simplex method to this problem, using the most negative reduced cost to
select the entering variable, and breaking ties in the ratio test by selecting the first candidate
row. Ifthisisdone, then the simplex method cycles—endlessly repeating the same sequence
of bases with no improvement in the objective and without finding the optimal solution. It
leads to the following sequence of basic solutions:

(!
basic X1 X2 X3 X4 X5 X6 X7 rhs
3 1

-z - 150 -&% 6 0 0 O 0

X5 60 —% 9 0 0 0

X6 i -0 -+ 3 0 1 0 0

X7 0 0 1 0 0 0 1 1

¢
basic X1 X2 X3 X4 X5 Xg X7 rhs
7

—z 0 -3 -—-&% 38 3 0 0 0
X1 1 -240 —5 36 4 0 0 0
Xg 0 2 -15 -2 1 0 0
X7 0 0 0o 0 0 1 1
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The final basis is the same as the initial basis, so the simplex method has made no progress
and will continue to cycle through these six bases indefinitely.

Avariety of techniques have been developed that guarantee termination of the simplex
method even on degenerate problems. One of these, discovered by Bland (1977) and often
referred to as Bland’s rule, is described here. It is a rule for determining the entering
and leaving variables, and it depends on an ordering of all the variables in the problem.
Suppose that we have chosen the natural ordering: x1, xz, .... Then at each iteration of the
simplex method choose the entering variable as the first variable from this list for which the
reduced cost is strictly negative. Then, among all the potential leaving variables that give
the minimum ratio in the ratio test, choose the one that appears first in this list. Bland’s rule
determines how to break ties in the ratio test.

If Bland’s rule is applied to this example, then the first few bases are the same. The
first change occurs with the fifth basic solution

U
basic X1 X2 X3 X4 X5 X6 X7 rhs
-z -3 120 0 0 -1 1 0 0
X3 — % 10500 1 0 50 —150 0 0
x4 -1 0 0 1 -2 0 0
X7 1—55 —10500 0 0 -50 150 1 1
The rest of the basic solutions are
4
basic X1 X2 X3  Xa X5 Xg X7 rhs
7 11 1 1
—Z 0 36 0 0 -5 5 15 125
X3 0 0 1 0 0 0 1 1
X4 0 -2 0 1 - % 2éo 2%0
4 12 2 2
1 1 -168 0 0 —3 5 1% 125
basic X1 X2 X3 X4 X5 X6 X7 rhs
21 3 1 1
X3 0 0 1 0 0 0 1 1
15 1 3 3
X4 O —15 O > l -3 100 100
2 2
X1 1 -180 0 6 0 2 % il

As hoped, with Bland’s rule the simplex method terminates.

Bland’s rule can be inefficient if applied at every simplex iteration since it may select
entering variables that do not greatly improve the value of the objective function. To rectify
this, Bland’s rule need only be used at degenerate vertices where there is a danger of cycling.
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At other iterations a more effective pivot rule should be used. An alternative is to use the
perturbation method described in Section 5.5.1.
It can be shown that if the simplex method uses Bland’s rule it will always terminate.

Theorem 5.11 (Termination with Bland’s Rule). If the simplex method is implemented
using Bland’s rule to select the entering and leaving variables, then the simplex method is
guaranteed to terminate.

Proof. See the paper by Bland (1977). O

5.5.1 Resolving Degeneracy Using Perturbation

Another way to resolve degeneracy in the simplex method is to introduce small perturbations
into the right-hand sides of the constraints. These perturbations remove the degeneracy, so
the method makes progress at every iteration and hence is guaranteed to terminate. In some
software packages explicit perturbations are introduced. However, in the technique that
we describe here, the perturbations are merely symbolic. They are used to derive a pivot
rule for the simplex method that prevents cycling. This approach is also referred to as
the lexicographic method of resolving degeneracy. A related technique can be applied to
network problems in a particularly efficient manner (see Section 8.5).

If the simplex method is applied to a degenerate problem, then it is possible that at
some iteration the minimum ratio from the ratio test will be zero, and thus there is a risk of
cycling. (Even if cycling does not occur, the simplex method may perform a long sequence
of degenerate updates, a phenomenon known as stalling, and only make slow progress
toward a solution.) Suppose that each basic variable were perturbed:

(xp)i < (xp)i + €,

where {¢; } is a set of small positive numbers. Then none of the perturbed basic variables
would be zero, and the risk of cycling would be removed (at least at the current iteration).
The method we will describe is a more elaborate version of this simple idea.

Consider a linear program where the constraints have been perturbed to

Ax =b +e€,

where
e=(e € - )

and o > 0 is some “sufficiently small” positive number. (There will not be any need to
specify ep; it will only need to be “small enough” for certain inequalities to hold.) The
simplex method will be applied to this perturbed problem and, once the solution has been
found, €o will be set equal to zero to obtain the solution to the original problem.

Let x, be some basic feasible solution to the perturbed problem corresponding to
a basis matrix B, and denote the entries in B~ by (Bi,j). Then x, = B b +¢) =
B~'b + B~'e and so

(xs)i = bi + Bir€o + Bio€s + -+ + Bimey,
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where b; = (B~1b);.

We will say that (x;); is lexicographically positive if the first nonzero term in the above
formulais positive. Thisis equivalent to saying that (x); is positive for all sufficiently small
€o. To see this, first consider the case where 5; > 0. Then

(xs)i = bi + €o(Bin + Bizeo + -+

and so if ¢p is small enough, (x;); > 0. Now suppose that b = 0, Bi; = 0for j =
1,...,k—1and B, > 0. Then

1

()i = Bikes + Bikrr€s ™+ + Bimey,
or
(x5)i
el Bik + €0(Bik+1 + Biktoco + - 4).
0

Once again, (x;); > 0 for small enough €.

Correspondingly, we will say that (x;); is lexicographically smaller than (x;); if
(x5)i — (x;); is lexicographically positive. For sufficiently small o, this is the same as
(x4)i > (x,);. Thiswill be true if and only if the first nonzero term in the formula for (x,); —
(x,); is positive. It is possible to test these lexicographic conditions without specifying a
value for «g.

Example5.12 (Lexicographic Ordering). Let
1 -2 2 R 0
31=<1 -2 3) and b:(O).
0 3 4 1

(x3)1 =0+ leg — 265 + 268

Then

(x)2 =0+ 1¢g — 263 + 368
(x2)3 = 1+ Oeg + 3¢§ + 4¢;.

All three components of x, are lexicographically positive since the first nonzero term in
each expression is nonzero. Also, (x;); is smaller than (x;), since

(xp)2 — (x5)1 = 0+ Oeg + 0€j + 1eg,

and the first nonzero coefficient in this expression is positive. In addition, (x;,), is lexico-
graphically smaller than (x,)s. [ |

For general € it is not possible for two components (x,); and (x,) ; to be lexicograph-
ically equal (i.e., all the terms in their formulas have identical coefficients). This would
imply that

ﬂi,kzﬁj,k fork=l,...,m
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and hence that B! had two identical rows. This isimpossible since the rows of an invertible
matrix must be linearly independent. It is this property that guarantees that the perturbed
linear program will never have a degenerate basic feasible solution.

We will now prove that the simplex method applied to the perturbed problem is
guaranteed to terminate. For simplicity, we will assume that the linear program has a
complete set of slack variables. The application of the technique to linear programs in
standard form will be considered in the Exercises.

Theorem 5.13. Consider a linear program of the form

minimize z=cx

subjectto Ax <b
x>0

with b > 0. Assume that the constraints are perturbed to
Ax <b+e,

where
e=(€ - 66")T

and e is sufficiently small. Then the simplex method applied to the perturbed problem is
guaranteed to terminate.

Proof. We will show by induction that the components of x;, are lexicographically positive at
every iteration, and hence (by Theorem 5.10) the simplex method is guaranteed to terminate.
For the linear program with slack variables, at the first iteration we can select B = I
and
(xs)i = b; + €.

Since b; > 0, each component of the initial x; is lexicographically positive.

At a general iteration with basis matrix B, assume that the components of x, are
lexicographically positive. If the current basis is not optimal, let x, be the entering variable.
The only way that the next basic feasible solution can be degenerate is if there is a tie in the
minimum ratio test:

Ca)i _ )
di s ajr
The left-hand and right-hand sides of this equation would then be lexicographically equal,
implying that rows i and j of B~ were multiples of each other, and hence B~* would not
be invertible (which is impossible). Hence the ratio test must identify a unique leaving
variable, say (x;);.

We will now show that the new basic feasible solution is lexicographically positive.

In the pivot row
(xp)s < (Xp)s/dy.s

where a,, > 0, S0 (x;), remains lexicographically positive. In the other rows of the tableau

aj,r
(xB)j <~ (xﬂ)j — == (xp)s.
A ¢t
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Ifa;, <0, then this is the sum of a lexicographically positive term and a term that is either
lexicographically positive or zero, so the result is lexicographically positive. If a;, > 0,
then the update can be rewritten as

(xp)j < aj, [(Xﬂ)j — M} )

A

aji Ayt

Since the right-hand side is the difference of two ratios from the ratio test, and (x,), produced
the minimum ratio, the new value of (x,); is lexicographically positive. [

The number ¢y can be considered merely as a symbol. It need not be assigned a
specific value. To determine whether a component (x,); is lexicographically positive, it
is only necessary to know the coefficients {ﬁ,;k } i.e., to know the coefficients in the
corresponding row of B~L. In fact, we only need to know the first nonzero coefficient
in this set. Similarly, in the ratio test we only need to compare the leading terms in the
formulas for (x;); and (x;); to determine the minimum ratio. For nondegenerate problems,
the coefficients { Bix } would never have to be examined.

Exercises

5.1. Suppose that at the current iteration of the simplex method the basic feasible solution
is degenerate. Is the objective value guaranteed to remain unchanged?

5.2. Consider the system of equations Bx = b + ¢ where

121 5 €0
B-1=<1 1 2), b:(5>, and €= | &
11 3 5 &3

0

Sort the components of x = B~1(b + €) lexicographically.

5.3. Apply the perturbation method to the linear program from this section:
minimize  z = —3x; + 150x; — 5x3 + 64
subjectto  x; — 60x; — &x3 + 9xs <0

3x1—90x; — g5x3 +3x4 <0
x3<1
X1, X2, X3, X4 = 0.

5.4. When the simplex method was applied to the sample linear program (see the previous
problem) and cycling occurred, ties in the ratio test were broken by choosing the first
candidate variable. Does cycling occur in this example when the last candidate
variable is chosen? (Be sure that you choose the first candidate entering variable in
the optimality test, just as before.)

5.5. Show how to apply the perturbation technique to a linear program in standard form.
(In the proof of Theorem 5.13, the linear program had a complete set of slack vari-
ables. This is not true in general.)
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5.6. Consider a linear program in standard form with exactly two variables. Prove that
cycling cannot occur.

5.7. Consider a linear program in standard form with exactly one equality constraint.
Prove that cycling cannot occur.

5.6 Notes

The Simplex Method—From the 1940s to the present, George Dantzig’s work on linear
programming has been immensely influential. Dantzig’s book (1963, reprinted 1998) con-
tains a vast amount of relevant material. More recent reference works include the books by
Chvatal (1983), Murty (1983), Schrijver (1986, reprinted 1998), and Bazaraa, Jarvis, and
Sherali (1990). Early discussions of what would later be called linear programming can be
found in the works of Kantorovich (1939) and von Neumann (1937).

The revised simplex method was first described by Dantzig (1953) and Orchard-Hays
(1954). An extensive discussion can be found in the book by Dantzig (1963).

Degeneracy—The first example of cycling was constructed by Hoffman (1953). Our
smaller example is due to Beale (1955). The perturbation method was described by Charnes
(1952), and the lexicographic method by Dantzig, Orden, and Wolfe (1955). Bland’s rule
is, not surprisingly, found in a paper by Bland (1977).






Chapter 6

Duality and Sensitivity

6.1 The Dual Problem

For every linear programming problem there is a companion problem, called the “dual”
linear program, in which the roles of variables and constraints are reversed. That is, for
every variable in the original or “primal” linear program there is a constraint in the dual
problem, and for every constraint in the primal there is a variable in the dual.

In an application, the variables in the primal problem might represent products, and
the objective coefficients might represent the profits associated with manufacturing those
products. Hence the objective in the primal indicates directly how an increase in production
affects profit. The constraints in the primal problem might represent the availability of
raw materials. An increase in the availability of raw materials might allow an increase in
production, and hence an increase in profit, but this relationship is not as easy to deduce
from the primal problem. One of the effects of duality theory is to make explicit the effect
of changes in the constraints on the value of the objective. It is because of this interpretation
that the variables in the dual problem are sometimes called “shadow prices,” since they
measure the implicit “costs” associated with the constraints.

Duality can also be used to develop efficient linear programming methods. For exam-
ple, at the current time, the most successful interior-point software relies on a combination
of primal and dual information.

While it is possible to define a dual to any linear program, the symmetry of the two
problems is most obvious when the linear program is in canonical form. A minimization
problem is in canonical form if all problem constraints are of the “>" type, and all variables

are nonnegative:
minimize z =c'x

subjectto Ax >b
x >0.
We shall refer to this original problem as the primal linear program. The corresponding

dual linear program will have the form

maximize w =b"y

subjectto ATy <¢
y=0.

173



174 Chapter 6. Duality and Sensitivity

If the primal problem has » variables and m constraints, then the dual problem will have m
variables (one dual variable for each primal constraint) and n constraints (one dual constraint
for each primal variable). The coefficients in the objective of the primal are the coefficients
on the right-hand side of the dual, and vice versa. The constraint matrix in the dual is the
transpose of the matrix in the primal.

The dual problem is a maximization problem, where all constraints are of the “<”
type, and all variables are nonnegative. This form is referred to as the canonical form for a
maximization problem.

Example 6.1 (Canonical Dual Linear Program). Consider the primal problem, a linear
program in canonical form

minimize z = 6x; + 2xp — x3 + 2x4

subjectto  4x; + 3x, — 2x3 + 2x4 > 10
8x1+ xp+2x3+4x4 > 18
X1, X2, X3, X4 > 0.

Then its dual is
maximize w = 10y; + 18y,
subject to 4y; +8y, <6
3y1+y2<2
—2y1+2y; < -1
2y1+4y, <2
y1, y2 = 0.

Here y; is the dual variable corresponding to the first primal constraint and y, is the dual
variable corresponding to the second primal constraint. The first dual constraint (4y; —8y, <
8) corresponds to the primal variable x1; similarly the second, third, and fourth constraints
in the dual correspond to the primal variables x,, x3, and x4, respectively. |

Any linear program can be transformed to an equivalent problem in canonical form. A
“<” constraint can simply be multiplied by —1. An equality constraint can be written as two
inequalities, since the equation a = b is equivalent to the simultaneous inequalities a > b
and —a > —b. The requirement that all variables be nonnegative can be handled in the same
way that conversion to standard form was handled (see Section 4.2). And a maximization
problem can be converted to a minimization problem by multiplying the objective by —1.

The next lemma shows that the role of the primal and dual could be interchanged. It
also indicates that the dual of a maximization problem in canonical form is a minimization
problem in canonical form.

Lemma 6.2. The dual of the dual linear program is the primal linear program.

Proof. We need only consider a canonical minimization problem

minimize z =c'x

subjectto Ax >b
x>0,
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since any linear program can be transformed to this form. The dual program is

maximize w =b"y
subjectto ATy <¢
y>0.
This is equivalent to the following minimization problem in canonical form:
minimize w' = —b"y
subjectto  —ATy > —¢
y > 0.
The dual of this problem is
maximize 7 = —c’x
subjectto —Ax < —b
x>0.

This linear program is equivalent to the program

minimize z =c'x
subjectto Ax >b
x>0,

which is the primal linear program. [

Although it is possible to determine the dual of any linear program simply by con-
verting it to canonical form, there are easy rules for obtaining the dual problem from the
primal problem directly. These rules can be deduced by considering some general linear
programs.

First consider a primal problem which has a mix of “>" constraints, “<” constraints,

and “=" constraints:

minimize z =cx

subjectto  A;x > by
Axx < by
Azx = b3
x> 0.

We can convert it to an equivalent problem in canonical form:

minimize z = c’x
subject to Aix > by
—Ayxx > —by
Aszx > b3
—Azx > —b3
x> 0.

If we define y1, v5, y3, and y3 to be the vectors of dual variables corresponding to the four
groups of constraints, then the dual problem is

maximize w = biy1 — bjy, + blys — b3y}
Alyi— AZyp + Agys — AJyy < ¢
y1=0,y;>0,y; >0, y; >0.

subject to
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Defining y, = —y; and y3 = y; — y3, the dual problem can be rewritten in the form
maximize w = bly; + bly, + blys

subjectto ATy, + Aly, + Alys < ¢
y1 >0, y, <0, y3 unrestricted.

Notice that the directions of the constraints in the original primal are not in canonical form.
Likewise, the signs of the variables in the final dual are not in canonical form. Let us
examine these anomalies. The dual variables associated with primal “>" constraints are
nonnegative, but the dual variables associated with “<” constraints are nonpositive, and the
dual variables associated with the “=" constraints are unrestricted. This could be restated
as follows: If the direction of a primal constraint is consistent with canonical form, the
corresponding dual variable is nonnegative; if the direction of the constraint is reversed
with respect to canonical form, the corresponding dual variable is nonpositive; and if the
constraint is an equality, the corresponding dual variable is unrestricted. This is a general
rule. It also applies to maximization problems which have a mix of “>" constraints, “<”
constraints, and “=" constraints (see the Exercises). The direction of a constraint in a
problem will be “consistent with respect to canonical form” if it is of the “>" type in a
minimization problem, or if it is of the “<” type in a maximization problem.

Now consider a primal linear program, which has a mix of nonnegative, nonpositive,
and unrestricted variables:

minimize  z = c{x1 + cix2 + cix3
subjectto  Ajx; + Axxy + Azxz > b
x1 > 0, xo <0, x3 unrestricted.
If we put this problem in canonical form, and then simplify the dual problem, we obtain
maximize w =bTy
subjectto ATy < ¢
Aly = ¢
Azy = c3
y > 0.

Here the signs of the variables in the primal are not in canonical form, and neither are
the directions of the constraints in the dual. Ifa primal variable is nonnegative, the direction
of the corresponding dual constraint will be consistent with (the dual’s) canonical form; if it
is nonpositive, the direction of the dual constraint will be reversed with respect to canonical
form; and if the variable is unrestricted, the corresponding constraint will be an equality.
This is a general rule, both for minimization and maximization problems. Notice that it is
symmetric (or “dual”) to the rule that we obtained earlier.

We can summarize the relationship between the constraints and variables in the primal
and dual problems as follows:

primal/dual constraint dual/primal variable

consistent with canonical form < variable > 0
reversed from canonical form <= variable < 0
equality constraint <= variable unrestricted
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Example 6.3 (General Dual Linear Problem). Consider the primal problem

maximize z = 6x; 4+ x2 + x3
subjectto  4x; +3x; —2x3 =1
6x1 —2x2+9x3 > 9
2x1 4+ 3x24+8x3 <5
x1 >0, x, <0, x3unrestricted.

Then its dual is .
minimize  w = y; + 9y, + 5y3

subject to 4y, + 6y, +2y3 > 6

3y1—2y2+3y3 <1

—2y1+9y2 +8y3 =1

y1 unrestricted, y, <0, y3 > 0.

The primal problem is a maximization problem. Its first constraint is an equality, and its
second constraint and third constraint are, respectively, reversed and consistent with respect
to the canonical form of a maximization problem. For this reason y; is unrestricted, y, < 0,
and y3 > 0. Now the dual problem is a minimization problem. Because x; > 0and x; < 0,
the first and second dual constraints are, respectively, consistent and reversed with respect
to the canonical form of a minimization problem. Because x3 is unrestricted, the third dual

constraint is an equality.
It is easy to verify that the dual of the dual is the primal. |

In the following sections it will be useful to consider the dual of a problem in standard
form. If the primal problem is

minimize z =c’x

subjectto Ax =b
x>0,
then its dual is o
maximize w =bTy
subjectto ATy < c.
The dual variables y are unrestricted.

The concept of a dual problem applies not only to linear programs, but also to a wide
range of problems from a wide variety of fields such as engineering, physics, and mathe-
matics. For example it is also possible to define a dual problem for nonlinear optimization
problems (see Chapter 14). There, the dual variables are often called Lagrange multipliers.

Exercises

1.1. Find the dual of
minimize z = 3x; — 9xy + 5x3 — 6x4
subjectto  4x;3 + 3x, + 5x3 + 8x4 > 24
2x1 — Txp — dx3 — 6x4 > 17
X1, X2, X3, x4 > 0.
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1.2. Find the dual of .
minimize z = —2x; + 4x, — 3x3

subjectto  9x;3 —2x, —8x3 =5
3x1+3x;+3x3 =7
Tx1 —5x+2x3=9
X1, X2, x3 > 0.
1.3. Find the dual of

maximize z = 6x; — 3x2 — 2x3 + 5x4
subjectto  4x; + 3xp — 8x3 + 7x4 = 11
3x1 + 2xp + Tx3 + 6x4 > 23
Tx1 +4xy + 3x3 + 2x4 < 12
x1,x2>0,x3 <0
(x4 unrestricted).

Verify that the dual of the dual is the primal.
1.4. Obtain the dual to the problem

minimize z = clTxl + cszz + C3TX3
subjectto  Ajxy + Azxy + Azxz > b
x1 >0, x, <0, x3 unrestricted

by converting the problem to canonical form, finding its dual, and then simplifying
the result.

1.5. Find the dual to the problem

minimize z=c'x

subjectto Ax =b
[ <x<u,

where [ and u are vectors of lower and upper bounds on x.
1.6. Find the dual to the problem

minimize z=¢’x

subjectto by < Ax < by
x> 0.

1.7. Can you find a linear program which is its own dual? (We will say that the two
problems are the same if one can be obtained from the other merely by multiplying
the objective, any of the constraints, or any of the variables by —1.)

1.8. Write a computer program that, when given a linear program (not necessarily in
standard form), will generate the dual linear program automatically.

1.9. If you have linear programming software available, experiment with the properties
of a pair of primal and dual linear programs. What is the relationship between
their optimal values? Change the coefficients in the objective or on the right-hand
side of the constraints and observe what happens to the optimal values of the linear
programs. Examine the relationship between the ith variable in one problem and the
ith constraint in the other.
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6.2 Duality Theory

There are two major results relating the primal and dual problems. The first, called “weak”
duality, is easier to prove. It states that primal objective values provide bounds for dual
objective values, and vice versa. This weak duality property can be extended to nonlinear
optimization problems and other more general settings. The second, called “strong” duality,
states that the optimal values of the primal and dual problems are equal, provided that they
exist. For nonlinear problems there may not be a strong duality result.

In the theoretical results below we work with primal linear programs in standard
form. In Section 4.2 it was shown that every linear program can be converted to standard
form. Hence working with problems in standard form is primarily a matter of convenience.
It makes it unnecessary to examine a great many different cases corresponding to linear
programs in a variety of forms. We begin with a simple theorem.

Theorem 6.4 (Weak Duality). Let x be a feasible point for the primal problem in standard
form, and let y be a feasible point for the dual problem. Then

z=clx > by = w.

Proof. The constraints for the dual show that ¢” > yTA. Since x > 0,

z=clx >ylAx=yb=b"y=w. 0O

We have stated and proved the weak duality theorem in the case where the primal
problem is a minimization problem. For a primal problem in general form, the weak duality
result would say that the objective value corresponding to a feasible point for the maximiza-
tion problem would always be less than or equal to the objective value corresponding to a
feasible point for the minimization problem.

Example 6.5 (Weak Duality). Consider the primal and dual linear programs in Example
6.1. Itis easy to check that the point x = (4, 0, 0, 0)7 is feasible for the primal and that the
point y = (%, 0)7 is feasible for the dual. At these points

z:ch:24>5:bTy:w,

so that the weak duality theorem is satisfied. |

There are several simple consequences of the weak duality theorem. For proofs, see
the Exercises.

Corollary 6.6. If the primal is unbounded, then the dual is infeasible. If the dual is
unbounded, then the primal is infeasible.

Corollary 6.7. If x is a feasible solution to the primal, y is a feasible solution to the dual,
and c"x = b7y, then x and y are optimal for their respective problems.
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Corollary 6.7 is used in the proof of strong duality. It shows that it is possible to check
if the points x and y are optimal without solving the corresponding linear programs. By the
way, it is possible for both the primal and dual problems to be infeasible.

Example 6.8 (Primal/Dual Relationships). First consider the primal problem

maximize z=x1+x
subjectto  x; —xp, <1
x1,x2 >0,

and its dual problem o
minimize w =y,
subject to n=1
-n=>1
y1>0.
Here, the primal problem is unbounded, and the dual is infeasible.
Next consider the infeasible problem

maximize z =2x; — x;
subject to x1+x>1
—x1 —xp > 1.

In general, the dual of an infeasible problem could be either infeasible or unbounded. Here
the dual problem is o
minimize z =y + y;
subjectto  y3 —y; =2
y1—y2 = -1,
which is infeasible. |

Theorem 6.9 (Strong Duality). Consider a pair of primal and dual linear programs. If one
of the problems has an optimal solution then so does the other, and the optimal objective
values are equal.

Proof. For convenience, we can assume that (a) the primal problem has an optimal solution
(since the roles of primal and dual could be interchanged), (b) the primal problem is in
standard form, and (c) x., the solution to the primal, is an optimal basic feasible solution.
By reordering the variables we can write x, in terms of basic and nonbasic variables:

X
xe=1{""
Xy

A=(B N) and c=<c’*).

Cn

and correspondingly we write

Then x, = B~1b. If x, is optimal, the reduced costs satisfy ¢!’ — ¢/ B~N > 0 or

T p-1 T
c, B”°N <c,.
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Let y, be the vector of simplex multipliers corresponding to this basic feasible solution:
v« =B Tc, or
yh= c:B_l.
We will show that vy, is feasible for the dual and that 57y, = c"x,.. Then Corollary 6.7 will
show that y, is optimal for the dual. We first check feasibility:
yTA=c"B71(B N)
=(cl' I'BIN)< (I I)y=c
hence ATy, < c and y satisfies the dual constraints. We now compute the objective values
for the primal and the dual:

_ T _ T, _ Tp-1
I=CcXxX=cCyxz3=c,B7D

w=>b"y=yb=c"B b=z

So vy, is feasible for the dual and has dual value equal to the optimal primal value. Hence
by Corollary 6.7, y, is optimal for the dual. O

The proof of the strong duality theorem provides the optimal dual solution. If we
write x, in terms of basic and nonbasic variables

X
xe=1[""
Xy

A=(B N) and c=<03),

N

and write

then the optimal values of the dual variables are given by the corresponding vector of simplex
multipliers

Vi = B’Tc,, .
It also follows from the proof that at any iteration, if y is the vector of simplex multipliers,
then the vector of reduced costs is

¢=c— ATy,

Thus the reduced costs are the dual slack variables. If they are all nonnegative, then y is
dual feasible and the solution is optimal. (Insuch cases, the basis is said to be dual feasible.)
At any intermediate step the reduced costs are not all nonnegative and the vector of simplex
multipliers is dual infeasible. Thus the simplex method generates a sequence of primal
feasible solutions x and dual infeasible solutions y with ¢c’x = bTy, terminating when y is
dual feasible.

If the original linear program has a complete set of slack variables, then the reduced
costs for the slack variables are given by

cF—IBIN=0"—cIB =B Tc,) = -y

because the objective coefficients (cI) for the slack variables are zero, and their constraint
coefficients (V) are given by I. In this case the values of the optimal dual variables are the
same as the reduced costs of the slack variables (except for the sign). This is also true when
there are excess or artificial variables; see the Exercises.
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Example 6.10 (Linear Program with Slack Variables). Consider the example from Section
5.2:

minimize z = —x; — 2x;
subjectto  —2x;+ xp, <2
—Xx1+2x, <7
x1 <3
x1,x2 > 0.
The optimal basic solution is
basic X1 X2 X3 X4 X5 rhs
-z 0O 0 o0 1 2 13
X2 o 1 o 1 5
X1 1 0 0 0 1 3
X3 o o 1 -1 3
The optimal dual variables are
1 1
0 3 3
yI=cpt=(-2 -1 0)l0 0 1]=(0 -1 -2).
1 -t 3
2 2

These are the negatives of the reduced costs corresponding to the slack variables. The dual
objective function is
maximize w = 2y; + 7y, + 3y3

and so w, = 2(0) + 7(—1) + 3(-2) = —13 = z,, as expected. It is straightforward to
verify that the constraints of the dual problem are satisfied. |

6.2.1 Complementary Slackness

We discuss here a further relationship between a pair of primal and dual problems that have
optimal solutions. There is an interdependence between the nonnegativity constraints in
the primal (x > 0) and the constraints in the dual (A”7y < c). At optimal solutions to both
problems it is not possible to have both x; > 0 and (A”y); < c¢;. At least one of these
constraints must be binding: either x; is zero or the jth dual slack variable is zero. This
property, called complementary slackness, can be summarized in the equation

xT(c — ATy) = 0.

This equation is the same as 3 ; x;(c — Ay); = 0. Since the primal and dual constraints
ensure that each of the terms in the summation must be nonnegative, if the entire sum is
zero, then every term is zero. The complementary slackness property is established in the
following theorem. The theorem states that complementary slackness will hold between
any pair of optimal primal and optimal dual solutions; these solutions need not correspond
to a basis.
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Theorem 6.11 (Complementary Slackness). Consider a pair of primal and dual linear
programs, with the primal problem in standard form. If x is optimal for the primal and y is
optimal for the dual, then x”(c — ATy) = 0. If x is feasible for the primal, y is feasible for
the dual, and x7(c — ATy) = 0, then x and y are optimal for their respective problems.

Proof. As in the proof of weak duality (Theorem 6.4), if x and y are feasible, then

z=cx > y'Ax = y'b = w.
If x and y are optimal, then w = z so that ¢’x = yTAx = xTATy. Rearranging this final
formula gives the first result.
If xT(c — ATy) = 0, then z = w and Corollary 6.7 shows that x and y are then
optimal. a

Example 6.12 (Complementary Slackness). We look again at the linear program

minimize z = —x; — 2x
subjectto  —2x; +xp +x3 =2
—x1+2x+x4=7
x1+x5=3
X1, X2, X3, X4, X5 > 0.

The optimal solutions are x = (x1, X2, x3, x4, x5)” = (3,5,3,0,0)7and y = (y1, y2, y3)" =
(0, —1, —2)T. The dual constraints are

—2y1—y2+y3<-1
y1+ 2y, < -2

y1 <0

y2 <0

y3 <0.

In the primal the last two nonnegativity constraints are binding (x4 > 0 and x5 > 0). In
the dual the first three constraints are binding. So the complementary slackness condition
is satisfied. |

It is possible to have both x; = 0 and ¢; — (A”y); = 0, for example, when the
problem is degenerate and one of the basic variables is zero. If this does not happen, that is,
if exactly one of these two quantities is zero for all j, then the problem is said to satisfy a
strict complementary slackness condition. If a linear programming problem has an optimal
solution, then there always exists a strictly complementary optimal pair of solutions to the
primal and the dual problems. This pair of solutions need not be basic solutions, however.
(See the Exercises.)

In the simplex method the complementary slackness conditions hold between any
basic feasible solution and its associated vector of simplex multipliers: If x; > 0, then x;
is a basic variable and its reduced cost (or dual slack variable) is zero. Conversely, if a dual
slack variable (reduced cost) is nonzero, then the associated primal variable is nonbasic
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and hence zero. Thus the simplex method maintains primal feasibility and complementary
slackness and strives to achieve dual feasibility.

If a linear program is not in standard form, then a complementary slackness condition
holds between any restricted (nonnegative or nonpositive) variable and its corresponding
dual constraint, as well as between any inequality constraint and its associated dual variable.
Thus for the pair of primal and dual canonical linear programs

minimize z =c'x maximize w = by
subjectto  Ax > b subjectto ATy <¢
x>0 y>0

the complementary slackness conditions are
xT(c—ATy)=0 and y'(Ax —b) =0.

(See the Exercises.)

6.2.2 Interpretation of the Dual

The dual linear program can be used to gain practical insight into the properties of a model.
We will examine this idea via an example. Although the exact interpretation of the dual will
vary from application to application, the approach we use (looking at the optimal values of
the dual variables, as well as the dual problem as a whole) is general.

Let us consider a baker who makes and sells two types of cakes, one simple and one
elaborate. Both cakes require basic ingredients (flour, sugar, eggs, and so forth), as well as
fancier ingredients such as nuts and fruit for decoration and flavor, with the elaborate cake
using more of the fancier ingredients. There are also greater labor costs associated with the
elaborate cake. The baker would like to maximize profit.

A linear programming model for this situation might be

maximize z = 24x; + 14x;
subjectto  3x; 4+ 2x, <120
4x1 + xp, <100
2x1+x, <70
x1, x2 > 0.

Here x; and x, represent the number of batches of the elaborate and simple cakes produced
per day. The objective records the profit. The first constraint represents the daily limits on
the availability of basic ingredients (in pounds), where a batch of the elaborate cake requires
3 pounds, and a batch of the simple cake requires 2 pounds. The second constraint similarly
records the limits on fancier ingredients. The third constraint records the limits on labor
(measured in hours) where a batch of the elaborate cakes uses 2 hours of labor, and a batch
of the simple cakes uses 1 hour of labor.
The dual linear program is

minimize w = 120y; + 100y, + 70y3
subject to 3y1+ 4y, +2y3 > 24
2y1+y2+y3 > 14

Y1, ¥2, ¥3 = 0.
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The optimal solution to the primal problem is z = 888, x; = 16, and x, = 36. The optimal
solution to the dual problem is w = 888, y; = 6.4, y, = 1.2, and y3 = 0. Note that the two
objective values are equal, and that the complementary slackness conditions are satisfied.

In this problem the limiting factors are the availability of basic and fancy ingredients.
(There are 2 hours of excess labor available; the bakery might employ one of the bakers part
time or give additional tasks to this baker.) The baker might be able to purchase additional
quantities of these ingredients. How much should the baker be willing to pay? Since the
optimal primal and dual objective values are equal, and the dual objective is

w = 120y; 4+ 100y, + 70ys3,

each extra pound of basic ingredients will be worth y; = 6.4 dollars in profit, and each
extra pound of fancy ingredients will be worth y, = 1.2 dollars. Hence the dual variables
determine the marginal values of these raw materials. Additional labor is of no value to the
baker (y3 = 0) because excess labor is already available. (There are limits to this argument,
however; if too many cakes are made the 2 excess hours of labor will be used up, and
additional analysis of the model will be required.)

There is an additional interpretation of the dual problem. Suppose that some other
company would like to take over the baker’s business. What price should be offered? A
price could be determined by setting values on the baker’s assets (plain ingredients, fancy
ingredients, and labor); call these values yi, y,, and y3. The other company would like to
minimize the amount paid to the baker:

minimize w = 120y; + 100y, + 70ys.

These values would be fair to the baker if they represented a profit at least as good as could
be obtained by producing cakes, that is, if

3y1+4y,+2y3 > 24

2y1+ y2+ y3 > 14
These are the objective and constraints for the dual problem. Thus the dual problem allows
us to determine the daily value of the baker’s business.

Another interpretation of the dual problem arises in game theory. This is discussed in
Section 14.8.

Exercises

2.1. Consider the linear program

maximize z=—x3 —x2
subjectto  —x;+xp>1
2x1 —x, <2
x1,x2 > 0.
Find the dual to the problem. Solve the primal and the dual graphically, and verify

that the results of the strong duality theorem hold. Verify that the optimal dual
solution satisfies y” = ¢! B~ where B is the optimal basis matrix.
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2.2.

2.3.
2.4.
2.5.

2.6.

2.7.

2.8.

2.9.

2.10.

Prove that if both the primal and the dual problems have feasible solutions, then both
have optimal solutions, and the optimal objective values of the two problems are
equal.

Prove Corollary 6.6.

Prove Corollary 6.7.

Prove that if an excess variable has been included in the ith constraint, then the
optimal reduced cost for this variable is the ith optimal dual variable y;.

Prove that if an artificial variable has been added to the ith constraint within a big-M
approach, then the optimal reduced cost for this variable is y; — M, where y; is the
ith optimal dual variable.

Consider a linear program with a single constraint

minimize z = c1x1 + coxo + - - - + cpxy,
subjectto  aixy +axxp + -+ apx, < b
X1, X2, ...,%x, > 0.
Using duality develop a simple rule to determine an optimal solution, if the latter
exists.
Using duality theory find the solution to the following linear program:
minimize z =x1+2x +--- + nx,
subjectto x; >1
X1+x2>2

X1 +xX2+X34+--F+ X, 21
X1, X2, X3, ..., %X, > 0.
Consider the primal linear programming problem

minimize z =c"x

subjectto Ax =b
x> 0.

Assume that this problem and its dual are both feasible. Let x, be an optimal solution
to the primal and let y, be an optimal solution to the dual. For each of the following
changes, describe what effect they have on x, and y,, if any. These changes should
be considered individually—they are not cumulative.

(i) The vector ¢ is multiplied by A, where A > 0.

(if) The kth equality constraint is multiplied by A.

(iii) The ith equality constraint is modified by adding to it A times the kth equality
constraint.

(iv) The right-hand side b is multiplied by A.

Consider the following linear programming problems:

maximize z=c'x

subjectto Ax <b
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and L T
minimize z=c'x

subjectto Ax > b.

(i) Write the duals to these problems.
(ii) If both of these problems are feasible, prove that if one of these problems has
a finite optimal solution then so does the other.
(iii) Ifboth ofthese problems are feasible, prove that the first objective is unbounded
above if and only if the second objective is unbounded below.
(iv) Assume that both of these problems have finite optimal solutions. Let x be
feasible for the first problem and let x be feasible for the second. Prove that

cx < 'z,

2.11. Prove that if the problem

minimize z =cx

subjectto Ax =b
x>0
has a finite optimal solution, then the new problem

minimize z = c’x

subjectto  Ax = b
x>0

cannot be unbounded for any choice of the vector b.

2.12. Consider the linear programming problem

minimize z = c’x

subjectto Ax =0b
x >0.

Let B be the optimal basis, and suppose that B=*» > 0. Consider the problem

minimize z =¢’x

subjectto Ax =b+¢€
x>0,

where € is a vector of perturbations. Prove that if the elements of ¢ are sufficiently
small in absolute value, then B is also the optimal basis for the perturbed problem,
and that the optimal dual solution is unchanged. What is the optimal objective value
in this case?

2.13. Prove that if the system

has a solution, then the system

ATy=
by <0
y=0

has no solution.
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2.14.

2.15.

2.16.

2.17.

2.18.

2.19.

(Farkas’ Lemma) Use the duality theorems to prove that the system

ATySO
by >0

has a solution if and only if the system

Ax =b
x>0

has no solution.
Consider the linear program

maximize z = 2x; + 9x, + 3x3
subjectto  —2x; +2x, +x3>1
x1+4x; —x3>1
X1, X2, X3 = 0.
(i) Find the dual to this problem and solve it graphically.
(if) Use complementarity slackness to obtain the solution to the primal.

Suppose that in the previous problem the first constraint is replaced by the constraint
—3x1 + 2x2 + x3 > 1. Find the dual to the problem and solve it graphically. Can
you use complementary slackness to obtain the dual solution?
Use a combination of duality theory, elimination of variables, and graphical solution
to solve the following linear programs. Do not use the simplex method.
(i) o
minimize z = —3x1 + 2x2 + x3
subject to —3x;—x3 <2
—x1 —x2 > =3
—x1—2x2—x3 >1
x1, x2 > 0.
(ii)
minimize z = —2x1 —4x, +x3+ x4
subjectto  2x; — 2xp, +x3 4+ x4 > 2
—x1+x2—x3>—1
3x1+x2+x4=5
X1, X2, x4 > 0.
Derive the complementary slackness conditions for a pair of primal and dual linear
programs in canonical form.
Consider the primal linear programming problem

minimize z = c’x

subjectto Ax <b
x > 0.

Assume that this problem and its dual are both feasible. Let x, be an optimal solution
vector to the primal, let z, be its associated objective value, and let y, be an optimal
solution vector to the dual problem. Show that

T
e = Y AXy.
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2.20. Let x, be an optimal solution to a linear program in standard form. Let y, be an
optimal solution to the dual problem and let s, be the associated vector of dual
slack variables. Prove that the solutions satisfy strict complementarity if and only if
xIs, = 0and x, + s, > 0.

2.21. In the next two exercises we will prove that if both primal and dual linear programs
have feasible solutions, then there exist feasible solutions to these problems that
satisfy strict complementarity. We will assume that the primal problem is given in
standard form, and will denote the primal by (P) and its dual by (D). To start, we
will prove in this exercise that there exists a feasible solution x to the primal and a
feasible solution y to the dual with slack variables §, such that x + 5 > 0.

(i) Suppose that every feasible solution to the primal satisfies x; = 0 for some
index j. Consider the linear programming problem (P’)

maximize 7 = eij

subjectto Ax =b
x>0,

where e; is a vector with an entry of 1 in location j and zeros elsewhere. Prove
that (P’) is feasible and has an optimal objective value of zero.

(if) Formulate the dual (D’) to (P’) and prove that it has an optimal solution with
optimal objective value of zero.

(iii) Let y" be an optimal solution to (D’) and let s” be the associated vector of slack
variables. Prove that for any feasible solution y to (D) and corresponding slack
variables s = ¢ — ATy, the vector y + y’ is feasible to (D), with corresponding
slack variables s + s’ + e;, so that the jth dual slack variable is at least 1.

(iv) Prove that by taking appropriate strictly convex combinations of solutions to
the primal (P) and to the dual (D) we can obtain a feasible solution x to the
primal and a feasible solution y to the dual with slack variables s, such that
x+5>0.

2.22. Prove thatany linear program with a finite optimal value has a strictly complementary

primal-dual optimal pair. Hint: Let z, be the optimal objective value for a problem
in standard form and consider the problem

minimize z =c"x

subjectto Ax =b

cTx < Z«

x >0.

Apply the results of the previous exercise to this problem.

6.3 The Dual Simplex Method

The version of the simplex method that we have been using, which we now refer to as the
primal simplex method, begins with a basic feasible solution to the primal linear program
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and iterates until the primal optimality conditions are satisfied. It is also possible to apply
the simplex method to the dual problem, starting with a feasible solution to the dual program
and iterating until the dual optimality conditions are satisfied.

The optimality conditions for the primal correspond to the feasibility conditions for
the dual. This result was derived as part of the proof of Theorem 6.9, where it was shown
that the primal optimality condition

c,{ — CZ;BilN >0

is equivalent to the dual feasibility condition
Aly <,

where y = B~T¢, is the vector of simplex multipliers corresponding to the basis B. Thus
the primal simplex method moves through a sequence of primal feasible but dual infeasible
bases, at each iteration trying to reduce dual infeasibility until the dual feasibility conditions
are satisfied.

The dual simplex method works in a “dual” manner. It goes through a sequence of
dual feasible but primal infeasible bases, trying to reduce primal infeasibility until the primal
feasibility conditions are satisfied. Although the dual simplex method can be viewed as the
simplex method applied to the dual problem, it can be implemented directly in terms of the
primal problem, if an initial dual feasible solution is available. The practical importance of
the dual simplex method is discussed in Section 6.4.

We assume that an initial dual-feasible basis has been specified; i.e., the reduced costs
are nonnegative. As described here, the algorithm uses B~%, x, = b = B~!b, and the
current values of the reduced costs { ¢; }. (I the full tableau is used, this information can
be read from the tableau.)

The dual simplex method terminates when the current basis is primal feasible, so an
iteration of the method begins by checking if

xz; > 0.

If not, some entry (x;), < 0 is used to select the pivot row.

We now describe an iteration of the dual simplex method, using an argument similar
to that used to derive the primal simplex method. Suppose that a variable (x;), is infeasible
so that its right-hand-side entry b, < 0. In terms of the current basis the sth constraint has
the form .

(xB)s + Z &s,jxj = bs < 0»
JjeN
where N is the set of indices of the nonbasic variables, and {&S,j } are the entries in row
s of B71A. If some entry a,,; < 0 and nonbasic variable x; were to replace (x,), in the
basis, then the new value of x; would be

> 0,

As, j

that is, the new basic variable would be feasible. Not all such nonbasic variables can enter
the basis because the dual feasibility (primal optimality) conditions must remain satisfied.
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If x; is the entering variable, the new reduced costs will satisfy

Q>

_ A A Gy
c;:cl—cjf fori=1,...,n.

ds,j

(If . = j then ¢; = 0.) Since each ¢; must be nonnegative, the smallest ratio { ICj/as }
with a; ; < 0 determines which reduced cost goes to zero first. (See the Exercises.) This
ratio determines the pivot entry 4 ,.

In our example below, the leaving variable is the one that is most negative. Any
negative variable may be chosen as the leaving variable, and so other selection rules are
possible. See Section 7.6.1.

The ratio test requires the computation of

N

Cj

As, j

for any nonbasic variable j for which 4, ; < 0. Thus it is necessary to know the entries in
the pivot row. If the full tableau is used, this information is available. Otherwise, the pivot
row must be computed. The nonbasic entries in the entering row are given by

Tp—-1
eXB Aj,

where e is column s of the m x m identity matrix. These entries can be computed by first
letting o7 = eTB~1, that is, computing row s of B~1, and then forming

T
UAj

for all nonbasic variables j. The costs of this last calculation are almost the same as the
pricing step that computes { ¢ } in the primal method. (The vector e, is a sparse vector,
and this can be exploited to make the computations more efficient.)

The update step is performed just as in the (primal) simplex method. If the full tableau
is used, elimination operations are applied to transform the pivot column to a column of the
identity matrix. Otherwise, the pivot column is computed using

A, = B71A,,

and the reduced costs are updated using

. A~ G

C; < Ci — ag ;.

J J T A G,
As,t

Finally x, and B~ are updated.

We now summarize the dual simplex method. At the initial basis, the reduced costs
must satisfy ¢; > 0. There are three major steps: the feasibility test, the step, and the
update.

1. The Feasibility Test—If x, = b = B~'b > 0, then thg current basis is a solution.
Otherwise, choose (x;), as the leaving variable, where b; < 0.
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2. The Step—In the pivot row (the row with entries @, ; = e/B~*A;, where ¢, is column
s of the identity matrix) find an index r that satisfies

A

Ct

A

~

A ¢

= 1Tjign { tas,j < 0, x; nonbasic} .
This determines the entering variable x, and the pivot entry a,,. If no such index ¢
exists, then the primal problem is infeasible and the dual problem is unbounded.

3. The Update—Represent the linear program in terms of the new basis. (Compute the
pivot column A, = B~1A,, and update B~1, x,, and the reduced costs ¢.)

aS,j

The next example illustrates the dual simplex method.

Example 6.13 (Dual Simplex Method). Consider the linear program

minimize z = 2x; + 3x;
subjectto  3x; —2x, >4
X1+ 2x2 >3

x1, x2 > 0.

We will describe the dual simplex method using the full tableau.
If excess variables but not artificial variables are added, then the tableau for this
problem is

basic X1 X2 X3 X4 rhs
—z 2 3 0 0 0

3 -2 -1 0 4

1 2 0 -1 3

Consider the initial basis x, = (x3, x4)7. If we multiply the constraints by —1, we obtain

basic X1 X2 X3 X4 rhs
-z 2 3 0 0 0
X3 -3 2 1 0 —4
X4 -1 =2 0 1 -3

This basis is primal infeasible since both x3 and x4 are negative, but the primal optimality
conditions are satisfied (the reduced costs are positive).
The dual problem is

maximize w = 4y; + 3y,

subject to 3y1+y2 <2
—2y1+2y; <3
y1,y2 = 0.

Although not necessary for the algorithm, the corresponding dual solution can be found
from the formula y” = ¢I'B~1. (We will compute the sequence of dual solutions in this



6.3. The Dual Simplex Method 193

example to emphasize that the dual simplex method is moving through a sequence of dual
feasible solutions.) For this basis, the dual variables are y; = y, = 0 with dual objective
w = 0. This point is dual feasible but not dual optimal. Throughout the execution of the
dual simplex method, complementary slackness will be maintained and the primal and dual
objectives will be equal.

The current basis is not (primal) feasible. The most negative variable is x3, so it will
be the leaving variable. In the ratio test there is only one valid ratio, in the x; column;

basic X1 X2 X3 X4 rhs

—z 2 3 0 O 0
X3 2 1 0 -4 <

Xa -1 =2 0 1 -3

We now apply elimination operations to obtain the new basic solution:

basic X1 X2 X3  Xa rhs
13 2 8

—Z 0 3 5 0 -3

2 1 4

X1 1 =5 -3 0 3

8 1 5

X4 0 -3 -3 —3

The corresponding dual feasible solution is y; = % vy, =0.
At the next iteration, x4 is the only negative variable, so it will be the leaving variable.
There are two ratios to consider in the ratio test:

13 2
=2 13 =
—2|== and |2|=2
_8 8 1
3
The first of these is smaller so x; is the entering variable:
basic X1 X2 X3 X4 rhs
13 2 8
—z o 3 3 0 -3
2 1 4
X1 1 -5 -3 0 3
8 1 5
X 0 -1 1 -f e
After applying elimination operations we obtain
basic X1 X X3 X4 rhs
1 13 43
—z 0 0 5 F -3
1 1 7
X1 10 -3 -3 i
1
X2 0 1 § -3 :
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This basis is optimal and feasible, so we stop. The dual solution is y; = 8, Vo =
If the full tableau were not used, then the same sequence of bases would be obtalned

13

The only difference would be that the pivot rows and columns would be computed at every
iteration using the current basis matrix B. |

Exercises

3.1

3.2.

3.3.

3.4.

3.5.

3.6.

3.7.

Use the dual simplex method to solve

minimize z = 5x3 + 4x;

subjectto  4x; + 3x, > 10
3x1 —5xp > 12
X1, X2 = 0.

Use the dual simplex method to solve

minimize z = 5x1 + 2x, + 8x3

subjectto  2x; — 3x2 +2x3 > 3
—x1+ x2+ x3>5
X1, X2, X3 = 0.

Use the dual simplex method to solve

maximize z = —2x1 — Txp — 6x3 — 5xy
subjectto  2x; — 3xy — 5x3 — 4x4 > 20
Tx1 + 2xp + 6x3 — 2x4 < 35
4x1 4+ 5xp — 3x3 — 2x4 > 15

X1, X2, X3, X4 > 0.
In step 2 of the dual simplex method, explain why the dual problem is unbounded

if there is no admissible entering variable in the ratio test. Also, find a direction of
unboundedness for the dual problem in such a case.

Prove that at each iteration of the dual simplex method,

gt

where Aw is the change in the dual objective function, and Az is the change in the
primal objective function.
Prove that in the step procedure of the dual simplex method the smallest ratio

{

determines which reduced cost goes to zero first.

Is it possible for a basic variable that is nonnegative to become negative in the course
of the dual simplex?

N

Cj

: CAIS P < 0, x; honbasic
J J
as,j
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3.8. The following is a tableau obtained when solving a minimization linear programming
problem via the dual simplex algorithm.

basic X1 X2 X3 X4 X5  Xg X7 rhs
-z 0 a 0 0 3 b c 2

0 -1 1 3 -1 0 1 1

1 1 0 d e 0 f g

0 h 0o -2 =2 1 -1 2

Find conditions on the parameters a, b, ¢, d, e, f, g, h such that the following are
true. State the most general conditions that apply. (You do not have to mention those
parameters that can take on any value from —oo to +00.)

(i) The above tableau is a valid tableau for the dual simplex algorithm.
(if) Abasic feasible solution to the problem has been found.
(iii) The problem is infeasible.
(iv) The problem is unbounded.
(v) The current solution is not feasible. According to the dual simplex method,
the variable to enter the basis is x4. (Assume that there are no ties.)
(vi) x7 enters the basis, and the resulting solution is still infeasible.

3.9. InExercises 3.1 and 3.2, apply the primal simplex method to the dual linear program,
using bases that correspond to the iterations of the dual simplex method. Show that
the two approaches are equivalent in these cases.

3.10. Suppose that the primal and dual simplex methods are implemented using the revised
simplex tableau. Compare the operation counts for an iteration of both methods, if
they are applied to a problem with » variables and m constraints. How are these
operation counts affected when sparsity is taken into account?

3.11. Define dual degeneracy. Show (via an example) that degeneracy can cause the
objective value to remain unchanged during an iteration of the dual simplex method.

3.12. Devise a “phase-1" procedure for the dual simplex method that would allow the
method to be applied to any linear program.

3.13. Devisea “big-M” procedure for the dual simplex method that would allow the method
to be applied to any linear program. Hint: Add a new variable and constraint.

6.4 Sensitivity

The purpose of sensitivity analysis is to determine how the solution of a linear program
changes when changes are made to the data in the problem. This is an important practical
technique, since it is rare that the data in a model are known exactly. For example, the linear
program might represent a model of the economy, and one of the entries in the model might
be the predicted inflation rate six months in the future. This rate can only be guessed at, and
so it would be worrisome if the solution to the linear program was especially sensitive to its
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estimated value. The developer of the model might wish to know the effect on the objective
value of a change in the right-hand side of one of the constraints. Or what happens when
the cost coefficients change, or when a new constraint is added to the problem. Another
possibility is that a particular entry in the model lies in some interval, and hence it would
be desirable to know the solution of the linear program for all permissible values of this
parameter. This situation might arise, for example, if the model of the economy included
the number of unemployed workers, a number that might be estimated in the form

7,000, 000 £ 450, 000.

Sensitivity analysis is designed to answer such questions.

Sensitivity analysis attempts to answer these questions without having to re-solve the
problem. The idea is to start from the information provided by the optimal basis to answer
these “what if” questions.

When performing sensitivity analysis it is also possible to determine the range of
values that a perturbation can take without changing the optimal basis. Within this range,
the values of the variables may change, but the basis will remain constant. In particular, the
nonbasic variables will remain equal to zero. This could be of value, for example, if each
variable represented the number of hours that an employee were assigned to a task, so that
the optimal basis would determine the staffing required, even if the actual number of hours
worked by each employee might vary. Most software packages for linear programming
provide sensitivity information as well as range information for each objective coefficient
and for the right-hand side of each constraint.

Our techniques depend on the feasibility and optimality conditions for a linear pro-
gram. The current basis is feasible if

B~ b > 0.

It is optimal if
' —c'B7IN > 0.
From a mathematical point of view, all of sensitivity analysis can be considered as a conse-
quence of these formulas.
We will consider only the simpler cases, but the approach is general:

¢ Do the changes in the data affect the optimality conditions? How much can the data
change before the optimality conditions are violated? If the current basis is no longer
optimal, apply the primal simplex method to restore optimality.

e Do the changes in the data affect the feasibility conditions? How much can the data
change before the feasibility conditions are violated? If the current basis is no longer
feasible, apply the dual simplex method to restore feasibility.

We will examine these ideas via an example.

Example 6.14 (Sensitivity Analysis). Consider the linear program

minimize z = —x; —2x;
subjectto  —2x;+ xp, <2
—x1+2x, <7
x1 <3
x1,x2 > 0.
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The optimal solution is given by

basic X1 X2 X3 X4  Xs rhs
~z o 0 o0 1 2 13
X2 o 1 o } 1 5
X1 1 0 0 o0 1 3
X3 o o 1 -} 3 3

The current basis is x, = (x2, x1, x3)7, and

1 -2 1 0
B:(Z -1 0), B—1=<o

0 10 1 -

00 :
N:(l 0), BlN=< 0 )

1

0 1 —1

_2 O
Cp = <_1> ) Cy = (0>7 )’T:C:B_l = (0 _1 _2)1

0

5

B~ = (3) r=cl —yIN=(1 2).
3

Here y is the vector of optimal dual variables.

We now perturb the linear program in various ways. Each of these changes will be
independent and will be applied to the original linear program.

Suppose that the right-hand side of the second constraint is perturbed. We will de-
note this by b, = b, +8, where b, is the new right-hand-side value, and § is the perturbation.
This is a change of the form b = b + Ab for some vector Ab. In this case Ab = (0, §, 0)7.
This change has no effect on the optimality conditions since they do not involve the right-
hand side. However, it does affect the feasibility conditions: B~16 > 0. The feasibility
condition will remain satisfied as long as B~1(b + Ab) > 0, or equivalently, as long as
B~'b > —B~Ab. For this example, this condition is

()-(s)

That is, the basis does not change if —10 < § < 6.

The new value of the objective function will be 7 = ¢ B~%h = yT(b + Ab) =
7+ yTAb. This shows that Az = y?Ab. For this example, 7 = z + y,8 = —13 — 6.

If 6 = —4, then the basis will not change, and

5 -2 3
Xy =x,+ B 1Ab = (3) + ( 0) = (3)
3 2 5

7=z+y'Ab=—13 - 1(—4) = 9.

NIE ONI-

NIwW NI
v

NIW NI
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No other values are affected.
If § = 8, then the basis changes, since

5 4 9
)EB=x5+B‘1Ab=<3>+< 0):( 3) #0
3 —4 -1

T=z+y/Ab=-13-1(8) = -21

is infeasible. In terms of the current basis the perturbed problem is

basic X1 X2 X3 X4  Xs rhs
—z o 0o 0o 1 2 2
X2 0 1 0 I 3
x1 1 0 0 0 1
x3 0o 0 1 P41«

The reduced costs are unchanged, and hence the optimality conditions remain satisfied. The
dual simplex method can be applied to obtain the new solution

basic X1 X2 X3 X4 X5 rhs
-z 0 0 2 0 5 19
X2 0 1 1 0 2 8
X1 1 0 0 0 1 3
X4 0 0 -2 1 -3 2

Suppose now that the coefficient of x, in the objective ischanged: ¢, = ¢,+6. Thisisa
change in the cost coefficient of a basic variable, that is, a change of the form ¢, = ¢, +Ac,
with Ac, = (8,0,0)7. This affects the optimality condition ¢! — ¢’ B=*N > 0, but not
the feasibility condition. The optimality condition will remain satisfied if the new reduced
costs are nonnegative:

el —(cy + Ac,)'BIN =¢T — Ac’B7IN >0,

that is, if
¢l > (Acy)TB7IN.

Substituting the data listed at the beginning of this example, we obtain

)

(1 2)=(@ 0 0)<

NI ONI=
Nlw NI

or
(1 2)=(38 39).
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This will be satisfied if § < 2.
If § = 1, the current basis remains optimal and the reduced costs become

& —AcBIN=(1-15 2-18)=(3 =0
The new value of the objective is
2=¢c"B7 b = (¢! + Ach)x, = 24 (Acy)Txs.

In this case z = z + éx, =z + 58 = —13 + 5(1) = 8.
If § = 4, the current basis is no longer optimal. The reduced costs for x4 and xs
become
(1-35 2—-1%5)=(-1 0)#0.

The new value of the objective is
7=27z+58 =-13+54) =7.

We apply the primal simplex method to the perturbed problem:

U

basic X1 X2 X3 X4 X5 rhs
-z 0o 0 0 -1 © -7

X2 0 0 L
X1 1 0 O 0 1 3
X3 o o0 1 -3 3 3

The new optimal basic solution is

basic X1 X2 X3 X4 X5 rhs
-z o 2 0 0 1 3
X4 o 2 o0 1 1 10
X1 1 0 0 0 1 3
X3 o 1 1 o0 2 8

As a final illustration we consider the addition of a new variable x3 to the problem.
Suppose that its coefficient in the objective is c3 and its coefficients in the constraints are

a3
A3 = a2,3 .
ass

We will also assume that the new variable x3 is constrained to be nonnegative.
The current basic feasible solution is also a basic feasible solution to the augmented
problem (the problem that includes x3) if x3 is included as a nonbasic variable. Is the current
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basis optimal? We must check if the reduced cost for x3 satisfies ¢ > 0. This condition
has the form

é3=c3—y"A3 > 0.

If ¢3 > 0, then no further work is necessary: the current basis will remain optimal with
x3 = 0. If &3 < 0, then the current basis is not optimal. A new column will be added to the
problem (corresponding to x3) and the primal simplex method will be applied to determine
the new optimal basis.

If c3 =4 and A; = (5, —3, 4)7, then the optimality condition for x3 is

5
4-(0 -1 —2)<—3>=920
4

so the new variable does not affect the solution.
If c3 = 2 and A3 = (4, =5, 1)7, then the optimality condition for x3 is

4
2-(0 -1 —2)<—5>=—1zo
1

so the current solution is no longer optimal. The entries in the new column are obtained by

computing B~ Aj:
0 4 -2
1 8

1 —

NI= ONI-

so that the augmented problem becomes

Y
basic X1 X2 X3 X3 X4 X5 rhs
-z 0 0o -1 0 1 2 13
X o 1 -2 o 3§ 1 5
X1 1 0 1 0 0 1 3
X3 0 0 1 -3 3 3
The new optimal basic solution is
basic X1 X2 X3 X3 X4 X5 rhs
1 15 35 107
v 0 1 0 i 3} &
1 1 13 21
1 1 3 3
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Some general rules can be stated for doing sensitivity analysis. In the following we

denote the reduced costs by ¢7 = ¢ — ¢I'B~IN.

Change in the right-hand side—If b = b + Ab, then determine if the current basis
is still feasible by checking if 5 > —B~Ab. If so, then ¥, = x, + B~1Ab and
7z =z + yTAb. (The vector y is the vector of dual variables.) If not, apply the dual
simplex method to the perturbed problem to restore feasibility.

Change to an objective coefficient (nonbasic variable)—If ¢, = ¢, + Acy, then
determine if the basis is still optimal by checking if ¢I > —(Ac,)”. If the basis
does not change, then there are no changes to the variables or to the objective. If the
basis does change, then apply the primal simplex method to the perturbed problem to
restore optimality.

Change to an objective coefficient (basic variable)—If ¢, = ¢, + Ac;, determine
if the basis is still optimal by checking if ¢Z > (Ac,)TB~IN. If the basis does not
change, then y = y + BT Ac, and 7 = z + (Ac, )"x,. If the basis does change,
apply the primal simplex method to the perturbed problem to restore optimality.
New constraint coefficients (nonbasic variable)}—If N = N + AN, then determine
if the current basis is still optimal by checking if ¢I' > ¢I B"LAN. If the basis does
not change, then there are no changes to the variables or to the objective. If the basis
does change, then apply the primal simplex method to restore optimality.

New variable—If x, is a new variable with objective coefficient ¢, and constraint
coefficients A, = (a1, ..., an.)T, then determine if the current basis is still optimal
by testing if ¢, — yTA, > 0. If it is, then there are no changes to the variables or to
the objective. If it is not, then apply the primal simplex method to restore optimality.
New constraint—See the Exercises.

It is also possible to change the coefficients of the constraints corresponding to a basic
variable, or to have a combination of changes of the above forms. In these cases it might
happen that the current basis would be neither feasible nor optimal for the new problem, so
that neither the primal nor the dual simplex method could be applied directly to find the new
solution. It would be necessary to use some sort of phase-1 procedure to find a basic feasible
solution to the new problem before applying the primal simplex method. This might not be
any faster than solving the new problem from scratch.

Exercises

4.1. The following questions apply to the linear program in Example 6.14. Each of the

questions is independent.
(i) By how much can the right-hand side of the first constraint change before the
current basis ceases to be optimal?
(if) What would the new solution be if the right-hand side of the third constraint
were increased by 5?
(iii) What would the new solution be if the coefficient of x; in the objective were
decreased by 2? Increased by 2?
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(iv) Would the current basis remain optimal if a new variable x3 were added to
the model with objective coefficient ¢ = 5 and constraint coefficients Az =
(_27 4’ 5)T?

4.2. Show how to update the solution to a linear program when a new constraint is added.

(i) Consider first a constraint of the form
aixiy + azxy + - -+ + apx, < p.

There are two cases: (a) when the current optimal solution satisfies the new
constraint, and (b) when the current optimal solution violates the new con-
straint.

(if) Next, consider a constraint of the form
aixy +azxa + -+ apx, = .

In this case, an artificial variable may have to be added to the constraint, and
a big-M term may have to be added to the objective.

(iii) How can a constraint of the form

arxy +axxy + -+ ayx, > B
be handled?

4.3. The following questions below apply to the linear program

maximize z = 3x; + 13x, + 13x3
subject to x1+x <7
x1+ 3xy 4+ 2x3 <15
2xp +3x3 <9
X1, X2,x3 >0

with optimal basis { x1, x2, x3 } and

5/2 -3/2 1
Bl= (-3/2 3/2 —1) )
1 -1 1
All of the questions are independent.

(i) What is the solution to the problem? What are the optimal dual variables?

(if) Whatis the solution of the linear program obtained by decreasing the right-hand
side of the second constraint by 5?

(iii) By how much can the right-hand side of the first constraint increase and de-
crease without changing the optimal basis?

(iv) What isthe solution of the linear program obtained by increasing the coefficient
of x; in the objective by 15?

(v) By how much can the objective coefficient of x; increase and decrease without
changing the optimal basis?
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(vi) Would the current basis remain optimal if a new variable x4 were added to
the model with objective coefficient ¢4, = 5 and constraint coefficients A4 =
2,-1,57

(vii) Determine the solution of the linear program obtained by adding the constraint

x1 — xp + 2x3 < 10.
(viii) Determine the solution of the linear program obtained by adding the constraint
X1 — X2 +x3 > 6.
(ix) Determine the solution of the linear program obtained by adding the constraint
x1 + x2 +x3 = 10.
4.4, The following questions below apply to the linear program

minimize 7z = —101x; + 87x, + 23x3
subjectto  6x; — 13x, — 3x3 < 11
6x1 + 11x, + 2x3 < 45
X1+ 5xp +x3 <12
X1, Xx2,x3 >0

with optimal basic solution

basic X1 X2 X3 X3 X4 X5 rhs
-z 0 0 0 12 4 5 372
X1 1 0 0 1 -2 7 5
X2 0 1 0 -4 9 -30 1
X3 0 0 1 19 -43 144 2

All of the questions are independent.
(i) What isthe solution of the linear program obtained by decreasing the right-hand
side of the second constraint by 15?

(if) By how much can the right-hand side of the second constraint increase and
decrease without changing the optimal basis?

(iii) What is the solution of the linear program obtained by increasing the coefficient
of x; in the objective by 25?

(iv) By how much can the objective coefficient of x5 increase and decrease without
changing the optimal basis?

(v) Would the current basis remain optimal if a new variable x4 were added to

the model with objective coefficient ¢, = 46 and constraint coefficients A, =
(12, —14,15)™

(vi) Determine the solution of the linear program obtained by adding the constraint

5x1 + 7x + 9x3 < 50.
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(vii) Determine the solution of the linear program obtained by adding the constraint
12x; — 15x, + 7x3 > 10.
(viii) Determine the solution of the linear program obtained by adding the constraint

x1 + x2 + x3 = 30.

6.5 Parametric Linear Programming

Parametric linear programming is a form of sensitivity analysis, but one in which a range
of values of the objective or the right-hand side is analyzed. For the case of the objective,
we will examine problems of the form

minimize z = (c + aAc)’x

subjectto Ax =b
x>0,

where the parameter « is allowed to range over all positive and negative values. If the
right-hand side were allowed to vary, then the problems would be of the form

minimize z=c'x

subjectto Ax =b + aAb
x> 0.

We will concentrate on the case where the objective coefficients are varied.

Parametric programming can be of value in applications where the coefficients in the
model are uncertain and are only known to lie within particular intervals. It can also be
valuable when there are two conflicting objective functions, for example, one representing
minimum cost (cTx) and the other representing minimum time (¢’x). To understand the
trade-offs between the two, a compromise objective function might be used:

z=0—a)clx +actx = cTx + a(@ — o)'x.

This function is of the desired form with Ac = ¢ — ¢. In this application, only values of «
in the interval [0, 1] would be relevant.

We will assume that the linear program has been solved with « = 0, that is, with
objective function z = (¢ + aAc)’x = ¢Tx. Techniques from sensitivity analysis will be
used to examine how the solution changes as « is varied from zero. If the current basis
remains optimal, then the current basic feasible solution x, = B~'b will not change. Hence
only the optimality conditions need be examined. For the perturbed problem they are

(cy +aAcy) = (cy +aAcy,)'B™IN >0

or
a(Ach — AcTBIN) > —(cI — T B7IN),
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where Ac, and Ac, represent the perturbations to ¢, and ¢, , respectively. This inequality
must be satisfied for every component in the optimality test.
The coefficients on the right-hand side (that is, the reduced costs from the simplex
method) satisfy
55 = cz — cZBilN >0
since the current basis is assumed to be optimal. For « > 0, the inequality is of interest
only when
(AcT — AcTB7IN); < 0.
As a result, & can be increased up to the value
(05 — CZB’lN)i
{ "~ (AcT — AcTBIN);

before the current basis ceases to be optimal. For & > & the basis changes, and the index i
that determines & specifies the entering variable for the simplex method. Similarly, for
a < 0, it is possible to decrease « up to the value

T _ TB—lN .
_ v za )i (ACT — ACTB N, > 0
(AcT — AcTB7IN); N #

before the current basis ceases to be optimal. Again, the index i that determines « determines
the entering variable.
For o € [«, @] the reduced costs for the nonbasic variables are given by the formula

(! —c"BIN) + a(Acl — AcTB7IN).

o = min

i

s (Acl — AcTB7IN) <0 }

g:max{

L

The parametric objective value is given by
z(a) = z(0) + aACZxB,

where z(0) is the objective value for the problem with « = 0.
If, when attempting to calculate &, there is no index that satisfies

(AcT — AcTB7IN); <O,

then « can be increased without bound with the current basis remaining optimal. If, when
applying the simplex method to determine the new basis at &, there is no leaving variable,
then the linear program is unbounded for & > &. Similarly, if there is no index that satisfies

(AcT — AcTB7IN); > 0,

then « can be decreased without bound with the current basis remaining optimal, and if
there is no leaving variable at «, then the linear program is unbounded for @ < «.
Parametric linear programming is illustrated in the following example.

Example 6.15 (Parametric Linear Programming). We will examine the linear program
from Example 6.12:
minimize z= —x; —2x;
subjectto  —2x; +xp, <2
—x1+2x <7
x1 <3
x1,x2 >0
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with optimal basic solution

basic X1 X2 X3 X4 X5 rhs
~z o 0 o0 1 2 13
X2 o 1 o { 1 5
X1 1 0 0o o0 1 3
X3 o o 1 -1 3

Consider the parametric objective function z(a) = (c + aAc)Tx with
c=(=1 =2 0 0 0) and Ac=(2 3 0 0 0)7,

so that Ac, = (3,2,0)T and Ac, = (0,0)”. For the original problem with o = 0 the
optimal basis is x, = (x2, x1, x3)T. The values of B, ¢, , etc. are listed in Example 6.12.
To determine how much « can be varied without changing the basis, we calculate

3

Acl — Ac"B7IN = <_§> and ¢ =cl —cIB7IN = (;)

Since there is no entry satisfying
(Ach — AcTB7IN); > 0,

« can be decreased without bound, with the current basis remaining optimal. However, we
can compute an upper bound on the range of «:

a=min{g3}=7

and xs is the entering variable for this value of «. The nonbasic reduced costs are
3 3
1 -3 1-3a
(2)+«(5)-(")
-3 2 — 50[

z() = =13 + ochx,, = —-13 + 2la.

and the objective value is

Hence fora = & = ‘7‘ the coefficients in terms of the current basis are

basic X1 X2 X3 X4 i{—, rhs
—z o 0o o 1 o0 1
X2 o 1 o § 1 5
X1 1 0 0o o0 1 3
x3 o o 1 -} 3
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After pivoting, the new optimal basic solution is

basic X1 X2 X3 X4 X5 rhs
—z o0 o0 1 o0 1
X2 0 1 —% % 0 4

X1 1 0 -2 £ 0 1

X5 o 0 2 -1 1 2

The whole process can now be repeated using the new basis.
To determine how much « can be increased we use the new basis to calculate

Acl — AcTBTIN = ( 3) and ¢ =cl —cIB7IN = (

Then

7

8

3

3

052%

and x4 is the entering variable for « = ‘7‘ + @. (Note that we are calculating how much

further « can be increased from its current value of ‘7‘.)
The nonbasic reduced costs are

and the objective value is

Fora — 4 = 2 we obtain

7
(2)+en(4y)
3

() = =1+ 14(a — 3).

basic X1 X X3 it, X5 rhs
—z 0o 0 § 0 0 :
X2 0 1 -3 2 0 4
X1 1 0 -2 0 1
X5 o 0o 2 -1 1 2
After pivoting, the new optimal basic solution is

basic X1 X X3 X4 Xs rhs
~z o 0 § 0 0 .
X2 -2 1 1 0 0 2

X4 3 0 -2 1 O 3

X5 0 0o 0 1 3
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To determine how much further « can be increased we calculate

Acﬁ—Ac,{B—lN=( g) and é{:e{—c,{B—lN=<9>.
- 8

Then

and xs is the entering variable foro = 2 + 2 +a = § +a.
The nonbasic reduced costs are

(})+en(23)

2(a) = = +6(x — ).

and the objective value is

5 __ 1 ;
Fora — 3 = 5; we obtain

)
basic X1 X2 X3 X4 X5 rhs
~z $ 0 0 0 O 0
X2 -2 1 0 o0 2
X4 3 0 -2 1 0 3
X5 1 0 0 0 1 3
After pivoting, the new optimal basic solution is

basic X1 X2 X3 X4 X5 rhs
-z i 0 0 0 O 0
X3 -2 1 1 0 0 2

X4 -1 2 0 1 0 7

X5 1 0 0 0 1 3

For this basis

3

so there is no entering variable and the current basis remains optimal for all larger values
of . Also, since Ac, = (0,0, 0)7 for this basis, the objective value remains constant as «
increases.

To summarize: If o € (—oo, 3], then

Acl — Ac"B7IN = (2) >0

T
Xp = (xl’ X2, x3)

Z(@) = —13 4 210
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-10k
-12k
-14-
_16}

-18 , . . . . .
-0.2 0 0.2 0.4 0.6 0.8 1

Figure 6.1. Parametric objective function.

If o € [3, 2], then

xp = (x1, x2, x5)"
z(@) = —1+14(a — %) = -9 + l4a.

If o € [2, 2], then

xp = (x1, x4, x5)"
z(@) = —7+6(c — 2) = —4 +6a.

If o € [3, +00), then

Xy = (X3, X4, x5)"
z(a) = 0.

The graph of the objective value as a function of « is plotted in Figure 6.1. |

For the example, the value of the parametric objective function is piecewise linear and
concave. This result is true in general for parametric linear programs (see the Exercises).
A similar technique can be developed for solving problems of the form

minimize z=c’x

subjectto Ax =b+ aAb
x > 0.

The technique can be derived in one of two ways: either directly using sensitivity analysis,
or by applying parametric analysis to the dual linear program. Regardless of how it is
derived, the dual simplex method is used to find the new basis for each critical value of «.
See the Exercises.
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Parametric linear programming can be used as a general technique for solving linear
programming problems. To develop this idea we assume that an initial basic feasible solution
is available. (If not, a two-phase or big-M approach could be used to initialize the method.)
This basis is used to define an artificial objective function ¢ with respect to which the initial
basis is optimal. One possible choice would be

ey = (1 iy
¢ = (0 0’
so that
' "B IN=(1 -~ 1DT=0

Then the parametric programming method is applied to the linear program with objective
function

z=01—a)éx +ac’x ='x + a(c — &)'x,
where c is the original vector of objective coefficients. The solution for « = 1 is the solution
to the original problem. This technique is sometimes called the shadow vertex method.

Exercises

5.1. Apply parametric linear programming to the linear program in Example 6.13. The
original objective uses ¢ = (2, 3,0, 0)”. Use Ac = (4,1,0,0)7.
5.2. Consider a linear program with parametric objective function

minimize z = (¢ + aAc)’x.

Prove that the optimal value z(«) is a concave, piecewise linear function of «.
5.3. Derive a parametric linear programming algorithm to solve

minimize z=cx

subjectto Ax = b+ aAb
x>0

for « > 0. Assume that an optimal basis is known for the problem with « = 0.

5.4. Apply the algorithm obtained in the previous problem to the linear program in Ex-
ample 6.12. Use Ab = (4,1, 1)T.

5.5. Use the shadow vertex method to solve the linear program in Example 6.14. Use
the initial basis x, = (x3, x4, x5)7 and x,, = (x1, x2)7, and let the artificial objective
function have coefficients

¢y =@, DT and &, =(0,0,0)7.
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6.6 Notes

Duality—Duality theory for linear programming was first developed by von Neumann
(1947), but the first published result is in the paper by Gale, Kuhn, and Tucker (1951). Von
Neumann’s result built upon his earlier work in game theory. Farkas’ lemma (Exercise 2.14)
was proved (in a slightly different form) by Julius Farkas in 1901 and was used in the work
of Gale, Kuhn, and Tucker. The existence of a strictly complementary primal-dual optimal
pair for any linear program with a finite optimum is due to Goldman and Tucker (1956).
Further historical discussion of duality theory can be found in Section 14.9.

The Dual Simplex Method—The dual simplex method was first described in the papers
of Lemke (1954) and Beale (1954).

Parametric Programming—Parametric programming was first developed in the paper
by Gass and Saaty (1955). A more recent survey of works on this topic can be found in the
book by Gal (1979). On degenerate problems there is a possibility that the method described
here can cycle but, as with the simplex method, it is possible to modify the method so that
it is guaranteed to terminate. The papers by Dantzig (1989) and Magnanti and Orlin (1988)
describe techniques for doing this. The paper by Klee and Kleinschmidt (1990) explains
when cycling can occur.

The shadow vertex method is not widely used for practical computations, but it is
used theoretically to study the average-case behavior of the simplex method, that is, the
expected performance of the simplex method on a random problem. (See Section 9.5.)






Chapter 7

Enhancements of the
Simplex Method

7.1 Introduction

In previous chapters, we made use of the formulas for the simplex method but paid less
attention to the computational details of the method. In particular, we did not explain
how the basis matrix was represented. One possibility would be to use the explicit inverse
of the basis matrix. This can be a sensible choice when solving small problems using hand
calculations; however, it is inefficient for solving large- or even moderate-size problems.
It is also inflexible—it is less able to take advantage of linear programs that have special
structure, and thereby less able to achieve computational savings within the simplex method.

An important goal of this chapter is to focus on the essentials of the simplex method
and to move away from the obvious interpretations of its formulas. The simplex method
consists of three major steps: the optimality test that identifies, if the current basis is not
optimal, the entering variable; the step procedure that determines the leaving variable and
the new basis; and the update that changes the basis. As long as these calculations can
be performed, the simplex method can be used, regardless of how the calculations are
organized.

Many of the techniques we describe are designed to permit the solution of large
problems, for which matrix inverses are particularly ill suited. Consider, for example, a
problem with m = 10,000 equalities. Practical problems of this size or larger are not
uncommon. The overwhelming majority of such large problems are sparse, with typically
only a handful of nonzero elements in each column of the constraint matrix and possibly
the right-hand side vector as well. Suppose our problem has, say, a total of 50,000 nonzero
elements in the basis matrix. Then this matrix can be stored in a compact form by recording
only the values of the nonzero elements and their row indices. If the basis matrix were
inverted, its inverse might be dense, and updating this inverse would require updating all
m? = 100,000,000 nonzero entries. The computational effort required to perform these
updates over thousands of iterations would be prohibitive. This is the major disadvantage
of using matrix inverses in the simplex method: they do not exploit sparsity.

Section 7.2 discusses a type of problem with special structure. Many linear program-
ming models include upper bounds on the variables. In earlier chapters we treated these

213
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upper bounds as general constraints. However, it is possible to handle these upper bounds
in much the same way as the nonnegativity constraints on the variables, with considerable
computational savings. The resulting simplex method is only slightly more complicated
than for a problem in standard form.

In some linear programming models it can be inconvenient or expensive to generate
the coefficients associated with a variable. It is possible to implement the simplex method
in such a way that these coefficients are only generated as needed. The hope is that the linear
program can be optimized by examining only a subset of the coefficients, and hence avoid
unnecessary calculations. This technique is called column generation and is the subject of
Section 7.3.

Column generation is applied in Section 7.4 to problems whose constraints are divided
into two groups: one group of “easy” constraints, and another (usually small) group of
“hard” constraints. This special problem structure can be exploited using the decomposition
principle.

No matter how the simplex method is described, its ultimate effectiveness depends on
how it is implemented in software. Details of the algorithm that are mathematically routine
may require considerable transformation to turn them into efficient software. These ideas
are discussed in Sections 7.5 and 7.6. Section 7.5 discusses the representation of the basis
matrix. If sparsity is handled effectively, the storage requirements and computational effort
required to solve large linear programs can be dramatically reduced.

The many topics discussed in this chapter have a joint goal. They aim to generalize our
view of the simplex method to obtain a more powerful method capable of solving problems
with millions of variables. There are only a few basic steps that are necessary to define the
simplex method, and a focus on these basics serves as a unifying theme running through
these seemingly disparate topics.

For the most part, the sections in this chapter can be read independently of each
other. The only exception is Section 7.4 on the decomposition principle, which is easier to
understand if Section 7.3 on column generation has already been read.

7.2 Problems with Upper Bounds

It is common in linear programming models to include upper bound constraints on the
variables. These might represent upper limits on demand for a product, or perhaps just
limits on allowable values (for example, a probability cannot be greater than one). In
integer programming, where some or all of the variables are constrained to be integers,
upper bound constraints are included to reduce the size of the feasible region, and hence
reduce the amount of time required to compute a solution.

An upper bound constraint can be treated as a general linear constraint, and in fact
we have used this approach in earlier sections. This is computationally wasteful, however.
It increases the size of the problem by one general constraint and by one slack variable,
and it does not take full advantage of the special form of these constraints. Upper bound
constraints can be handled within the simplex method almost as easily as nonnegativity
constraints. We will discuss how to do this below. In fact, general bound constraints

t<x<u
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can be incorporated. We restrict our attention to constraints of the form
O0<x<u

so as to simplify the presentation. We also assume that # > 0, and that all the components
of u are finite. Techniques for more general problems are left to the Exercises.

To develop the method, we require a more general definition of a basic feasible
solution. Up to now we have assumed that the nonbasic variables are set equal to zero, their
lower bound. With upper bounds present, we will allow the nonbasic variables to be equal
to their lower bound (zero) or equal to their upper bound. For example, for the constraints

X1+ 2x,=4
0<x1<50=<x=<1

one basic feasible solution would be

Xp=(x1) =4

xy = (x2) = (0)
and another would be

x; = (x1) = (2

xy = (x2) = (D).

The same basis can lead to two different basic feasible solutions. Since xy, # 0 when
upper bounds are present, some of the formulas for the simplex method will become more
complicated.

Let us define this new form of basic feasible solution more precisely. Consider a
linear program of the form

minimize z =c’x

subjectto Ax =b
0<x<u,

where u > 0 and A is an m x n matrix of full row rank. A point x will be an (extended)
basic feasible solution to this problem if (i) x satisfies the constraints of the linear program,
and (ii) the columns of the constraint matrix corresponding to the components of x that are
strictly between their bounds are linearly independent. The new definition of basic feasible
solution is consistent with the old definition applied to the standard form of the problem, as
the next lemma shows.

Lemma 7.1. An extended basic feasible solution for the bounded-variable problem is
equivalent to a basic feasible solution to the problem in standard form

minimize 7z = ¢’

subject to Ax =b
X+s=u
x,s >0.

Proof. Consider a feasible solution (x, s) for the standard form. We may assume that x can
be split into the following three pieces: the first k components of x strictly between their



216 Chapter 7. Enhancements of the Simplex Method

bounds, the next £ components at their upper bounds, and the remaining n —k — £ components
equal to zero. Then the first kK components of s are positive, the next £ components are zero,
and the remaining n — k — £ components are positive. Let A; and A, be the submatrices of
A corresponding to the first two pieces of x, respectively.
Let B be the matrix consisting of the constraint coefficients corresponding to the
positive components of x and s:
A1 A
~ | Ik I
B = L
By—k—e
(Here I, denotes a k x k identity matrix, etc.) The columns of B are linearly independent
(and hence x is a basic feasible solution in the old sense) if and only if there are no nontrivial
solutions to

At + Ay =0

o1 +az3 =0
052=0
Ot4=0

and hence there are no nontrivial solutions to

Alozl =0
Oy = 0y = 0
o3 = —0o1.

This shows that the columns of B are linearly independent if and only if the columns of
Aj are linearly independent. Since A; is also the coefficient matrix corresponding to the
components of x that are strictly between their bounds, then x is a basic feasible solution
in the new sense if and only if (x, s) is a basic feasible solution in the old sense. 0

Let us now return to the problem with upper bounds
minimize z=c"x
subjectto Ax =5

0<x=<u

and assume that an initial feasible basis is provided. (A two-phase or big-M approach can be
used to find an initial basis.) Corresponding to the basis, we can identify m basic variables
x; and n — m nonbasic variables x, so that the constraints take the form Bx, + Nx, = b,
where B is an m x m invertible matrix. Hence,

x; = B7'b — B7INx,.
The nonbasic variables will be either zero or at their upper bound.

If this formula is substituted into the objective function we obtain
= chB + ch,v
=¥+ (e —y'N)xy

= yTb+ Zé]’xl‘,
JjeN
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where y7 = ¢ B~1, and NV is the index set for the nonbasic variables. As before, the
optimality test is based on the reduced costs

A L T .
cj=cj—yAj,

although the test is more complicated in this case. If the nonbasic variable x; is zero and
if ¢; > 0, then the solution will not improve if x; enters the basis. (If x; is increased from
zero, then the objective function will not decrease.) In addition, if x; is at its upper bound
and if ¢; < 0, then again the solution will not improve if x; enters the basis. (If x; is
decreased from its upper bound, then the objective function will not decrease.)

If the optimality test is not satisfied, then any violation can be used to determine the
entering variable x,. As before, the entering column is

A, = B7'A,.

The ratio test for determining the leaving variable is also more complicated than before. One
of three things can happen as the entering variables is changed: (a) the “entering” variable
can move from one bound to another with the basis unchanged, (b) a basic variable can
increase and leave the basis by going to its upper bound, or (c) a basic variable can decrease
and leave the basis by going to zero. Cases (b) and (c) can be further refined depending
on whether the entering variable is equal to zero or to its upper bound. The ratio test must
determine which of these things happens first. Since every variable has finite upper and
lower bounds, the problem cannot be unbounded. In more general problems with infinite
upper bounds, unboundedness would be a possibility.

We now derive the ratio test, and hence determine the leaving variable. Suppose that
the entering variable x; is changed by «. Then the vector of basic variables will change
from its current value b to x, = b — ocA, To maintain feasibility with respect to the bounds,
the following condition must remain satisfied:

0 < (xp)i = bi —d;y < iy,

where #; is the upper bound for the ith basic variable and a; , is the ith component ofA,. If
the entering variable is equal to zero (its lower bound), then & > 0. If a;, > O, then (x;);
will decrease towards zero. Thus the ratio test

. b .
min § — :a;; >0
1<i<m ai;

determines which (if any) is the first basic variable to go to zero. If on the other hand
a;; < 0, then (x;); will increase towards its upper bound. The corresponding ratio test

- ﬁl - bl A
min - taiy <0
1<i<m —a;

determines which (if any) is the first basic variable to reach its upper bound. Similar ratio
tests can be derived in the case where x, = u,, its upper bound, and where o < 0. (See the
Exercises.)




218 Chapter 7. Enhancements of the Simplex Method

The overall algorithm is summarized below. The method starts with a basis matrix B
corresponding to a basic feasible solution

x,=b=B"b—> B'Ajx;.

The steps of the algorithm are given below.

ALGORITHM 7.1.
Bounded-Variable Simplex Method

1. The Optimality Test—Compute the vector of simplex multipliers y” = ¢ B~1. Com-
pute the reduced costs ¢; = ¢; —y"A; for the nonbasic variables x;. If for all nonbasic
variables either (a) x; = 0and ¢; > 0, or (b) x; = u; and ¢; < 0, then the current
basis is optimal. Otherwise, select a variable x, that violates the optimality test as the
entering variable.

2. The Step—Compute the entering column A, = B~1A,. Find an index s that corre-
sponds to the minimum value 6 of the following quantities (if any of the quantities is
undefined, its value should be taken to be +o0):

(i) the distance between the bounds for the entering variable x;:
U

(ii) ifx, = 0,

. b .
min { — :4;,>0%,
1<izm | d;,

. uw—bi
min ~ 2aiy <07p,

1<i<m —da; ;

where i; is the upper bound for the ith basic variable;
(iii) if x; = u,,

. b; .
min — :a;;, <0 ¢,
1<i<m _al"[

. u —b;
min — 2diy >07p.
1<i<m aj

Here b is the vector of current values of the basic variables, i; is the upper
bound for the ith basic variable, and g; , is the ith component of A,. The ratio
test determines the leaving variable.

3. The Update—Update the basis matrix B and the vector of basic variables x;. If x, is
both the entering and leaving variable, then B does not change.
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We now give formulas for step 3 of the above algorithm; the formulas use the result
0 of the ratio test. Let o be the amount by which x, changes; « = 6 if x, was zero, and
a = —0 if x, was at its upper bound. Then in terms of the current basis, the variables can

be updated using the formula
<x5> <x5) oz(_Ar>.
Xy Xy e;

Hence the basic variables can be updated via x, = b— ozA,. The new value of the entering
variable is x, + «. The objective value z will decrease by ¢,;«. An example illustrating the
method is given below.

Example 7.2 (Upper Bounded Variables). Consider the linear program

minimize z = —4x1 + 5x
subject to 3x1 —2x2+x3=06
—2x1 —4dxo+ x4 =4
0<x1 <4
0<x,<3
0<x3<20
0 < x4 <20.

We use the initial basis x, = (x3, x4)” and x, = (x1, x2)T and set the nonbasic variables at
the values x; = 0 and x, = 3. (The choice of basis does not uniquely determine the values
of the basic variables.) Hence

= (0) =)
(32 (2w ()

The basic variables are computed from

x, = B — B INx, = Gg) )

At the first iteration of the simplex method, the simplex multipliers are
yi=c'Bt=(0 0)
and the coefficients for the optimality test are
¢ct=—-4 and ¢, =5.

Both components fail the optimality test. We will use the larger violation to select x; as the
entering variable.
The entering column is

AAZ = B_lAz = (:i)
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The entering variable will be decreased from its upper bound. In the ratio test the distance
between the bounds for the entering variable is 3. Both components of the entering column
are negative, so the rest of the ratio test is based on

. bi . (12 16
min — a2 <0 = min { —, — } =4
1<izm | —a; ’ 1<i<m | 2 4

The result of the ratio test is that the entering variable moves to its lower bound. (The other
possible ratio tests are irrelevant.) The basis does not change, so B and B~* do not change.
The change in the entering variable is « = —3, and the new basic feasible solution is

Xp <—x3+a(—AA2) =x3+3AAz= <2> = (ii) and x, = (8) = (2)

This completes the first iteration.
At the second iteration, the dual variables and the reduced costs are unchanged:

y=0,07, ¢é&=—-4, and & =5

because the basis has not changed. However, now the variable x; is at its lower bound and
¢, satisfies the optimality test. The optimality test fails for ¢1, so x; is the entering variable.

The entering column is
N 3
i=(3):

Variable x; will be increased from zero. In the ratio test, the distance between bounds for
x1 is 4. The ratio test for the first component is based on

= = - = 2
all 3

The ratio test for the second component is

o —by, 20—4
—&2.1 o 2

(Note that 1, = ug = 20.) The smallest of these values is 2, so x3 is the leaving variable.
The change in the entering variable is @ = 2.
The new basis corresponds to x, = (x1, x4)” and x, = (x2, x3)". In terms of this

basis
(-4 (-5
Cp = 0 ) Cy = O )
30 21 0
B=<_21) N=<40>,am “=<0'

The basic variables are
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At the third iteration, the dual variables are

and the coefficients in the optimality test are

322% and 53=%.

Since x, and x3 are at their lower bounds, this basis is optimal.
At the solution,
x=(2 0 0 8

and z = ¢’x = —8 is the optimal objective value. |

Exercises

2.1. Solve the following linear programs with the upper bound form of the simplex
method. Use the explicit representation of the inverse of the basis matrix. Use
the slack variables to form an initial basic feasible solution (note that there will be
no upper bounds on the slack variables).

()
minimize 7z = —5x; — 10x, — 15x3
subjectto  2x; + 4x, + 2x3 <50
3x1 + 5x2 +4x3 < 80
0 < xq1, x2, x3 < 20.
(i)
minimize z =2x; —x;
subject to —x14+x <5
X1 —2x2 <9
0<x<6,0=<x<8
(iii)
maximize z =6x; — 3x;
subjectto  2x; +5x, <20
3x1 + 2x <40
0 <x1,xp <15.
(iv)

minimize z = —5x; — 7x;
subjectto  —3x; + 2x; < 30
—2x1+x2 <12

0 < xq1,xp <20.

2.2. Repeat Exercise 2.1(i) using the initial values x; = 20, x, = 0, and x3 = 0.
2.3. Repeat Exercise 2.1(ii) using the initial values x; = 0 and x, = 5.
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2.4. Repeat Exercise 2.1(iv) using the initial values x; = 20 and x, = 0.

2.5. Consider the bounded-variable linear program

minimize 7z = x; — 4x3 + x4 — 3x5 + 2x5
subjectto  x3 +x2 —x3—2x5 =0
X1 —2x3— X4+ x6=3
0 <uxp,x2,x3 <5
0 < x4, x5,x6 < 2.
At a certain iteration of the bounded simplex algorithm, the basic variables are x;
and x,, with basis inverse matrix
1 (0 1
wio(2 )
The nonbasic variables x3 and x4 are at their lower bound (zero), while x5 and xg are
at their upper bound. Now do the following:
(i) Determine the corresponding basic solution.
(ii) Determine which of the nonbasic variables will yield an improvement in the
objective value if chosen to enter the basis.
(iii) For each of the candidate variables that you found in part (ii), determine the
corresponding leaving variable and the resulting basic solution.

2.6. Derive the remaining portions of the ratio test for the case where the entering variable
X, is at its upper bound.

2.7. Derive a simplex method for linear programming problems with general bounds on
the variables ¢ < x < u.

2.8. Determine how the simplex method for problems with upper bounds would be mod-
ified if some of the variables had upper and lower bounds both equal to 0.

2.9. A basic feasible solution to the bounded-variable problem is said to be degenerate
if one of the basic variables is equal to its upper or lower bound. Prove that, in
the absence of degeneracy, the bounded-variable simplex method will terminate in
a finite number of iterations.

2.10. Consider the bounded-variable problem
minimize z=c'x
subjectto Ax =b
0<x<u.
What is the dual to this problem? What are the complementary slackness conditions
at the optimum?
7.3 Column Generation

One of the important properties of the simplex method is that it does not require that the
constraint matrix A be explicitly available. Indeed, if we review the steps of the simplex
method, we see that the columns of A are used only to determine whether the reduced costs
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¢; = ¢; — yTA; are nonnegative for every j, and if not, to generate a column A, that

violates this condition. (A, is then used to obtain the entering column A, = B71A,) All
that is needed is some technique that determines whether a basic solution is optimal, and if
not, produces a column that violates the optimality conditions. When the constraint matrix
A has some specific known structure, it is sometimes possible to find such an A, without
explicit knowledge of the columns of A. This technique, which generates columns of A
only as needed, is called column generation.

One application where column generation is possible is the cutting stock problem, dis-
cussed below. Practical cutting stock problems may involve many millions of variables—so
many thatit is impossible even to form their columns in reasonable time. Yet by using column
generation, the simplex algorithm can be used to solve such problems. Ateach iteration of the
algorithm, an auxiliary problem determines the column of A that yields the largest coefficient
¢;. Remarkably, this auxiliary problem can be solved without generating the columns of A.

To present the cutting stock problem, we start with an example. A manufacturer
produces sheets of material (such as steel, paper, or foil) of standard width of 50”. To satisfy
customer demand, the sheets must be cut into sections of the same length but of smaller
widths. Suppose the manufacturer has orders for 25 rolls of width 20”, 120 rolls of width 14",
and 20 rolls of width 8”. To fill these orders, the manufacturer can cut the standard sheets in
a variety of ways. For instance, a standard sheet could be cut into two sections of width 20”
and one section of width 8”, with a waste of 2”; or it could be cut into two sections of width
14” and two sections of width 8", with a waste of 6” (see Figure 7.1). Each such alternative
is called a pattern, and clearly there are many possible patterns. The problem is to determine
how many sheets need to be cut and into which patterns. Assuming that waste material is
thrown away, our objective is to minimize the total number of sheets that need to be cut.

In the general case, a manufacturer produces sheets of standard width W. These sheets
must then be cut to smaller widths to meet customer demand. Specifically, the manufacturer
has to supply b; sections of width w; < W, fori =1, ..., m. Toformulate this problem, we
represent each cutting pattern by a vector of length m, whose ith component indicates the
number of sections of width w; that are used in that pattern. For example, the two patterns
described above are represented by

() = )

20" 20" 8" 4" 8 |8

waste waste

50" 50"

Figure 7.1. Cutting patterns.
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The first component in each vector indicates the number of sections of width 20” used in
a pattern, the second component indicates the number of sections of width 14”, and the
third component indicates the number of sections of width 8”. Avectora = (a1, ..., a,)"
represents a cutting pattern if and only if

wiag + waaz + - -+ Wyay < W,

where { a; } are nonnegative integers.

Let x; denote the number of sheets to be cut into pattern i, and let » denote the number
of all possible cutting patterns. Even for small values of m, this number may be enormous.
In practical problems, m may be of the order of a few hundred. In such cases, n may
be of the order of hundreds of millions. Due to its sheer size, the matrix defined by the
various patterns will not be available explicitly. We denote this conceptual matrix by A.
The problem of minimizing the number of sheets used to satisfy the demands becomes

n
minimize z = Zx,-
i=1
subjectto Ax > b
x> 0.

The variables x; must also be integer. Here we shall solve the linear program, ignoring
the integrality restrictions, and then round the solution variables appropriately. Although
rounding the solution of a linear program does not necessarily give an optimal solution of
the associated program with integrality constraints, in the case of cutting stock problems,
rounding is often appropriate because it is applied in large-scale production settings.

Finding an initial basic feasible solution is not difficult. For example, in the problem
above we can use the initial basis matrix

2 00
B=<O 3 0).
0 0 6

The columns of B corresponds to the patterns that cut as many 20”7, 14”, and 8" sections
as possible. For convenience we denote these columns by A;, A,, and A3 and denote the
number of sheets cut according to each of these patterns by x;, x,, and x3. The solution
corresponding to this basis matrix is

X1 10 0\ ,25 2
xB=<x2>=B_lb= 0% 0 <120>= 40
3 00 %/\20 1

Suppose now that at some iteration we have a basic feasible solution with correspond-
ing basis matrix B. To determine whether the solution is optimal we first compute the vector
of simplex multipliers

yT = cZB’l.

Next we must determine whether the solution is optimal. Suppose first that some component
of y, say y;, is negative. Then the reduced cost of the ith excess variable (x,4;) is ¢,+; =0
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— yT(—e;) = y; < 0 (here ¢; denotes a vector of length m with a 1 in its ith position,
and zeroes elsewhere). We can therefore choose this excess variable to be the variable that
enters the basis. No further computation of the coefficients ¢; will be needed.

Suppose now that y > 0. Then the excess variables will all have nonnegative reduced
costs. We must now determine whether the variables in the original problem satisfy the
optimality conditions, that is, whether

éjzl—yTAjEO, J=1»’n

Because A has so many columns, and because these columns are not explicitly available,
it is virtually impossible to perform this computation variable by variable. Fortunately, we
know the structure of these columns. We will now show how we can use this knowledge
either to verify optimality or to select an entering variable.

The idea is simple but clever. To determine whether the optimality conditions are
satisfied, we will findacolumn A, = (ay, az, . . ., a,,) " that corresponds to the most negative
reduced cost ¢,. This in turn is the column 7 with the largest value of y"A;. Since each
column corresponds to some cutting pattern, A, will be the solution to the problem

maximize 7z = yia1 + y2a2 + -+ + Ymap
subjectto  wia; + wpaz + -+ + wpa, < W
a; > 0andinteger,i =1,...,m.

This problem has a linear objective and a single linear constraint; all variables are required
to be nonnegative integers. A problem of this form is called a knapsack problem. It can be
solved efficiently by special-purpose algorithms. Since finding the variable x, with the most
negative reduced cost ¢, can be formulated as a knapsack problem, it can be accomplished
without explicit knowledge of each column of A.

The solution of the knapsack problem is a pattern A, corresponding to the largest
value of y”A;. If yTA, > 1, this column violates the optimality condition and is selected to
enter the basis. If yTA, < 1, the current basic feasible solution is optimal, and the algorithm
is terminated.

Example 7.3 (Cutting Stock Problem). Consider the example discussed in this section.
Suppose that the initial basis matrix is given as above. The vector y is given by

100
yi=cfBt=(1 1 1|0 § 0]=( 3 %)
0 0 %

To find the column with the most negative reduced cost ¢;, we solve the problem
maximize  %a; + 1a; + ias
subjectto  20a; + 14a; + 8az < 50
ai, az, az > 0and integer,

using a special-purpose algorithm for solving knapsack problems. The solution is a =
(0, 3, 1)7, with a knapsack objective value of y’a = 7/6. For convenience we label a by
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Ay, and label the corresponding variable (representing the number of sheets to be cut in
pattern A4) by x4. Then &, is the most negative of the coefficients ¢;. Since ¢y =1—-7/6 =
—1/6 < 0, the current solution is not optimal, and x4 enters the basis. To determine which

variable leaves the basis we compute
0 0 0
0 G):(Q.
1
% 1

6

A4 = BilA4 =

O O NI
O wir O

Recall that x, = (%, 40, %)T. The admissible ratios in the ratio test are the second ratio
40/1 = 40, and the third ratio (10/3)/(1/6) = 20. The latter is smaller, so the third basic
variable leaves the basis. The new basis matrix and its inverse are

1
2 00 : 00
B:<033> and B =(0 ! -1/,
001 00 1

and the vector of basic variables is

x1
%:(M)ZB%:
X4

The vector of simplex multipliers is

25

25 7
-1 ( 120) =120
1 20 20

yi=cBt'=(1 1 1)B'=(}

o O NI
O wk O

0),

wl=

and the new knapsack problem is
maximize  1a; + 1a,
subjectto  20a; + 14a, + 8az < 50
ai, az, az > 0 and integer.

The solution to the knapsack problem is the pattern a = (1, 2, 0)” with knapsack objective

value y’a = L. We label a by As and the corresponding variable by xs. Then é& =
6

1—-yTAs =1-7/6 = —1/6 < 0, and hence the current solution is still not optimal, and
xs enters the basis. We compute

0\ /1

1 0
The ratio test compares the ratios (%)/(%) and (20)/(%). The first of these ratios is smaller,
and the leaving variable is x;. The new basis matrix and its inverse are

1 0 0 1 0 0
B:(Z 3 3) and B—l=(—§ -1].
0 0 1 0 1

1
A 7
As=BtAs=|0
0

O wikrr O
O wIN NI

O wik
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and the vector of basic variables is

X5 25
Xy = (xz> =B = (13—0>
X4 20

The vector of simplex multipliers is

yi=cdBt=(1 1 1H)B'=(} § 0).

To find the column with the largest coefficient ¢; we solve the knapsack problem
maximize  1a; + la,
subjectto  20a; + 14ay + 8az < 50
a1, az, az > 0 and integer.

The solution to this problem is a = (0, 3, 0)7, which is the column of the basic variable x,.
The knapsack objective value is y’a = 1, indicating (as expected) that the reduced cost of
Xy IS zero. Since ¢; = min { Cj } = 0, the current solution is optimal. Our basic variables
are x5 = 25, x, = 3.33, and x4, = 20. In practice we are interested in an integer solution.
For this problem, rounding upwards in fact gives the optimal integer solution. The solution
is to cut 25 sections according to the pattern (1, 2, 0)7, 4 sections according to the pattern
(0, 3,0)7, and 20 sections according to the pattern (0, 3, 1)7, using a total of 49 standard
sheets. |

Exercises

3.1. Find all feasible patterns in the example discussed in this section.

3.2. Consider the cutting stock problem that arises when a company manufactures sheets
of standard width 100” and has commitments to supply 40 sections of width 40”, 60
sections of width 24”, and 80 sections of width 18”. Find an initial basic feasible
solution to this problem, and formulate the knapsack problem that will determine
whether this solution is optimal.

7.4 The Decomposition Principle

In some applications of linear programming the constraints of the problem are divided
into two groups, one group of “easy” constraints and another of “hard” constraints. This
can happen in network problems where the constraints that describe the network (the easy
constraints) are augmented by additional constraints of a more general form (the hard con-
straints). This can also happen in “block angular” problems (see below) where there are a
small number of constraints that involve all the variables (the hard constraints), but if these
are removed the problem decomposes into several independent smaller problems, each of
which is easier to solve. (On a parallel computer these smaller problems could be solved
simultaneously on separate processors.)
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Referring to the constraints as “easy” and “hard” may be a bit deceptive. The “hard”
constraints need not be in themselves intrinsically difficult, but rather they can complicate the
linear program, making the overall problem more difficult to solve. If these “complicating”
constraints could be removed from the problem, then more efficient techniques could be
applied to solve the resulting linear program.

The decomposition principle is a tool for solving linear programs having this structure.
It is another example of column generation. The decomposition principle uses a change of
variables to transform the original linear program into a new linear program that involves
only the hard constraints. If the number of hard constraints is small, then it is likely that
this new linear program can be solved by the simplex method in few iterations. However,
the optimality test for the new linear program will require solving an auxiliary linear pro-
gram involving the easy constraints, and so will be expensive. The cost of performing the
optimality test will determine whether using the decomposition principle is more effective
than applying the simplex method directly to the original problem.

Consider a linear program of the form

minimize z=c"x

subjectto A,x = b,
A;x = b,
x>0,

where A, is the constraint matrix for the hard constraints and A, is the matrix for the easy
constraints. We will assume that the set

{x:A;x=b,, x>0}

isbounded. (The unbounded case will be discussed later in this section.) Then every feasible
point x for the easy constraints can be represented as a convex combination of the extreme
points { v; } of this set:

k
X = E Q;V;,
i=1

where

k
Zai:]_ and o; >0, i=1,...,k
i—1

(see Theorem 4.6 of Chapter 4). If the matrix A, really does represent easy constraints,
then in principle it should not be difficult to generate the associated extreme points (basic
feasible solutions). The decomposition principle only generates individual extreme points
as needed and does not normally generate the entire set of extreme points.

This representation in terms of extreme points can be used to rewrite the linear
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program:
minimize z =" (Z aivi>
subjectto A, (Z a,»v,») =b,
ZO{i =1
oclz 0
If we define
¢y = (cTvy cTog )T
_ Ayvy Ay
An={1 1 >

then the linear program becomes
minimize z=cla
o
subjectto  A,a = b,
o > 0.

This is the linear program that we will solve using the simplex method, with the coefficients
« as the variables. It is sometimes referred to as the master problem to distinguish it from
the auxiliary linear program that will be solved as part of the optimality test in the simplex
method. Its coefficients are denoted with a subscript M because of this name.

Example 7.4 (Transformation of a Linear Program). Consider the linear program

minimize z =3xy —5xp — Tx3 + 2x4
subject to X1+ 2xp — x3 + 2x4 = 2.75
3X1 — X2 + 4X3 — 5X4 = 14.375
2x1+3x, <9
X1 +2x <5
3x3 +5x4 <15
x3—x4 <3
x> 0.

We will consider the first two constraints to be the hard constraints and the last four to be
the easy constraints. If the hard constraints are removed, then the problem can be divided
into two independent linear programs—one involving the variables x; and x;, the other
involving x3 and x4:
minimize  3x; — 5x;
subjectto  2x; +3x, <9
x1+2x2 <5
X1, X2 = 0
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and
minimize  —7x3 + 2x4
subjectto  3x3 + 5x4 < 15
x3— x4 < 3
x3, x4 = 0.

These linear programs involve only two variables and can be solved graphically.

If slack variables xs, xg, x7, and xg are added to the easy constraints to convert them
into equations, then

c=(3 -5 =7 2 0 0 0 0),

A_(l 2 —1 20000) b_(2.750>
"“\3 -1 4 -5 000 0) 7"T\1a375)"
2 3 0 1000 9
4|t 2 0 0o01o00] 5
*=lo o 3 50010 7|15
0 0 1 -10001 3

The extreme points for the first linear program (with the slack variables included) are

X1 3 45 0 0
x| |1 0 2.5 and 0
x| 0] o 15 )’ 9
X6 0 0.5 0 5
The extreme points for the second linear program are
X3 3.75 3 0 0
xs | | 0.75 0 3 and 0
x| o) 6]’ 0} 15
Xg 0 0 6 3

The extreme points for the set of easy constraints {x : A,x = b,, x > 0} are obtained by
combining extreme points from the two smaller linear programs. The resulting matrix of
extreme points V.= (vy --- wg)is

3 3 3 3 45 45 45 45 0 0 0 0 0 00 O

1 11 1 0 0 0 0 25 25 25 25 0 0 0 O

375 3 0 0 37 3 O O 37% 3 0 0 37 3 0 O

V= 075 0 3 0 075 0 3 O 07/ O 3 0 075 0 3 O
0 00 O 0 0 0 0 15 15 15 15 9 9 9 9

0 00 O 05 05 05 05 O 0 0 0 5 5 5 5

0 6 0 15 O 6 0 15 0 6 0 15 0 6 0 15

0 0 6 3 0 0 6 3 0 0 6 3 0 0 6 3
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The master linear program has constraint matrix A,,, whose first two rows are equalto A, V,
and whose last row is (1, ..., 1):

1925 20 -7 8 2475 255 -—-15 135
1 1 1 1 1 1 1 1

275 2 11 5 =225 -3 6 0)

275 2 11 5 225 15 105 45
AM_(

875 95 -—-175 -25 1125 12 -15 O
1 1 1 1 1 1 1 1

The objective coefficients in the master problem are

¢y =VTe=(-2075 —17 10 4 -1125 -75 195 135
—37.25 -335 —65 —125 —2475 —21 6 0)".

The right-hand side for the master problem is

2.75
by = (14.375) . [ |
1

Itis neither necessary nor desirable to write down the master linear program explicitly.
The number of extreme points can be immense—much larger than the number of variables
in the original problem. Fortunately, it is possible to apply the simplex method to the master
problem without explicitly generating all the columns of A,,.

To describe the method we assume that an initial basic feasible solution has been
specified. (Initialization procedures are discussed below.) If there are m hard constraints in
Ay, the basis will be of size m + 1 because of the additional constraint > «; = 1. Let B be
the basis matrix (B is a submatrix of A,,). As usual, the dual variables are computed via

y'= ()BT,

where (c,,); is the subvector of ¢,, corresponding to the current basis. The optimality test
is carried out by computing the components of

cg— yTAM

corresponding to the nonbasic variables. If any of these entries is negative, then the current
basis is not optimal, and the most negative of these entries can be used to select the entering
variable. Hence the optimality test can be carried out by determining

miin (chi — (AW

and checking to see if the optimal value is negative. All values of i can be considered, since
this expression will be zero if «; is a basic variable.
This minimization problem is equivalent to

m.in CTU,' — S)TAHUi — Ym+1 1,
i
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where y = (y1, ..., ym)’. Since {v; } is the set of extreme points, and since any bounded
linear program always has an optimal extreme point (see Section 4.4), the optimality test
can be written as
minimize  z = (c — AT — Y1
subjectto A x = b,
x >0.

This is a linear program involving only the easy constraints, so presumably it is easy to
solve. (The term y,,,1 in the objective is a constant. It can be ignored when solving this
linear program for x but must be included when determining the optimal value of z.)

If the solution to this linear program has optimal objective value zero, then the current
basis for the master problem is optimal. If the optimal objective value is negative, then the
current basis is not optimal. Note that the optimal basic feasible solution (the optimal basic
feasible solution for the easy problem in the optimality test) is one of the extreme points in
{v; }. Denote it by v.

The rest of the simplex method for solving the master problem is much as before. The
entering column is computed using the formula

N _ p-1 AHU
(A = B ( ; )

Avratio test is performed to determine the leaving variable, and then B~! and «,, are updated.
(Recall that « is the vector of variables in the master problem.)

We now summarize the steps in an iteration of the method. A representation of B!
must be provided, where the basis matrix B consists of the basic columns of the matrix
A,,. The corresponding basic feasible solution to the master problem is «, = B~b,,. The
vector (c,,), contains the basic components of the vector ¢,,. Note that A,, and c¢,, are not
normally available explicitly; only B and (c,,), may be available.

1. The Optimality Test—Compute the dual variables y” = (c,)IB~! and set j =
1, ..., ym)T. Solve the linear program

minimize  z = (c — AZ5)’x — y11
X

subjectto  A.x = b,
x>0

for an optimal extreme point v. If the optimal value is zero, then the current basis is
optimal. Otherwise, use v to define the entering column.

2. The Step—Compute the entering column

~ _ p-1 AHU
e s (A1),

Find an index s that satisfies

Z;M - I;M i
Gus _ i | B
(AM)s,t I=izm+1 (AM)i,t

: (AM),;, > 0} .
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(Here (AM),-,, denotes the ith component of (AM),.) The ratio test determines the

leaving variable and the pivot entry (AM)A.’,. If (AM),;, < 0 for all i, then the problem
is unbounded.

3. The Update—Update the inverse matrix B~* and the vector of basic variables o
(for example, by performing elimination operations that transform (A,,), into the sth
column of the identity matrix).

Once an optimal solution to the master problem has been found, the solution to the original
problem is obtained from
x = Vyay,

where V, is the matrix whose columns are the vertices corresponding to the optimal basis
for the master problem.

We now illustrate the decomposition principle with an example. The set of extreme
points for this example was given in Example 7.4, but it is not used here, and would not
normally be available. Only information associated with the current basis is used in the
calculations. We assume that an initial basic feasible solution for the master problem is
available; initialization procedures are discussed later in this section.

Example 7.5 (Decomposition Principle). Consider the linear program from Example 7.4.
As before, we will consider the first two constraints to be the hard constraints and the last
four to be the easy constraints. An initial feasible point for the master problem can be
obtained using the extreme points

3 0 0
1 2.5 25
3 3 0
V1 = 0 , V2= 0 , and wv3= 3
0 1.5 15
0 0 0
6 6 0
0 0 6

For convenience, we have labeled the extreme points as v, vy, and vs; this merely reflects
the fact that they are the initial extreme points and does not correspond to their location in
the matrix V in Example 7.4. For this initial basis,

()5 = (cTvr T, Tvg)T= (=17 —-335 —6.5)7

2 2 1
B = <A'1”1 A*i”z A'i"3> - (20 95 —17.5)
11 1

ay = by, = B~Yb, = (0.6786 0.2381 0.0833)7
z = —20.0536.

The dual variables are

y'=(c,)TB~t = (7.7143 15714 —63.8571),
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S0y = (7.7143 1.5714)". The coefficients of the objective in the linear program for the
optimality test are

c— A’y =(-9.4286 —18.8571 55714 55714 0 0 0 0)".

Recall from Example 7.4 that, because of the special structure of the easy constraint matrix
A, this linear program splits into two smaller linear programs:
minimize  —9.4286x; — 18.8571x;

subjectto  2x; +3x, <9
X1+ 2x2 <5
X1, x>0

and L
minimize  —5.5714x3 — 5.5714x,

subjectto  3x3 + 5x4 < 15
x3—x4 <3
x3, x4 > 0.

These small linear programs can be solved graphically.
The first linear program has two optimal basic feasible solutions (here the optimal
slack variables are also listed):

(x1 x2 x5 x) ' =(3 1 0 0O)f and (0 25 15 0)f
with optimal objective value —47.1429. The second linear program has the solution
(x3 xa x7 x3)'=(3.75 075 0 0)7

with objective value —25.0714. The objective value for the linear program in the optimality
test is obtained by subtracting ys from these two objective values:

—47.1429 — 25.0714 — y; = —47.1429 — 25.0714 — (—63.8571) = —8.3571 < 0,

so the current basis is not optimal. If the first solution to the first linear program is used,
then
vu=(3 1 375 075 0 0 0 0)F

is the entering vertex.
The entering column is given by

1.1429
(A =Bt (A*iv“) - <—o.2262> .
0.0833

With the right-hand side by = (0.6786 0.2381 0.0833)7, the ratios in the ratio test are

(0.5938)
1
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so that o is the leaving variable. The new basis consists of { a4, oy, a3 }.
At the second iteration,

(cy)s = (—20.75 —335 —6.5)7

275 2 11
B=(19.25 9.5 —17.5)

1 1 1
o, = (0.5938 0.3724 0.0339)"
z = —25.0156.

The dual variables are
yi=(c)'B™' = (5.625 0.875 —53.0625).
The objective coefficients for the linear program in the optimality test are
c— ATy = (-5.25 —15375 —4.875 —4.875 0 0 0 0).

The resulting two small linear programs are solved graphically.
The first has the solution

(0 25 15 0)
with optimal objective value —38.4275. The second has the solution
(3.75 075 0 0)7
with objective value —21.9375. For the optimality test the objective value is
—38.4275 — 21.9375 — (—53.0625) = —7.3125 < 0,
so the current basis is not optimal, and
vs=(0 25 375 075 15 0 0 0)7

is the entering vertex.
The entering column is

A [ A, s 0.1250
(Ay) =B~ ( ‘i ) = <0.8021> ,
0.0729
and the ratios in the ratio test are
4.7500
<0.4643> .
0.4643

There is a tie; we will (arbitrarily) choose «, as the leaving variable. The new basis consists
of {ots, s, 03 }.
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At the third iteration,

(cy)y = (—20.75 —37.25 —6.5)7

2.75 2.75 11
B=<19.25 8.75 —17.5)

1 1 1
@, = (0.5357 0.4643 0)7
7 = —28.4107.

The dual variables are
yi=(c)!B™ = (8.7273 15714 —75).
The objective coefficients for the linear program in the optimality test are
c— A:& =(-10.4416 —20.8831 —4.5584 —7.5974 0 0 0 0)".

The resulting two small linear programs are solved graphically.
The first has two solutions:

(3 1.0 0) and (0 25 15 0)"
with optimal objective value —52.2078. The second also has two solutions:
(3.75 075 0 0) and (0 3 0 6)
with objective value —22.7922. For the optimality test the objective value is
—52.2078 — 22.7922 — (—75) =0,

so the current basis for the master problem is optimal.
The optimal objective value for the original linear program is z = —28.4107, the
same as for the master linear program. The optimal values of the original variables are

X = aavg + asvs + asvg = (1.6071  1.6964 3.75 0.75 06964 0 0 0)".

It is straightforward to check that this point is feasible for the original problem, and that it
gives the correct objective value. |

Some procedure is needed to find an initial basic feasible solution for the simplex
method. In some cases, an initial basis is readily available. For example, suppose that the
original linear program is of the form

minimize z=c"x
subjectto  A,x < b,

with b, > 0and b, > 0. Then vy = (0,...,0)7 is an extreme point for the set
{x:Apx <bg,x >0}. Let V be the matrix whose columns are the extreme points of
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this set, with vg as its first column. Then the master problem will have the form
minimize  z = ¢l
o

subjectto  (A,V)a+s =by,

ela =1
a >0,
where s is a vector of slack variables and e = (1, ..., 1)7. The constraint matrix for the

master problem will be
(ALY T
a= (M.
Aninitial basis can be obtained using the slack variables s (the final columns of A,,) together
with the variable corresponding to the extreme point vg = (0, ..., 0)7 (the initial column
of A,,). Since A,vy = (0, ..., 0)7, the basis matrix will be B = I. This idea can also be

used for problems of the form

minimize z=cx

subjectto A,x < by,
Agx = b,
x>0

if we know an extreme point v for the easy constraints (see the Exercises).

In cases where there is no obvious initial basis for the master problem, artificial
variables must be added. Then either a two-phase or big-M approach can be used to initialize
the method. For example, if a two-phase approach is used and b,, > 0, then the phase-1

problem would be
minimize z =e¢’a
subjectto A,a +a =b,
a,a >0,

where « is a vector of artificial variables and e = (1, ..., 1)T. The initial basis consists
entirely of the artificial variables and B = I. Then the algorithm for the decomposition
principle is used to solve this linear program to obtain an initial basic feasible solution for
the original problem.

Up to this point we have assumed thatthe set{x : A,x = b,, x > 0}isbounded. This
is not necessary. In general every feasible point x can be represented in terms of extreme
points { v; } and directions of unboundedness { d; }:

k ¢
X = Zaivi + Zﬂjdj,
i=1 j=1

where
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(See Theorem 4.6 of Chapter 4.) This representation can then be used to derive a similar
simplex method for the decomposed problem. For further details, see the book by Chvatal
(1983).

One of the most important applications of the decomposition principle is to block
angular problems. These are problems where A, the matrix for the easy constraints, is
block diagonal. That is,

(Ap) 0
(Ap)@

0 (Ae) )
where each (A;); is itself a matrix. In this case the linear program for the optimality test

maximize z = (A5 —)'x + yu1
X

subjectto  A,x =b,
x>0

splits into r disjoint linear programs of smaller size:
- - X _ AT_ _ T X
maximize  z(j) = (ALY — O )X
X

subjectto (A X = (br))
X(j) = 0.

(The subscript () indicates the components of a vector corresponding to the submatrix
(Ap)¢j).) On a parallel computer, it would be possible to solve these smaller problems
simultaneously on a set of processors.

The linear program in Example 7.4 is of this type, with

wn=(53). won=(3).
ww=(3 ) = eoa=(1).

Problems with this structure arise when modeling an organization consisting of many sep-
arate divisions. Each of the blocks in the easy constraints corresponds to the portion of the
model for a particular division. The hard constraints correspond to the linkages connecting
one division with another, and with the allocation of activities and resources among the
divisions. The overall objective is to optimize some “benefit” for the entire organization.

[EEN

Exercises

4.1. Set up and solve the phase-1 problem for the master problem in Example 7.4.
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4.2.

4.3.

4.4,

Consider a linear program of the form

minimize z=c¢x

subjectto  A,x < b,
Ax = b,
x >0,

where A, represents the hard constraints and A, represents the easy constraints.
Assume that an extreme point v, for the easy constraint set
{x:A;x =b;,x >0}

is known. Show how to find an initial basic feasible solution for the decomposition
principle. What is the basis matrix B? Show how to compute B~ efficiently.

Solve the following linear program using the decomposition principle:

minimize z = —2x; —5x;
subjectto  x; + 2x, = 13.5
x1 + 3xp = 18.0
x1 <9
x2 <5
x1, X2 > 0.

Let the first two constraints be the “hard” constraints and the remaining constraints
be the “easy” constraints. As an initial basis use the extreme points (0, 0)7, (0, 5)7,
and (9, 5)7. (These are extreme points for the easy constraints in their original form,
without slack variables.)

Use the decomposition principle to solve the problem

minimize z = —x; — 2x; — 4y; — 3y
subject to X1+x+2y1 <4
X2+y1+y2 <3
2x1+x <4
xX1+x<2
Yi+y2 <2
3y1+2y, <5
x>0, y=>0.

4.5. At each iteration of the decomposition principle the current objective value provides

an upper bound on the optimal objective value. Itis also possible to determine a lower
bound on the objective. Let x be a feasible point for the original linear program,
and let y be the vector of dual variables at the current iteration of the decomposition
principle. Prove that
(C - Ag)_’)TX — Ym+l = Z*v
where z, is the optimal value of the linear program in the optimality test. Use this
formula to prove that
Zx = )_fTbH + Ym+1 + Zs,

where z, is the optimal objective value for the original linear program.
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4.6. Use the formula from the previous problem to compute lower bounds on the objective
at each iteration for the linear program in Example 7.4.

7.5 Representation of the Basis

In previous chapters we described the formulas that govern the simplex method. We have
seen that all of the information needed for an iteration can be obtained from the set of
variables that are basic and from the corresponding basic matrix B. Thus the vectors x;, y,
and A, can be computed directly from the formulas

x» =B, y'=cI'Bl, A, =B7laA,.

In this section we discuss approaches for efficient implementation of these formulas.
In Section 7.5.1 we describe the approach known as the “product form of the inverse” in
which the basis inverse B~ is represented as a product of elementary matrices. These
elementary matrices are quite sparse, so matrix-vector multiplications with respect to the
basis matrix inverse can be performed at relatively low cost. This method, however, has
been superseded by a more efficient approach that represents the LU factorization of the
basis B as a product of elementary matrices; this approach is described in Section 7.5.2.
Using this approach the vectors x,, y, and A, are obtained by solving a system of equations
with respect to B:

Bx, = b, yTB = cg, BAAS = A;.

The LU factorization is superior to the product form of the inverse both in its utilization of
sparsity and its control of roundoff errors. However, it is more complicated both in notation
and in the operations involved. For this reason we have chosen to set the background for
key ideas in the use of products of elementary matrices by first describing the product form
of the inverse, and only then discussing the LU factorization. If the background ideas are
familiar to the reader, it is possible to skip Section 7.5.1 and turn directly to Section 7.5.2.

7.5.1 The Product Form of the Inverse

To develop the product form of the inverse, consider a simplex iteration with basis matrix
B. Suppose that at the end of this iteration, the sth basic variable is replaced by x;. The new
basis matrix B is obtained from B by replacing its sth column by A,. Since A, = B4,
(or BA, = A,), it follows that

where

A

1
is obtained from the identity matrix by replacing its sth column by A,.
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Denoting E = F~1, the new inverse matrix is obtained by multiplying B~ from the
leftby E: .
Bl=EB™.
It is easy to verify that E also differs from the identity matrix only in its sth column
1 - -

where A A
_al,t/as,t

_&xfl,t/&s,t
n= 1/as,t
_as+l,l/as,r

_&m,t/&s,t

and {&j,, } are the entries in A, (see the Exercises). The matrix E is called an elementary
matrix and the vector n is called an eta vector; one can show that the pivot operations
performed on A are achieved by multiplying A on the left by E (see the Exercises).

Suppose that we start the simplex algorithm with an initial basis matrix B; = I. Let
E; denote the elementary matrix corresponding to the pivot operations in the first iteration.
Then at the second iteration the inverse basis matrix is Bz‘1 = ElBl‘1 = E,. Similarly, in
the third iteration, Bgl = Engl = E,Eq, and in general at the kth iteration the inverse
basis matrix is

Bl = Ex_1Es_2--- E2Ey,

where E; is the elementary matrix corresponding to iteration ;. This representation of the
basis matrix inverse is known as the product form of the inverse. The basis matrix inverse
is not formed explicitly, but kept as a product of its factors. Since each elementary matrix is
uniquely defined by its eta vector and its column position, it may be stored compactly. For
historic reasons, the collection of eta vectors corresponding to E;, E», ..., E; is known as
the eta file.

How can we perform the simplex computations without explicitly forming B—1? The
matrix is not needed explicitly, but only to provide matrix-vector products. In the simplex
method these operations occur in two forms: (a) premultiplication—multiplication of a
column vector from the left (b = B~'b and A, = B~14,); and (b) postmultiplication—
multiplication of a row vector from the right (y” = ¢ B~1). We now show how these
operations can be performed.

A computation of the form B, L4 is performed sequentially via

B 'a = Ex_1(Ex—2(Ex—3(- - (E2(E1a)) - - ),
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by first premultiplying a by E;, next premultiplying the resulting vector by E,, and so
forth. This operation is called a forward transformation (FTRAN), because it corresponds to
a forward scan of the eta file.

A computation of the form cTB,:1 is performed sequentially via

"Bt = (¢ (((c"Ex-1)Ex—2) Ex—3) - - ) E2) Ex

by first postmultiplying ¢ by E;_1, then postmultiplying the result by E;_», and so forth.
This operation is called a backward transformation (BTRAN), because it corresponds to a
backward scan of the eta file.

Each matrix operation with respect to an elementary matrix is fast and simple. To see
this, let E be an elementary matrix with eta vector 7 in its sth column. Then a matrix-vector
product of the form Ea for some vector a is computed as

1 n ax
Ea = Tl.s a‘s
n.m 1 0;11

ai + mas ap m

= ns.as = O + a T;s

an —i—. Nmas am Nm

The rule is, replace the sth term of a by zero, and add to that a, times n. The matrix E need
not be formed explicitly.

Example 7.6 (Premultiplication of a Column Vector). Consider the 4 x 4 elementary matrix
E defined by

W NIk = Nw

s=3, n=

This matrix is obtained from the identity matrix by replacing its third column by 5. Let
a = (7, -3, 4,2)T. Then the matrix-vector product Ea is computed as

_3
ay 7 2 1
_ ar _ -3 1 o 1
Ea = o | tam= ol t 4 1 = 5

The computation was carried out without explicitly forming the matrix E. |
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A vector product of the form ¢”E is computed as

1 n
L .
T :
cE=(c1 ¢ ... ¢ ... Cm)
Ns
Nm 1
=(c1 c2 ... Co1 (aam~+--+Culm) Cs41 -o. Cm)
=(c1 ¢ ... cs-1 cTpy Cs4l «+- Cm).

Thus, the computation leaves ¢ unchanged except for its sth component which is replaced
by cTn.

Example 7.7 (Postmultiplication of a Row Vector). Consider the matrix E in the previous
example, and let ¢ = (—1,2, —3,4). The matrix-vector product ¢’E is computed as
follows:

TE=(c1 ¢ ¢ c)=(-1 2 —-10 4),

since

cp=(-1 2 =3 4) =-10. N

NP = Nw

-3

We can now outline the steps of the kth iteration of the product-form version of the
simplex method. Available at this iteration is a basis matrix inverse B; %, represented as a
product of elementary matrices E;_; - - - E1. Each elementary matrix E; is represented by
its eta vector »; and its row index s;. We also have available x, = b= Bk‘lb. The steps of
the algorithm are given below.

1. The Optimality Test—Compute
y'=clEx-1Ex_p- - Ex.

Compute the coefficients ¢; = ¢; — yTA; for the nonbasic variables x;. If ¢; > 0 for
all nonbasic variables, then the current basis is optimal. Otherwise, select a variable
x; that satisfies ¢, < 0 as the entering variable.

2. The Step—Compute the entering column A[ = E,_1Ei_»---E1A,. Find an index
s = sy that satisfies

b R
—* — min A—':ai,,>0 .
sy =izm | a;,

This ratio test determines the leaving variable and the pivot entry a; ,. If a;, < 0 for
all i, then the problem is unbounded.
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3. The Update—Update the inverse matrix B, +111 Form the eta vector n, that transforms
A, to the sth column of the identity matrix. Update the solution vector x, = Eb.

In the computation of the new basic variables some savings can be achieved, since x, =
EvB b = Eib.

In the following example we solve a problem with the simplex method using the
product form of the inverse. The same problem was solved in Sections 5.2 and 5.3.

Example 7.8 (Simplex Method Using the Product Form of the Inverse). Consider the
problem

minimize z = —x; — 2x;
subjectto  —2x; +xp, <2
—Xx1+2x, <7
x1 <3

x1, x2 > 0.

Slack variables are added to put it in standard form:

minimize z = —x; — 2x
subjectto  —2x; +x; +x3 =2
—X1+2x+x4=7
X1 +x5=3
X1, X2, X3, X4, X5 > 0.

We start with x, = (x3, x4, x5)7. The basis matrix B is the identity matrix.

Iteration 1. Since ¢! = (0, 0, 0), our initial vector of simplex multipliers is y” = (0, 0, 0).
Pricing the nonbasic variables, we obtain

b=c1—ylAy=-1-0=—1, G=cy—ylAy=—2—-0=-2,

and we choose x; as the entering variable (corresponding to the most negative reduced cost).

The entering column is
1
Ay=B'Ay =14, = (2) :

0

The ratio test with the right-hand-side vector 57 = (2, 7, 3)7 gives the first basic variable
x3 as the leaving variable. We can now update B, by updating the eta vector for Ej:

l/fll’z 1/1 1
NESNE
—az /a1, 0/1 0

We also record the position of n; in E1: s; = 1. Updating the resulting solution, we obtain
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Iteration 2. Updating the vector of multipliers gives
yi=cI'By'=clE;=(=2 0 0)E;=(-2 0 0).
Pricing the nonbasic variables, we obtain

-2
Elzcl—yTAlz—l—(—Z 0 0)(—1) =-5
1

1
G3=c3—ylA3=0—(=2 0 0)<o>=2,
0

and hence the solution is not optimal and x; will enter the basis. Computing the entering
column, we obtain

Ay = By'A; = E1 Ay

(-3

Performing the ratio test with respect to the right-hand-side vector, we conclude that the
second basic variable x4 will leave and will be replaced by x;. The new eta vector is

—d1,1/a21 —(=2)/3 2/3
N2 = ( 1/az1 ) = ( 1/3 ) = 1/3
—az1/az1 -1/3 -1/3

The eta file now includes the following information:

s1=1 and 771:(—

SNS—

s, =2 and Ny =

Wik Wik wn © N

Updating the solution, we obtain

X2
Xp = ()C]_) = Bs_lb = EzElb

X5
A 2
= Ey)b = (O) +3
3

Iteration 3. To test for optimality we first compute

Wl Wik wIN
Il
S
N~ B
S———"

Yi=eIBit=((-2 -1 0)E)Ei=(-2 -} 0O)E =(% -2 0).
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1
(s)=-
0
0
0)(1> -
0

and hence the solution may be improved by letting x3 enter the basis. To determine the
leaving variable, we compute the entering column

1

0

Pricing yields

t3=c3—yA3=0-(3 -3

ba=ca—y Ay=0—(3 -

wlo

3
3

’

A3 = Bi'A3 = E;E1A3

ol <[}
(-6

The ratio test results in the third basic variable x5 leaving the basis. At the end of this
iteration we update the eta file with

s3=3 and 7’]32(

X2
Xy = <x1> = B,'b = E3E;E1b

X3
. 4
= E3b = (1) +2
0

Iteration 4. Updating the multiplier vector yields

+
[y

Wik Wik WIN
WIN WIN W=

NIw NI
v

Updating the solution gives

Nlw = NI

5
-(3)
3
yi=eIB'=(((-2 -1 0)E3) Ey)E;

=((—-2 -1 —2)E)E;=(-2 -1 —-2)E;=(0 -1 -=2).
Pricing yields

0
54:C4—yTA4:0—(0 -1 —2)(1):1
0

0
55:C5—yTA5:0—(0 -1 —2)(0):2,
1



7.5. Representation of the Basis 247

and the optimality conditions are satisfied. Our solution is x; = 3 and x, = 5, with slack
variables x3 = 3, x4 = 0, x5 = 0, and objective z = —x; — 2x, = —13. [ |

From the example above, the product form of the simplex method may appear to
be cumbersome. Indeed, this problem is too small and dense to afford any computational
savings. The major savings of the product form occur when the problem is large and sparse.
In such problems, the eta vectors corresponding to the elementary matrix tend to be sparse.
The result is reduced storage and fewer computations.

Example 7.9 (Sparsity of Eta Vectors). Consider the basis matrix

100 01
11000
B=]J]0 1100
00110
0 00 11

To obtain B~1, we start with a 5 x 5 identity matrix and sequentially replace its ith column
by the ith column of B. At each step we update the inverse of the resulting matrix, using
the diagonal elements as the pivots (s; = i).

Let By = I, and let b; be the ith column of B. We transform By in five stages
to Bs = B. The first eta vector is obtained from b;. The second eta vector is obtained
from E1b,. The last eta vector is obtained from E4E3E,E1bs. This procedure yields the
following eta vectors:

_1
1 0 0 0 2

-1 1 0 0 3

771 = O ) 7)2 = _l ) 7)3 = l ) 7)4 = O ) 7)5 = _%
0 0 -1 1 1

0 0 0 -1 2

1

2

Thus most of the eta vectors are sparse. In contrast, the explicit inverse

o]
|
..
NI NI NI NI NI
|
NIF NI NI NI NI

NI NI NI NIE NI
NI NI NI NI NI
NI NI NI NI N

is completely dense.

Consider now a dense vector a. The matrix-vector product B—ta will require 13
multiplications if the product form of the inverse is used; however, it will require 25 multi-
plications if the explicit inverse is used (see the Exercises). |
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7.5.2 Representation of the Basis—The LU Factorization

In the previous subsection we represented B~* as a product of elementary matrices and
showed how to compute the vector of basic variables x, = B~1b, the simplex multipliers
yT'= ¢I'B~1, and the entering column A, = B4, using this representation. This method
is no longer in wide use, since an approach based on Gaussian elimination is superior in
terms of its numerical accuracy, the overall number of operations required, and the greater
flexibility in utilizing sparsity and controlling the fill-in of nonzeroes.

The application of Gaussian elimination modifies the computations within the simplex
algorithm. Rather than using the formulas based on B~1, we solve a system of equations
with respect to the matrix B. Thus x,, y7, and A, are computed as solutions of the systems

Bx, = b, yTB:c:, BA,:At.

The key idea in the method is to reduce the system via elementary row operations to an
equivalent system where the matrix is upper triangular.

One of the main techniques for utilizing sparsity in Gaussian elimination is the switch-
ing of rows or switching of columns. Intuitively, we would like to get a matrix that is
“almost” upper triangular to begin with. Judicious switching of rows can also help control
the roundoff error. Our discussion below assumes that we are using row permutations;
for example we might perform partial pivoting where rows are switched so that the pivot
element is the element of largest magnitude in the noneliminated part of its column. We will
ignore the effect of column permutations, but note that a change in the order of the columns
is simply a change in the order of the variables.

To utilize sparsity in Gaussian elimination, it is advantageous to represent the sequence
of operations required for the triangularization in product form:

L.P.---LiPhB=U,

where the matrices L; are lower triangular pivot matrices and the matrices P; are permutation
matrices (see Appendix A.6). Each of these matrices can be stored in a compact form. The
number r here represents the number of Gaussian pivots used to transform B into an upper
triangular matrix, and U is the transformed upper triangular system matrix. If we write

L=L,P - LiPy,

then LB = U. When no row permutations are required (that is, P; = 7), then L is a lower
triangular matrix, and so is its inverse. Letting L = L%, we can write B as a product of
lower and upper triangular matrices

B=LU.

Because of this representation, the method is also called the LU factorization or LU de-
composition. In the more general case, where row permutations are used, the matrix L
and hence L may no longer be lower triangular, but the method is still known as the LU
factorization.

Our overview of the implementation of the LU factorization will begin with a dis-
cussion of the method for computing the factors of the LU decomposition, storing them in
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compact form, and performing computations using this compact form. Next we will discuss
how to solve the systems of equations that arise in the course of a simplex iteration. Finally,
we will discuss how to update the factorization following a simplex iteration, when one
variable leaves the basis and another variable enters.

We start with the triangulization of the matrix B:

L.P,---LiPB=U.

For simplicity we denote the intermediate (“partially” upper triangular) matrices generated in
the course of the factorization (regardless of the step) by U. The P; matrices are elementary
permutation matrices formed by switching two rows of the identity. Specifically, if P is an
elementary permutation matrix obtained by switching rows j and k of the identity, then the
operation PU switches rows j and k of U (see the Exercises). In general the permutation
matrix need not be formed explicitly. Only the indices of the rows being interchanged need
be stored. If P, say, interchanges rows j and k, then multiplying P from the right by a
column vector, or from the left by a row vector, simply switches elements j and & of the
vector.

The matrices L; are the matrices that perform the elementary row operations involved
in Gaussian elimination. The matrix L; that pivots on column s of U is the identity matrix
with its sth column replaced by

0
n= 1 s,
_us-‘rl.s/us,s

_ﬁm,s/ﬁx,s
where {ﬁj,s } are the entries in U (see the Exercises). Denoting column s of the identity
matrix by e;, we can write L; as

Li=1+4n—ee..

The elementary matrices need not be formed explicitly. Only the index s of the pivot
term and the lower part of the eta vector containing entries s + 1, ..., m need be stored.
Using just this information, it is easy to premultiply or postmultiply the matrix by a vector.
For example,

0

Lia= I+ —e)e))a=a+ () —e)as =a+a
Ns+1
Nm
Thus, to compute L;a we take the vector a and add to its subdiagonal portion (components
s+ 1,...,m) the corresponding portion of a, times 7.
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Forming ¢’L; is also easy, since
Li ="+ —e)e)) ="+ (c"n—cp)el
=(c1 ¢ ... cs_1 cTpy Cs41 +-- Cm)-

Thus, the computation ¢”L; leaves ¢ unchanged, except for its sth component which is
replaced by ¢’7.

Factorization of the matrix B using the product form is done a column at a time,
starting with its first column. At the beginning of step k£ we typically have an “eta file”
consisting of the eta vectors from the previous iterations, their associated pivot index, and
the permutations applied. Available also are columns 1, ...,k — 1 of U. In the course of
triangularizing column k of B we first compute the effect of all previous row operations on
the column. After a possible row interchange, the top part of the resulting vector will be
column k of U, while the subdiagonal portion will define the elimination eta vector.

Example 7.10 (LU Factorization). We will illustrate the factorization using the 3 x 3
example
16 —-42 -038
B = (4.0 15 3.0)
80 -10 1.0

from Appendix A.6. We will use partial pivoting which chooses at each iteration & the pivot
term with largest magnitude from among those available.
At the first step, rows 1 and 3 are switched:

P 1«3

therefore P is defined by the pair (1, 3) indicating that P; is obtained by switching the first
and third rows of the identity matrix. The effect of this on the first column of B is

8.0
PLBs = (4.0) |
1.6
We now record the first column of U, the eta vector, and the row index of the pivot:

8 1
U1=(0>, 771=<—0.5), S1=1.
0 -0.2

Only the second and third components of 1, need be stored since the first component will
always be 1. At the second step we first reconstruct the effect of L, P; on the second column

of B:
—4.2 -1 -1 0 -1
Llplgzzm( 1.5)=L1( 1.5):< 1.5)_(_0.5)2( 2).
-1 —4.2 —4.2 0.2 —4

Since the third element is greater than the second we define P, by the pair (2, 3):

le 2« 3.
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-1
PB; = (—4),
2
-1 0
U2=(—4), 172=<1), S2=2.
0 0.5

Here only the third element of 7, need be stored. At the third and last step we reconstruct
the effect of L, P, L1 P; on the third column of B:

Since

we obtain

—0.8 1
LoPoL1P1Bs = LyPoL1 Py ( 3 ) =LyPLg ( 3 )
1 -0.8

ol ) 3
- G- ()
()

_ To solve a system of the form Bx = a we use the fact that LB = U to obtain
La = Ux. We compute the vector

We obtain

w=Lb=L,P ---LiPa

and then solve
Ux =a.
_ Likewise, to solve a system y’B = ¢’, we use the fact that LB = U to obtain
yIL71U = ¢T. Defining u” = yTL~ (so that u”’L = y*) we first solve for u in
u'U = CT,
and then compute y: .
yi=u'L=u"L,P,---L1P;.

Example 7.11 (Solution of System of Equations). Consider the system Bx = a, where B
is the matrix in the previous example and a = (0, 10, 10)7. We first compute

0 10
w = L2P2L1P1b = L2P2L1P1 (10) = L2P2L1 (10)
10 0

10 10 10
:szz( 5):L2<_2):(_2).
—2 5 4
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Solving the system Ux = w, we obtain through backsubstitution that

2x3 =4 — x3 =2
—Axy —2=-2—>x=0
8x1+2=10—>x; =1

so the solution is x = (1, 0, 2)7.
Consider now the system y’B = ¢ where ¢ = (32, —20, 4)”. We first solve for « in

u'U = T to obtain
8u; =32 > u; =4

—4—Auy = -20—> uy =4
4—442u3=4—->u3=2

so that u = (4, 4, 2)”. Next we compute y” = u”L:

vy =uTLyP,LiPy=(4 4 2)LyP,LiPr=(4 5 2)PL P
=(4 2 5)LiPL=(2 2 5P=(5 2 2). [ |

So far we have described how to factor the initial basis matrix B. In most simplex
iterations—when one variable leaves the basis and another variable enters the basis—we
do not factor B from scratch. Instead the existing factorization is updated by performing
additional elementary row operations and permutations. As a result, the number of factorsin
the LU decompositions gradually increases from iteration to iteration. After some number of
iterations this ceases to be efficient, since the effort to update and use the factorization grows
with each iteration. It may also be true that the accuracy of the factorization has deteriorated.
At this point a new LU factorization of the current basis matrix is computed using the
techniques we have just described. This step is called a refactorization. A refactorization
is also typically performed at the final iteration (see Section 7.6.3).

We now describe the technique for updating the factorization when the basis changes.
We will describe here the technique proposed by Bartels and Golub (1969). Suppose that
LB = U, where { B; } and { U; } are the columns of B and U, respectively. Then

LB=L(By -+ By)=(U1 -+ Uy)=U.

Leta = A, and B; be the columns associated with the entering and leaving variables, respec-
tively. Instead of replacing B; by a, we will delete B; from B, shift columns B;.1, ..., By,
one position to the left, and insert the new column « at the end. This will give the updated
basis matrix B with

LB=L(By -+ Biy Biyx -+ By a)
=W - U~ Ugun - Uy w)=U,
where
w = La.

The reordering of the columns of B corresponds to a reordering of the basic variables x,.
The vector w can be obtained as a by-product of the computation of the entering column
A,, since it is computed in the first step of the solution of the system BA, = a.
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leaving column transformed

entering
/ column

X X X X X X X X X X X X
X X X X X X X X X X
X X X X ~ X X X X
U= U=

X X X X X X X
X X X X X
X / X X

S /

columns to be entries to be

shifted eliminated

Figure 7.2. Updating a factorization.

The columns of B are reordered so as to simplify the updating of the LU factorization.
As is seen in Figure 7.2, the matrix U is almost upper triangular—the only entries that need
to be eliminated are just below the main diagonal in columns i, ..., m — 1.

The subdiagonal entries in U are eliminated using Gaussian elimination with partial
pivoting. For column j (j = i,...,m — 1) the values |i; ;| and |i ;41 ;| are compared.
If |éi; ;| < |itj4+1.;], then rows j and j + 1 of U are interchanged. Then the entry U1
in the resulting matrix is eliminated. The resulting eta vector will only have one element
other than the diagonal, so storage is minimal. The update procedure corresponds to an LU
factorization of U, resulting in an updated upper triangular matrix U.

Example 7.12 (Updating the LU Factorization). Consider the basis matrix

2 -1 0 1 -2

3 1
-1 3 2 1 1
— 1 1 5 1
B=-3 3 3 -1 3
1 -1 -1 2 -2
o 1 o0 1 3

In the course of the factorization we find that no permutations are required, that the eta
vectors corresponding to pivot indices s; = 1, s, = 2, s3 = 3,and s, = 4 are

n

=
w
|

I
|
O NIF B NP =
=
N
|
|
= Nk AR RO

Nk = O O O



254 Chapter 7. Enhancements of the Simplex Method

and that the resulting upper triangular matrix is

2 -1 0 1 -2
0o 12 1 O
u=|0 02 -1 O
0 00 2 -1
0 00 0 2

Although the matrix LLsL3L,L1 is not formed explicitly, we will construct it here to
facilitate the exposition:

1 0 0 00

$: 1 0 00

L=| 3+ -3 1 00
11

-3 3 0 10

0 -1 1 11

Suppose that the entering column for the new basis is

2
0
a=| -1
4
3

and that

W NN DWW N

The new basis matrix (with column 2 deleted and « inserted at the end) is
2 0 1 -2 2
0
-1
4
1 3
and thus U is transformed into (with column 2 deleted and w at the end)
0o 1 -2

2 1 0
-1 0

0o 2 -1
0 0 2
Gaussian elimination is then applied to this matrix.

Nl

O B NN
|
N
|
NI N NIk B

N

[
I

O O OoN
N

W NI~ AW
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We start with column 2. No row interchange is required, so Ps = I. The elementary
matrix Ls corresponding to pivot term ss = 2 and eta vector

0
1
ns=1]-1
0
0
is used to eliminate the (3, 2) entry. The effect of this on the third column of Uis
1 1
1 1
Ll -1 ]| =| -2
2 0
0 0

Again no interchange is required (so Ps = I), and the elementary matrix Lg corresponding
to pivot term s¢ = 3 and eta vector

0
0
=11
1
0
eliminates the (4, 3) entry. The effect of these operations on the fourth column of U is
-2 -2 -2
0 0 0
LgLs 0| =L 0= 0
-1 -1 -1
2 2 2
Finally, a permutation matrix
Py 4«5

is used to interchange rows 4 and 5, and the elementary matrix L7 corresponding to pivot
term s; = 4 and eta vector

nr =

N, O O O

o

eliminates the (5, 4) entry. The effect of these operations on the fifth column of U are
computed via

L7P;LgLs =L;P7L¢ =L;P

W NIN w2 N
W NIN AN N
[SSRENENEENENE T S}
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~
N
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The resulting upper triangular matrix is

2 0 1 -2 2
02 1 0 1
U=|00 -2 0 -}
00 0 2 3
oo o o

This corresponds to the transformation
L:PLgLsU = U

orinturn
L7P;LgLsL4L3LyL B =U. 1

Although this example may seem daunting, when the problem is large and sparse,
the sparsity of the eta vectors can be used to great advantage. Various other schemes have
been developed to further accelerate the simplex iterations, either by attempting to reduce
fill-in, or by devising approaches that have fast access to data in computer memory, based
on the scheme for storing sparse data (see Appendix A.6.1). As an example, we note that
the LU factorization we described uses row interchanges to maintain numerical stability.
Unfortunately these interchanges can interfere with the sparse storage schemes used to
represent the basis matrix. A related updating scheme has been proposed by Forrest and
Tomlin (1972) that alleviates some of these difficulties. Inthis alternative, arow interchange
is performed at every step of the elimination for U, regardless of the values of it ;| and
it ;41,71 Because there is no choice about the interchange, this approach is less numerically
stable. Nevertheless, the Forrest-Tomlin update can be superior computationally.

Exercises

5.1. Use the simplex method to solve the linear programs in Exercise 2.2 of Chapter 5.
Use the product form of the inverse.

5.2. Consider the problem

minimize z = 34x1 + 5x, + 10x3 + 9x4
subject to 2x1+x2+x3+x3=9
dx1 —2xp +5x3+x4 <8
Adx; —xp+3x3+x4 > 5

X1, X2, X3, x4 > 0.

Let x5 be the slack variable corresponding to the second constraint, xg the surplus
variable corresponding to the third constraint, and let x; and xg be the artificial
variables corresponding to the first and third constraints, respectively. Assume that
the problem was solved via the simplex method, using a two-phase approach. The
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5.3.

5.4.

5.5.

5.6.
5.7.

5.8.

following information is available at the end of phase 1:

T
Xz = (X2, X5, x4)",

-1
s1=3, m= <—1>
1

=1, m=

NI NI NI

Find the current basic solution. Determine if it is optimal for phase 2, and if not, find
the optimal solution. Use the product form of the simplex method.
Let A be an m x n matrix. Suppose that a,; # 0. Let n be a vector of length m
such that n, = 1/a,,, and n; = —a; ,/a,, fori # s. Let E be the elementary matrix
obtained by replacing the sth column of the m x m identity matrix by the vector 5.
(i) Prove that multiplying A on the left by E is equivalent to pivoting on A with
ay,; as the pivot.
(ii) Let F be a matrix obtained by replacing the sth column of an m x m identity
matrix by the ¢th column of A. Prove that F~* = E.

Let E be an m x m elementary matrix with eta vector . Suppose that n has < m
nonzero elements. Let a and ¢ be dense vectors of length m.

(i) Show that the matrix-vector product Ea requires [ multiplications and [ — 1
additions.

(i) Show that the matrix-vector product ¢”E requires / multiplications and / — 1
additions.

Compute the number of multiplications/divisions required in the kth iteration of the
product form of the simplex method. (You may assume that the problem is dense.)
Also compute the total number of multiplications/divisions required in k iterations
of the product form of the simplex method.

Verify the calculations in Example 7.8.

Compute the inverse of the matrix

1 0 0 01
010001
B=]J0 01 0 1
00011
11116

by sequentially replacing the ith column of the identity matrix by the ith column of
B and performing the required pivot operations. Show that most of the eta vectors
obtained are sparse. Compute B~ explicitly, and verify that it is a dense matrix.

Consider the matrix 4

O O
PN WwWwOo
R, ODN

0
0
1
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5.9.

5.10.
5.11.
5.12.

5.13.

5.14.

5.15.

5.16.

(i) Represent B using the product form of the inverse. Incorporate the columns
in order (first column 1, then column 2, and so on).

(ii) Solve the linear system Bx = b with b = (1, —1, 1, —1)7 using the product-
form representation from (i).

Assume that B is the current basis matrix, B is the new basis matrix, A; is the column
corresponding to the leaving variable (and is in column s in B), and that A, is the
column corresponding to the entering variable. Show that B—! = EB~! where

E=14n—e)e

and e, is column s of the identity matrix. Also show that B = BF where F =
I+ @A, —Ayel.

Prove that the product of two lower triangular matrices is lower triangular.

Prove that if the inverse of a lower triangular matrix exists, it is lower triangular.

Let L, be an m x m lower triangular elementary matrix formed by replacing the sth
column of the identity matrix by ». Prove that L is obtained from the identity
matrix by replacing entries j = s + 1, ..., m of column s by —n;.

Supposethat L; and L ; are two lower triangular elementary matrices used in Gaussian
elimination, formed by replacing the ith and jth columns of the identity matrix,
respectively, by n; and n;. Prove that their product L; L ; is the identity matrix with
columns i and j replaced by n; and 7;, respectively.

Consider the matrix factorization
2 4 =2 0 2 4 =2
b:(l 6 5): 0 <0 4 6>:LU.
0 2 1 1 0 0 8

Replace the first column of B by a = (1, 3, 4)T and compute the updated factoriza-
tion.

Find an LU factorization of the matrix

QNI P
Ni= = O

0 2 4
B = 1 0 5
-2 2 0

Use partial pivoting. Note: Find the eta vectors for the factorization, but do not
form the eta matrices. Use the result to solve the system y”B = ¢I, where ¢! =
(2,11, —-8).

In a certain iteration of the simplex algorithm, the basic variables are x1, x, and x3,

and the basis matrix is
0o -2 2
B = ( 1 -2 0) .
-3 0 3

(i) Find the LU decomposition of the basis matrix using partial pivoting. Note:
Find the eta vectors for the factorization, but do not form the eta matrices.

(ii) Use the results of (i) to solve the system y’B = ¢I, where ¢! = (8, —10, 4).
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(iii) Suppose now that the second basic variable is replaced by x4, whose constraint
coefficients are
As=(0 =2 3)T.

Let B be the new basis matrix. Compute the updates required to obtain the
LU decomposition of B.
A 10
Bx = ( 0) .
12

(iv) Solve the system of equations
5.17. Compute the LU factorization of the matrix

1 00 0 1
01 001
B=]0 0 1 0 1
0 00 11
11116
5.18. Consider the matrix
4 0 0 2
01 30
B=100 21
1 1 1 1

(i) Find the LU decomposition of B using partial pivoting. Note: Find the eta
vectors for the factorization, but do not form the eta matrices.

(ii) Solve the linear system Bx = b with b = (1, —1, 1, —1)7 using the product-
form representation from (i).

7.6 Numerical Stability and Computational Efficiency

A great deal of effort must be expended to translate the simplex method into a high-quality
piece of software. Part of this effort is concerned with efficiency, making every step of
the method run as efficiently as possible. But there are other issues, such as reliability and
flexibility. Linear programming software should work effectively on a computer, where
the arithmetic is subject to rounding errors, and where the problems may not satisfy the
assumptions we have been routinely making (for example, that the constraint matrix has
full row rank). In addition, the software should be able to solve problems that are not
specified in standard form, but rather in a form that is more convenient to the user of the
software.

This section will describe some of the ideas and techniques that arise in the develop-
ment of software for the simplex method. Ideally, we would like to say, “This is the best way
to implement the simplex method,” but this is not possible. On different sets of problems,
on different computers, and on different variants of the simplex method, the choices can be
(and often are) different. Even subtle changes in the computer hardware can influence the
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way the software is written. If we tried to indicate the “best” techniques, there is a good
chance that our description would almost immediately be out of date, or would be invalid
in many contexts.

There isanother reason that limits our discussion. Many details of linear programming
software have never been published. They are implemented in the computer software, but
this software is often proprietary. Even if the corresponding algorithms have been published,
the algorithmic descriptions may be less precise than the software, with many small but
important details omitted. Such details of software craftsmanship are rarely mentioned in
research publications.

In this section we discuss a number of implementation issues: (a) the choice of the
entering variable (pricing), (b) the choice of an initial basis, (c) tolerances for rounding
errors, (d) scaling, (e) preprocessing, and (f) alternate model formats. The first issue will
occupy most of our attention.

Although many of our comments are motivated by specific software packages, our
discussion here avoids any such identifications and frequently uses words like “often” and
“usually.” This is an attempt to be accurate, as well as to avoid having our comments go
quickly out of date. Software packages may include alternative choices for specific steps in
the simplex method, with default choices selected to achieve good performance on a large
class of problems. The alternatives may be invoked at the request of a particular user, or
perhaps when the software itself identifies that the alternative might be preferable. Thus,
from problem to problem, the behavior of the software may change.

7.6.1 Pricing

One of the most expensive operations in the simplex method is pricing, i.e., the optimality
test. Because it is so expensive, simplex algorithms try to either reduce the costs of this step,
or to make better use of all the calculations to select a more promising entering variable.
Partial pricing is one technique for reducing the costs of the optimality test. Instead
of computing all the coefficients {éj } (full pricing), only a subset of these coefficients is
computed (100, say). If one of the optimality conditions is violated, then this violation
identifies an entering variable. If not, then another subset of the coefficients is computed.
This continues until either an entering variable is identified, or until it is determined that the
current basis is optimal.
A much different approach to pricing is in fact to do extra calculations to identify
a “better” entering variable. We will examine one such approach, called steepest-edge
pricing. Suppose that at the current iteration, ¢, has been used to select the entering column
A,. Then the variables x will be updated using the formula

Xp Xp
(5) = () o
where « is the minimum ratio from the ratio test, and p, is an edge direction, that is, p, isa

column of the matrix
—B7IN
2= (")
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(See Section 5.4.2.) The initial portion of p, is the vector —A, = —B~'A,, and the corre-
sponding reduced cost can be computed using

C=c — cZB‘lA, =(cI' yp = cIp,.
In our descriptions of the simplex method we have been selecting the entering variable as
the variable with the most negative reduced cost:

¢; = min chj,
j

where p; isthe column of Z corresponding to A ;. We will refer to this as the steepest-descent
pricing rule. If the entering variable is increased from zero to ¢, then the objective decreases
by ¢, €, suggesting that this choice may give the greatest reduction (“steepest descent™) in
the objective value.

The steepest-descent rule has a drawback. It measures improvement in the objective
per unit change in the variable x;. If the feasible region is rotated, then this measure would
change, even though rotating the feasible region is merely a cosmetic change to the problem.
It would be preferable to have a rule that was insensitive to transformations of this type.
We would like to measure improvement in the objective per unit movement along an edge
of the feasible region.

The steepest-edge rule does this. It selects the entering variable using

T
min <24
7wl

The rule determines how the objective function is changing in the direction determined by
the vector p;, without regard to the particular coordinate system used to represent it.
A disadvantage of the steepest-edge rule is that it requires the computation of

Ipil =1+ Ja|

for all nonbasic columns j. Computing these norms in the obvious way would require
computing {A_,-}, which would be prohibitively expensive. However, it is possible to update
the values of the norms inexpensively as the basis changes.

We will first show how to updateffj. (This is just an intermediate step in the derivation
of the steepest-edge rule; only the norm values are actually calculated by the algorithm.) To
derive this, we need a formula for updating the inverse of the basis matrix. Let us assume
that B is the current basis matrix, B is the new basis matrix, A, is the column corresponding
to the leaving variable (and, for simplicity, is in column s in B), and A, is the column
corresponding to the entering variable. Then (see the Exercises)

B '=EB™,
where E is a matrix of the form

E=1+4n—e)el
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and e, is column s of an m x m identity matrix. More specifically,

—&11/&“ 0

_&sfl,t/&s,t
n—eé = l/as,t - = s
_as+1,t/as,t

O ..
>

o
B

_&m.t/as,t 0

where A, is the entering column and ay.; is the pivot entry at the current iteration. We also
define

o=B""e,

that is, o is equal to row s of B~1. Expanding the formula for B~ gives

Bt=EB™!
=B'+ (n— es)eXTBfl
_ p-1 1 _ANAT
=B+ — (e, —Ay)o".
As ¢

Let A; be a nonbasic column in both the current and the new basis. Then

- _ 1 .
B'A; =B 1Aj+& (es —A)oTA;
st
~ O'TAj ~
:Aj+ ~ (es —Ap).
A ¢t

This formula can be used to update the norms of the vectors { p; }. First notice that

~ |12
[pi1* =1+ |4;

If we define y; = |4 |° =A[A; = (BLA)"(B~1A,) and 7; = | B~ A, |, then

7i=BANTBA)

oTA; 2 . oTA;\ . AT A
:Vj+( _ ’) (1—2as,z+yt)+2< . j>(aw-—Aj ).
As,t st

This formula can be reorganized to make it more suitable for computation. The final term
can be adjusted using the identity

AT A _ N A
A A, = (B'A)A, = AT(BTTA)).
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Also, since

two of the terms involving a, , cancel. As a result we obtain

- oTA\° oTA R
vi=vi+|—=—2) Q+w—2( =L )AlBTA).
a a. J

s, s,t

A slightly different formula can be derived for the coefficient of the leaving variable. (See
the Exercises.)

This final formula is the basis for the steepest-edge rule. It requires the calculation of
B~TA,, some additional inner products, as well as storage for { Vi } and the initialization
of these quantities. (The other calculations are by-products of the simplex method.) For
sparse problems, many of the o7 A ; terms can be zero, so the number of extra calculations
required to implement this technique may not be excessive.

Example 7.13 (Steepest Edge Update Formula). Consider the constraint matrix
1 204 15
A= (0 1 2 25 4) .
0 01 1 35

We will begin with the basis x, = (x1, x2, x3)7 so that

120 1 -2 4
B:(O 1 2) and B-1=<0 1 —2>.
0 0 1 0 0 1

For the nonbasic columns,

N 4 . 3 . 17
A4=B—1A4=(0>, A5=<—1>, and Aez(—G).
1 3 5

The new basis will be X, = (x1, x2, xa)Tsothats = 3, t = 4, ¢, = (0, 0, 1)7, and

i 1 2 4 i 1 -2 0
B:(O 1 2) and B-1=<0 1 —2>.
0 0 1 0 0 1
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We will concentrate on the final two columns of A, the columns that remain nonbasic. Then
&S,t = 11
o=BTe,=(0 0 1)7,

and

ks =0'As/ds; =3
ke = o' Ag/dy, = 5.
Now it would be possible to update As and Ag using
As < As + ks(e; —A,)
Ag < As + Keles —A)),
although this is not required by the steepest-edge rule.
Now let us examine the update formula for the squares of the norms of these vectors.

Initially
Y4 = 17, Y5 = 19, and Y6 = 350.

We compute
4
B TA, =B TA, = (—8) .
17
Then
75 = s+ (L+ ya) — 2csAS(B™TAg) = 91
Vo = o + kg (L+ ya) — 26 A{(B~TAg) = 70,
and these are the squares of the norms of the vectors in p. |

The steepest-edge rule can dramatically decrease the overall number of simplex iter-
ations required to solve a linear program. It is especially valuable within the dual simplex
method since in that setting a separate calculation is not required to obtain the vector o. For
further details, see the paper by Forrest and Goldfarb (1992).

There are other pricing rules that attempt to choose a better entering variable than given
by the steepest-descent rule. One of these, called Devex, only approximates the norms that
are computed exactly by the steepest-edge rule. The costs per simplex iteration are lower,
but more iterations are typically required. For further information on the Devex and other
approximate forms of steepest-edge pricing, see the papers by Harris (1973), Goldfarb and
Reid (1977), and Swietanowski (1998).

Currently, steepest-edge pricing is considered to be a good choice for the dual simplex
method, whereas for the primal simplex method it is preferable to start with partial pricing
and later switch to Devex or some other form of approximate steepest-edge pricing.

7.6.2 The Initial Basis

Many software packages can take advantage of a specified initial basis, that is, if the user
is able to provide one. More commonly, the package will have to determine an initial basis
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automatically. The simplex method can be initialized with a basis consisting of slack and/or
artificial variables. However, if the model is feasible, the optimal basis need not contain any
artificial variables. Also, if a slack variable is in the optimal basis, then the corresponding
constraint is redundant. Hence an initial basis consisting of artificial and slack variables
might have little in common with the optimal basis, and the simplex algorithm would then
have to perform a great many pivots before reaching the optimal solution.

For these reasons, some packages attempt to find an initial basis that avoids using
artificial variables and (to a lesser extent) slack variables. This operation is sometimes
referred to as a crash procedure. One such strategy is described in the paper by Bixby (1993).

Crash procedures attempt to choose an initial basis B according to criteria such as
(@) the columns of B do not correspond to artificial variables, (b) the columns of B are
sparse, (c) the columns of B form an (approximately) upper or lower triangular matrix,
(d) the diagonal entries of B are suitable pivot entries for Gaussian elimination, (e) the
matrix B is not “too ill conditioned,” and (f) the columns of B are “likely” to be in the
optimal basis.

A crash procedure can reduce the number of simplex iterations required to find an
optimal solution. However, the initial basis that results will be less sparse than for a
slack/artificial basis (where B = I) so the early simplex iterations will be more expen-
sive, and the resulting savings in computer time may not be as dramatic.

7.6.3 Tolerances; Degeneracy

Ideally, linear programming software would return a solution that exactly satisfied the con-
straints, all of whose variables were nonnegative, and where all the optimality conditions
were satisfied. Unfortunately, due to the realities of finite-precision arithmetic, this is not
always possible. Instead, the computed solution will only satisfy these conditions to within
certain tolerances related to machine epsilon emac (the accuracy of the computer arithmetic;
see Appendix B.2). The tolerances indicated below are based on a value of eyaeh &~ 10716,
Many software packages allow the user to modify the tolerances used by the algorithm.

Not all of these conditions are equally difficult to satisfy. If x, is computed using an
LU factorization of B with partial pivoting, then

|Bx; — bl
I1BI - llxsll

This indicates that (under these assumptions) the constraints Ax = b will be satisfied
to near the limits of machine accuracy. These assumptions are not fully satisfied in linear
programming software, however. The pivoting strategy may be modified to enhance sparsity
of the factorization, and updates to the factorization can lead to additional deterioration. In
fact, if || Bx, — b|| (scaled as above) becomes “too large” (larger than 10~°, say), then this
is an indication that it is time to refactor the basis matrix. Also, it is common to refactor the
basis matrix at the optimal point to enhance the accuracy of the computed solution.

The computed solution may violate the nonnegativity constraints x > 0 (primal
feasibility) or the optimality conditions (dual feasibility), but only by a small amount. For
example, violations in these conditions of up to 10~® might be tolerated.

In addition, small coefficients in the model might be ignored. For example, any entry
in A satisfying (say) |A; ;| < 10~*2 might be replaced by zero.

= O (€mach)-
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These tolerances for zero can be exploited as a technique for resolving degeneracy.
Suppose that at some iteration of the simplex method the step procedure resulted in a step of
zero. Then the feasibility tolerance for the corresponding basic variable could be randomly
perturbed. The simplex algorithm would allow this variable to become slightly negative,
and a nonzero step would be taken. The perturbed problem would not be degenerate. Similar
perturbations could be incorporated whenever a degeneracy was detected. Later, when the
solution to the perturbed problem had been found, the perturbations would be removed.
The current basis might then be infeasible, and additional calculations would be required
to restore feasibility with respect to the original problem. These further calculations would
correspond to a phase-1 problem.

It is common to encounter degeneracy when solving large practical linear program-
ming problems. Strategies such as these are important enhancements to software for the
simplex method.

The tolerances can be used in a similar manner within the ratio test to expand the
list of potential leaving variables. This can be of value in controlling ill-conditioning in
the basis matrix, since leaving variables associated with small pivot entries can perhaps be
avoided. For further details, see the paper by Bixby (1993).

7.6.4 Scaling

It is possible to make a problem ill conditioned merely by changing the units in which the
model is specified. For example, consider the constraints

(2 3)(2)-()

The matrix has condition number equal to 2. Suppose that the first constraint measures
kilograms of flour, say. If this first constraint is changed so that it measures grams of flour,
then the system of constraints becomes

3000 1000\ (x1\ _ (5000
1 3 x2 ) 9/’

and the condition number of the transformed matrix is approximately 1250, which is about
1000 times worse than before. A similar situation would occur if the variable x; had its
units changed via a change of variables of the form

)21 = 1000)61,

causing a column of the matrix (as well as the cost coefficient ¢;) to be modified.

Transformations such as these are cosmetic changes to the model and lead to new
models that are mathematically equivalent to the originals. However, on a computer where
finite-precision arithmetic is used, they can alter the behavior of the simplex method and
lead to a deterioration in performance.

Scaling problems can also arise if the model includes a large upper bound for a variable
that need not have an upper bound. For example, the model might replace the constraint
0 < x5 with

0 < x5 < 10%,
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where the value 10% is out of scale with the remaining data in the model. This can cause
difficulties if at some iteration the variable is set equal to its upper bound.

It is not uncommon to encounter such “poorly scaled” problems. Large models are
developed over a long period of time, often by a changing team of people, making it difficult
to ensure that all the constraints are measured in consistent units. Or perhaps data might
be collected from a variety of agencies whose reporting schemes did not conform to any
common standard.

Linear programming software attempts to cope with such difficulties by scaling of the
variables and constraints. (In some codes this is done by default; in others it is optional.) A
simple scaling rule divides the ith constraint (including the right-hand side) by

mjax |a;, ;1

to obtain A. Then the jth column of A and the cost coefficient c; are divided by
max la; ;|

to obtain A. Then the simplex method is applied to the transformed problem. If this scaling
is used, then the largest entry (in absolute value) in any nonzero row or column of A is equal
to 1 (see the Exercises).

This scaling strategy is heuristic in the sense that it is not guaranteed to improve the
performance or accuracy of the simplex method. Ideally the scaling would be chosen so
as to minimize, or at least reduce, the condition numbers of the basis matrices B. Such a
strategy is not practical, even for finding an ideal strategy for a single basis, let alone a set
of bases. For more information on scaling, see the paper by Skeel (1979).

7.6.5 Preprocessing

Since large models are often created by teams of people or automatically by software, it
is common for these models to contain redundancies. These redundancies are generally
harmless, so there is little motivation for the creator of the model to examine a model in
detail in an attempt to eliminate them. Even though they are harmless, these redundancies
do increase the size of a model, and this can lead to computational inefficiencies.

Some software packages attempt to eliminate redundancies by preprocessing the
model before applying the simplex method. We will list some of these techniques here.
Further ideas can be found in the papers by Lustig, Marsten, and Shanno (1994); Brearly,
Mitra, and Williams (1975); and Andersen and Andersen (1995).

If all the entries in a row of A are equal to zero, then either the constraint is redundant
(if the right-hand side is zero) and the constraint can be deleted, or it is inconsistent and the
problem is infeasible. A similar technique can be applied if a column of A is zero, in which
case the dual problem might be infeasible.

Arow of the matrix might represent a simple bound on a variable that had been written
as a general constraint. It is better to handle such a constraint explicitly as a bound (see
Section 7.2).
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The upper and lower bounds on a variable might be equal (see Section 7.6.6), for
example,
3<x5<3.

Then 3 could be substituted for x5 throughout the model, and x5 eliminated.
A more sophisticated technique uses the bounds on a variable to identify redundant
constraints. For example, suppose the model contained the constraints

x14+x2 <20
0<x1 <10
0<xp,<5.

Then the first constraint could be removed from the model since the upper bounds on the
variables indicate that x; + x, < 15.

These rules could be applied repeatedly to a model since one set of reductions might
reveal new possibilities. Once this process had stabilized, the simplex method would be
applied to the reduced problem. Then, after the solution had been found, the transformations
would be reversed to find the solution to the original problem.

7.6.6 Model Formats

We have assumed that the linear program being solved is in standard form;

minimize z = c'x

subjectto Ax =b
x> 0.

We have discussed how to convert any linear program into standard form, so this is not
a restrictive assumption, but it can increase the size of a model unnecessarily. Linear
programming software usually allows more general models, such as

minimize z=cx

subjectto Ax =b
L <x<u,

or even _ T
minimize z=c'x

subjectto by < Ax < b,
L <x<u,
where by, by, £, and u are (possibly infinite) upper and lower bounds on the constraints and
the variables. Models of these types can be solved using straightforward variants of the
simplex method (see Section 7.2).
This flexibility permits models that might seem eccentric or even perverse. For ex-
ample, it would allow a free constraint:

—00 < Tx1 4 9xp < 4o00.

This might arise if a user was interested in solving a linear program, and then knowing
the values of alternate objective functions at the optimal point x,. Each of these objective
functions could be included in the original model as a free constraint.
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It would allow a fixed variable:
1<x3<1.

This might arise if a general, open-ended model were being developed for a company, but
currently there was no flexibility for certain terms in the model. It would also allow a free
variable:

—00 < Xxg < 00,

a variable that can take on any value.

All of these cases can be handled by the simplex method. A free constraint is always
satisfied, so it can be ignored until the problem is solved and the solution is presented to the
user. Fixed variables are just constants in the model.

Free variables could be handled by the software in several ways. One way would be
to eliminate them from the problem. For example, if x4 appeared in the constraint

5x4 + x5 — 3x¢ = 2,

then the equivalent formula
X4 = £(2 — x5 + 3x5)

could be substituted for x4 everywhere in the model. However, this approach can destroy
some of the sparsity in the model. Instead, it may be preferable to retain x, in the model
and add it to the basis as soon as possible. Once a free variable enters the basis it will never
leave the basis, since a change in the value of the entering variable will not cause the free
variable to violate a bound. The only way that a free variable will not be part of the optimal
basis is if its reduced cost is zero at every iteration.

Exercises
6.1. Let

1 3 2587
A:(O 2 51 4 6).
0 03521

Suppose that the current basis uses the basic variables x, = (x1, x2, x3)T and the new
basis ¥, = (x1, x2, x¢)”. Use the formulas for the steepest-edge pricing scheme to
compute the updated vector y corresponding to columns 4 and 5 of A.

6.2. In a linear program, suppose that the jth variable is transformed via x’; = 6x;,
where 6 > 0. Is the steepest-edge pricing rule affected by this change? Explain your
answer.

6.3. The discussion of the steepest-edge pricing rule did not derive the formulas corre-
sponding to the leaving variable. Using the notation of Section 7.6.1, show that

B7YA, = e, + (L), ) (es —A) = (L+ 1/a e, — (1/as A,
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and
o = (/a2 )L +y) — L.
Verify your result using the data in Example 7.13.
6.4. Another possible pricing scheme would be to determine, for each potential entering

variable, what the new value of the objective function would be if that variable were
to enter the basis. Why would this scheme be expensive within the simplex method?

6.5. Suppose that the scaling strategy in Section 7.6.4 is applied to an m x n matrix A
to obtain a scaled matrix A. Assume that no row or column of A has all its entries
equal to zero. Prove that

max|a; ;| =1 forl<j <n,
1

maxla; ;| =1 forl<i <m.
J

7.7 Notes

Product Form—The product form of the inverse was developed by Dantzig and Orchard-
Hays (1954).

Column Generation—The technique of column generation is described in the papers
of Eisemann (1957), Ford and Fulkerson (1958), and Manne (1958). The cutting stock
problem is discussed in the papers of Gilmore and Gomory (1961, 1963, 1965). The
knapsack problem is discussed in the book by Nemhauser and Wolsey (1988, reprinted
1999).

Decomposition—The decomposition principle is due to Dantzig and Wolfe (1960).
The implications for parallel computing are discussed in the paper by Ho, Lee, and Sundarraj
(1988).

In our description of the decomposition principle, a point x is represented as a convex
combination of all the extreme points for the set described by the easy constraints. In cases
such as our example, where these constraints can be decomposed into independent subprob-
lems, the convex combinations can also be decomposed, and this can lead to computational
efficiencies; see the paper by Jones et al. (1993).

Numerical Stability and Computational Efficiency—In addition to the references
cited in this section, general discussions of computational issues for the simplex method
can be found in the books by Nazareth (1987) and Vanderbei (2007).



Chapter 8
Network Problems

8.1 Introduction

Linear programming problems defined on networks have many special properties. These
properties allow the simplex method to be implemented more efficiently, making it possible
to solve large problems efficiently. The structure of a basis, as well as the steps in the simplex
method, can be interpreted directly in terms of the network, providing further insight into
the workings of the simplex method. These relationships between the simplex method and
the network form one of the major themes of this chapter. We use them to derive the network
simplex method, a refinement of the simplex method specific to network problems.

Network problems arise in many settings. The network might be a physical network,
such as a road system or a network of telephone lines. Or the network might only be a mod-
eling tool, perhaps reflecting the time restrictions in scheduling a complicated construction
project. A number of these applications are discussed in Section 8.2.

8.2 Basic Concepts and Examples

The most general network optimization problem that we treat in this chapter is called the
minimum cost network flow problem. It is a linear program of the form

minimize z=cx

subjectto Ax =b
L <x<u,

where ¢ and u are vectors of lower and upper bounds on x. We allow components of ¢
and u to take on the values —oo and +o0, respectively, to indicate that a variable can be
arbitrarily small or large.

The notation for describing network problems is slightly different than for the linear
programs we have discussed so far. Consider the network in Figure 8.1. You might think of
this as a set of roads through a park. This network has seven nodes (the small black circles)
and eleven arcs connecting the nodes. The nodes are numbered 1-7. An arc between nodes
i and j is denoted as (i, j). So, for example, this network includes the arcs (1, 2) and (4, 5).

271
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12
11

we
(%))

Figure 8.1. Sample network.

In this example, the existence of an arc (i, j) means that it is possible to drive from node i
to node j, but not from node j to node i. There is a difference between arc (i, j) and arc
(j, i). Foreacharc (i, j) the linear program will have a corresponding variable x; ; and cost
coefficient ¢; ;. The variable x; ; records the flow in arc (i, j) of the network, and for this
application it might represent the number of cars on aroad. In this problem there are eleven
variables, one for each road. (The remaining information on the network is explained in
Example 8.1.)

In the general network problem there will be a variable for each arc in the network,
and an equality constraint for each node. We assume that there are m nodes and » arcs in
the network, so that A is an m x n matrix.” The bounds on the variables represent the upper
and lower limits on flow on an arc. Often the lower bound will be zero.

The ith row of the constraint matrix A corresponds to a constraint at the ith node:

(flow out of node i) — (flow into node i) = b;,

or in algebraic terms

E xi,j_z X,i = bi,
j i

where the respective summations are taken over all arcs leading out of and into node i. If
b; > 0, then node i is called a source since it adds flow to the network. If b; < 0, then the
node is called a sink since it removes flow from the network. If 5; = 0, then the node is
called a transshipment node, a node where flow is conserved. A component c; ; of the cost
vector ¢ records the cost of shipping one unit of flow over arc (i, j).

Example 8.1 (Network Linear Program). Consider the network in Figure 8.1. We now
use it to represent the flow of oil through pipes. Suppose that 50 barrels of oil are being
produced at node 1, and that they must be shipped through a system of pipes to nodes 6 and
7 (20 barrels to node 6, and 30 barrels to node 7). The costs of pumping a barrel of oil along
each arc are marked on the figure. The flow on each arc has a lower bound of zero and an
upper bound of 30.

Node 1 is a source and nodes 6 and 7 are sinks. The other nodes are transshipment
nodes. The cost of each arc is marked in the figure. The corresponding minimum cost linear

This reverses the more common usage of » for the number of nodes and m for the number of arcs that is used
in many references on network problems. This choice, however, provides consistency with the other chapters in
this book, where n refers to the number of variables and m refers to the number of constraints.



8.2. Basic Concepts and Examples 273

program is

minimize z = 12x35 4+ 15x1.3 + 9x2.4 + 8x26 + 7x34 + 6x35
+ 8x4,5 + 4X4’5 + 5)C576 + 3X5’7 + 11lx6 7

subjectto  x1 + x1,3 =50

X2.4+ X206 —Xx12=0

X34+ x35 —x13=0

X45+ X406 —X24 —x34=0

X5+ X57 — X35 — X45 =0

X6,7 — X2,6 — X4,6 — X556 = —20

—X5,7 — Xg,7 = —30

0 <x <30

The constraints are listed in order of node number, where the left-hand side of the constraint
corresponds to (flow out) — (flow in). If we order the variables as in the objective function,
then in matrix-vector form the linear program could be written with cost vector

c=(12 15 9 8 7 6 8 4 5 3 1),
right-hand side vector
b=(5 0 0 0 0 —20 —30)7,

and coefficient matrix

1 1
-1 1 1

-1 -1 -1 1
-1 -1

Each column of A has two nonzero entries, +1 and —1. Each column corresponds to an arc
(i, j): +1appearsinrow i and —1 in row j to indicate that the arc carries flow out of node
i and into node ;. |

The total supply in the network is given by the formula

S = Zbl

{i:b;>0}

and the total demand by
D=— Z b,’.
{i:b;<0)

We will assume that S = D (that total supply equals total demand). A network can always
be modified to guarantee this. If S > D, that is, there is excess supply, then an artificial
node is added to the network with demand S — D, and artificial arcs are added, connecting
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Figure 8.3. Transformed networks.

every source to this artificial node; each such arc has its associated cost coefficient equal
to zero. (This assumes that there is no cost associated with excess production.) If there is
excess demand, then an artificial node is added with supply D — S, together with artificial
arcs connecting this artificial node with every sink. These new arcs have cost coefficients
that correspond to the cost (if any) of unmet demand.

Example 8.2 (Ensuring that Total Supply Equals Total Demand). Consider the networks
in Figure 8.2. The first has excess supply and the second has excess demand.

If artificial sources and sinks are added appropriately, together with the associated
artificial arcs, then the networks are brought into balance. The results of these transforma-
tions are illustrated in Figure 8.3. No cost has been associated with either excess supply or
excess demand. |

We have written above that there are lower and upper bounds on every flow: ¢ < x <
u. For the sake of simplicity, when deriving the network simplex method in this chapter we
will assume that the variables are only constrained to be nonnegative:

x> 0.

This simplifying assumption can be made without any loss of generality. (The reasons for
this are outlined here, although their justification is left to the Exercises.) Asimple change of
variables can be used to transform £ < x into 0 < x. Upper bounds can also be eliminated.
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The technique used to eliminate upper bounds does increase the size of the linear program,
which can lead to an increase in solution time. An alternative is to develop a variant of
the network simplex method that handles upper bounds, analogous to the bounded-variable
simplex method developed in Section 7.2.

The constraint matrix A in a network problem is sparse. As observed in Example
8.1, each column of A has precisely two nonzero entries, +1 and —1. If (i, j) isan arc in
the network, then the corresponding column in A has +1 in row i and —1 in row j. This
implies that if all the rows of A are added together, then the result is a vector of all zeroes.
Thus, the rank of A is at most m — 1, where m is the number of nodes in the network. We
prove in the next section that the rank of A is exactly m — 1.

If we add together all the rows in the equality constraints Ax = b, then, by the above
remarks, the left-hand side will be zero. The right-hand side will sumto S — D (supply minus
demand), and so it also will be zero. Therefore, any one of the constraints is redundant.
The rank deficiency in A does not lead to an inconsistent system of linear equations.

There are a number of special forms of the minimum cost network flow problem
that are of independent interest. Special-purpose algorithms have been developed for these
problems, some of which are dramatically more efficient than the general-purpose simplex
method. For this reason, giving them individualized treatment has resulted in many practical
benefits. We will not discuss these special-purpose algorithms in this book, but we mention
some of these special problems to give some idea of the range of applications of network
models.

Inatransportation problem, every node in the network is either a source or a sink, and
every arc goes from a source node to a sink node. Hence the flow conservation constraints
have one of two forms:

Z Xi,j = bi
j

for a source with b; > 0, or

- Zxk,i =b;
k

forasink with b; < 0. Atransportation problem models the direct movement of goods from
suppliers to customers, where some cost is associated with the shipments.

Example 8.3 (Transportation Problem). Suppose that a toy company imports dolls man-
ufactured in Asia. Ships carrying the dolls arrive in either San Francisco or Los Angeles,
and then the dolls are transported by truck to distribution centers in Chicago, New York,
and Miami. We assume that the costs of the truck shipments are roughly proportional to the
distances traveled. The corresponding transportation problem is given in Figure 8.4, with
supplies and demands marked. Note that total supply equals total demand. |

An assignment problem is an optimization model for assigning people to jobs. Ev-
eryone must be assigned a job, and only one person can fill each job. It is a special case
of a transportation problem, where b; = 1 for a source and b; = —1 for a sink. There
are the same number of sources as sinks, because there are the same number of people as
jobs. An assignment problem is frequently written as a maximization problem with the
objective coefficients ¢; ; indicating the value of a person if assigned to a particular job
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Chicago
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2700 _ New York

Miami

Figure 8.4. Transportation problem.

(perhaps based on their experience or education, as well as the skill requirements of the
job). If required, the assignment problem can be expressed as an equivalent minimization
problem by multiplying the objective function by —1. Assignment problems suffer from
severe degeneracy, but special algorithms have been designed to solve them that are more
efficient than general algorithms for the transportation problem.

It is not normally possible to assign a fraction of a person to a fraction of a job, so an
assignment problem also includes the requirement that the variables take on integer values.
This integrality constraint is common to many network problems. We show in the next
section that, if the data for a network problem are integers, then any basic solution will be
integer valued, and hence an optimal basic feasible solution will be integer valued. For this
reason, we omit the integrality constraint from the model for an assignment problem.

Example 8.4 (Assignment Problem). Suppose that a company is planning to assign three
people to three jobs. The jobs are accountant, budget director, and personnel manager.
The first two people have degrees in business, but the second has ten years of corporate
experience, while the first is just out of school. The second and third persons both have
some management experience, but in different departments. The third person’s degree
was in anthropology. Based on this information, the personnel department has determined
numerical values { Cij } corresponding to each person’s appropriateness for a particular job.
The corresponding assignment problem is illustrated in Figure 8.5.
The corresponding linear program can be written as

maximize z = 11xy1 + 5x12 + 2x13 4+ 15x21 + 12x3,
+8x2.3 +3x31 + Lxz2 + 10x33

subject to the constraints

X11+x2+x13=1
X210+ X220 +x23=1
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Figure 8.5. Assignment problem.

x31+x32+x33=1

—X11 —X21— X331 =—1
—X12 — X2 —X32 =—1
—X13 —X23— X33 =—1

O<x<1. [ |

A shortest path problem determines the shortest or the fastest route between an origin
and a destination. It can be represented as a minimum cost network flow problem with
one source (the origin) with supply equal to 1, and one sink (the destination) with demand
equal to 1. There are usually many transshipment nodes where flow is conserved. The cost
coefficients {ci,j } represent the length of an arc, the time required to traverse a particular
arc, or the financial cost of using an arc.

Inmany applications the cost coefficients satisfy ¢; ; > 0. Thisisanatural requirement
if ¢; ; represents the length of arc (i, ;) in the network. If this requirement is satisfied, then
especially efficient algorithms are available to solve the shortest path problem. There exist
applications, however, where it is sensible to allow ¢; ; < 0. If negative costs are present,
the special-purpose algorithms can break down, and the shortest path problem can be more
difficult to solve.

Example 8.5 (Shortest Path Problem). The network in Figure 8.6 represents a road system.
Some of the streets are one way, while others can be driven in both directions. The goal is
to drive from the source (node 1) to the sink (node 11) via the shortest possible route. The
travel times for each road segment are marked on the arcs. |

Amaximum flow problem determines the maximum amount of flow that can be moved
through a network from the source to the sink. As in the shortest path problem, there is a
single source and a single sink. This problem includes an additional variable f that records
the flow in the network. For convenience, assume that node 1 is the source and node m is
the sink.
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Figure 8.6. Shortest path problem.

This problem is normally written in the form
maximize z=f
x.f
subjectto Y “xi;— Y xk1=f
j k
in’j—Zxk,izo, i=2,...,m—1
j k
2y = D Fem = —f
j k

0<uxij<u;.

(Note that f is a variable, even though it is written on the right-hand side of the constraints.)
If the artificial arc (m, 1) is added to the network, with unlimited capacity (u,,1 = +00),
then the maximum flow problem can be converted to an equivalent minimum cost network
flow problem:

minimize z = —x;.1
X

SUbjECttO in,j—Zxk,izo, i=1....,m
J 3

0<xij<u;.
The maximum flow problem is illustrated in the following example.

Example 8.6 (Maximum Flow Problem). Suppose that you wish to transport a large number
of military personnel between Seattle and New York by airplane. The network in Figure 8.7
indicates the available flights and the capacities (in hundreds) of the planes. The solution
to the maximum flow problem determines the number of people that can be transported, as
well as the routings that achieve this result. |
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Chicago
Seattle 9 Boston

Figure 8.7. Maximum flow problem.

The dual of a maximum flow problem can be interpreted in terms of cuts. A cut is
defined to be a division of the nodes into two disjoint sets, the first A'; containing the source,
and the second A/, containing the sink. The capacity of the cut is the sum of the capacities
of the arcs that lead from N7 to N5.

Example 8.7 (Cuts in a Network). Consider the maximum flow problem in Example 8.6.
If we pick the cut defined by the node sets V; = {1,2,3}and N> = {4, 5, 6, 7, 8}, then the
capacity of the cut is 5300 (the sum of the capacities of arcs (1, 4), (1, 8), (2, 4), (3, 4), (3, 5),
and (3, 7)). If we pick the cut defined by the sets A7 = {1,4,5,7}and AV, = {2, 3,6, 8},
then the capacity of the cut is 9100 (for arcs (1, 2), (1, 3), (1, 8), (4, 2), (4, 6), (7, 6), and
7,8). 1

A famous theorem states that the value of the maximum flow in a network is equal to
the minimum of the capacities of all cuts in the network, a result that we will sketch here.
This is a special case of the strong duality theorem for linear programming. For complete
details, see the book by Ford and Fulkerson (1962).

The dual of the original form of the maximum flow problem is

minimize  w =) u; jv; ;
y,v .

subjéct to Vm—y1=1
yi —yj+v ;>0 forallarcs(, j)
vij = 0.

The dual variable y; corresponds to the flow-conservation constraint for the ith node in the
primal. The dual variable v; ; corresponds to the upper bound x; ; < u; ; in the primal.

To show the relationship of the dual problem with cuts, let y; = 0 if node i is in the
set V1, and let y; = 1if node i is in the set A3. This ensures that y,, — y1 = 1. Letv;; =1
if arc (i, j) connects V; with N>, and let v; ; = 0 otherwise. It is straightforward to check
that this produces a feasible solution to the dual, and that the dual objective value is equal
to the capacity of the cut. The fact that the optimal solution to the dual corresponds to a cut
is left to the Exercises.




280

Chapter 8. Network Problems

Exercises

2.1.
2.2.
2.3.

2.4,

2.5.

2.6.

2.7.

2.8.

2.9.

2.10.

2.11.

2.12.

8.3

Write down the linear program for the transportation problem in Example 8.3.
Write down the linear program for the shortest path problem in Example 8.5.
Consider a network linear program where the variables have general lower bounds
¢ < x. Show how to use a change of variables to convert to a problem with nonneg-
ativity constraints 0 < x.

Consider a network linear program that includes upper bounds on the variables
0 < x =< u. Show, by adding an artificial node for every upper bound, how to
convert to an equivalent network problem without upper bounds on the variables.
Use the technique of the previous problem to remove the upper bounds in the linear
program in Example 8.1.

Consider an arbitrary minimum cost network flow problem with lower bounds ¢ = 0.
Show that a feasible point for this problem can be found by solving a related maximum
flow problem. Hint: Add a new “super source” to the network that can supply all the
given sources, and a new “super sink” that can absorb the demand of all the given
sinks.

Verify that the rank of the matrix A in Example 8.1 is equal to 6, one less than the
number of equality constraints.

Solve the linear program in Example 8.4 (either by using simplex software or by
examining the network in Figure 8.5) and verify that there is an integer-valued optimal
basic feasible solution.

Show (by constructing an example) that the objective value in a shortest path problem
with negative cost coefficients can be unbounded below.

Consider the maximum flow problem in Example 8.6.

(i) Write down the linear program for this problem.
(if) What is the dual of this linear program?
(iii) What is the capacity of the cut corresponding to the sets N7 = {1, 3,5, 6 } and
No=1{2,4,7,8}?
(iv) What is the dual feasible solution corresponding to this cut?

Consider a maximum flow problem and its dual, with Ay and N, being the sets
associated with a cut. Let y; = 0 if node i isin N, and let y; = 1 if node i is in N.
Letv; ; = 1ifarc (i, j) connects N, with A3, and let v; ; = 0 otherwise. Verify that
y and v are feasible for the dual.

Use duality results from linear programming to prove that an optimal basic feasible
solution to a maximum flow problem corresponds to a minimum capacity cut.

Representation of the Basis

Many of the efficiencies in the network simplex method come about because of the special
form of the basis in a network problem. As we shall prove below, a basis is equivalent to
a spanning tree, a special subset of a network that will be defined below. Before we can
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Figure 8.9. Subnetworks.

prove this important result, we shall need to define a number of terms relating to networks.
The terms will be illustrated using the sample network in Figure 8.8. This same network
was used in Example 8.1; the corresponding linear program will be referred to here also.

A subnetwork of a network is a subset of the nodes and arcs of the original network.
The arcs in the subnetwork must connect nodes in the subnetwork and must not involve
nodes that are not in the subnetwork. For example, if the subnetwork includes only nodes
1, 3, and 6, then an arc (1, 2) could not be part of the subnetwork because node 2 is not part
of the subnetwork; arc (6, 3) could be included if it was present in the original network.
Subnetworks are illustrated in Figure 8.9. A subnetwork is itself a network.

A path from node i; to node i, is a subnetwork consisting of a sequence of nodes i,
is, ..., i, together with a set of distinct arcs connecting each node in the sequence to the
next. The arcs need not all point in the same direction. For example, the path could contain
either arc (i, i) or arc (i, i1). See Figure 8.10.

A network is said to be connected if there is a path between every pair of nodes in the
subnetwork. See Figure 8.11.

Acycle is a path from a node i to itself. That is, it consists of a sequence of nodes i1,
i, ..., Iix = i1, together with arcs connecting them. See Figure 8.12.

Atree is a connected subnetwork containing no cycles. A spanning tree is a tree that
includes every node in the network. A tree and spanning tree for the network in Figure 8.8
are shown in Figure 8.13.

We will examine further the properties of trees and spanning trees. These are estab-
lished in a sequence of lemmas. For the remainder of this chapter we make the following
two assumptions about any network that we will consider: (a) the network is connected (if
not, the problem can be decomposed into two or more smaller problems), and (b) there are
no arcs of the form (i, i) from a node to itself. We are now ready to prove our results.
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Figure 8.12. Cycles.

Lemma 8.8. Every tree consisting of at least two nodes has at least one end (a node that is
incident to exactly one arc).

Proof. Pick some node i in the tree. Follow any path away from node i (one must exist
since the tree is connected). Since there are no cycles in the tree, eventually the path must
terminate at an end of the tree. 0
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Figure 8.13. Trees and spanning trees.

Lemma 8.9. A spanning tree for a network with m nodes contains exactly m — 1 arcs.

Proof. This is proved by induction on the number of nodes in the spanning tree. If the
spanning tree consists of one node, then there are no arcs. If the spanning tree consists of
m > 2 nodes, construct a subtree and subnetwork by removing an end node from the tree
and the network, as well as the arc incident to it. Lemma 8.8 shows that such a node exists.
The resulting tree has m — 1 nodes and (by induction) m — 2 arcs. Adding back the end
node and the corresponding arc gives a spanning tree with m nodes and m — 1 arcs. a

Lemma 8.10. If a spanning tree is augmented by adding to it an additional arc of the
network, then exactly one cycle is formed.

Proof. Suppose that arc (i, j) is added to the spanning tree. Since the spanning tree already
contains a path between nodes i and j, that path together with the arc (i, j) forms a cycle.
So the augmented tree contains at least one cycle. Suppose that two distinct cycles were
formed. They must both contain the new arc (i, j) because the spanning tree had no cycles.
Then the union of the two cycles, minus the new arc (i, j), also contains a cycle, but consists
only of arcs in the original tree. This is a contradiction, showing that exactly one cycle is
formed. a

Lemma 8.11. Every connected network contains a spanning tree.
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Proof. If the network does not contain a cycle, then it is also a spanning tree since it is
connected and contains all of the nodes. Otherwise, there exists a cycle. Deleting any arc
from this cycle results in a subnetwork that is still connected. It is possible to continue
deleting arcs in this way as long as the resulting subnetwork continues to contain a cycle.
Ultimately a subnetwork is obtained that contains no cycle and is connected and contains
all the nodes, that is, a spanning tree. a

The submatrix of A corresponding to a spanning tree has special structure: it can
be rearranged to form a full-rank lower triangular matrix. Let B be the submatrix of A
corresponding to a spanning tree. For the network in Figure 8.8, the matrix A was derived
in Example 8.1:

1 1

-1 -1 -1 1
-1 -1

For the spanning tree in Figure 8.13, the matrix B is obtained by selecting the columns
associated with the variables xj 2, x1.3, x2.4, X4.5, X4.6, and x 7:

1 1

-1
If the matrix B is rearranged so that the rows are listed in the order (3,1, 2,7, 5, 6, 4), and
the columns in the order (2, 1, 3, 6, 4, 5), then B is transformed into

-1

1 -1
-1 1 1

a lower triangular matrix with entries 1 along the diagonal. It is clear that the columns of
B are linearly independent, and hence B is of full rank. The following lemma shows that
this is always possible.

Lemma8.12. Let B be the submatrix of the constraint matrix A corresponding to a spanning
tree with m nodes. Then B can be rearranged to form a full-rank lower triangular matrix
of dimension m x (m — 1) with diagonal entries +1.
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Proof. By Lemma 8.9, a spanning tree consists of m nodes and m — 1 arcs, so B is of
dimension m x (m — 1). We will use induction to show that B can be rearranged into the
required form. If m = 1, then B is empty. If m = 2, then the spanning tree consists of one

arc so that either
1 -1
Bz(_l) or B:( 1).

Both of these matrices are of the required form.

Suppose that the result is true for spanning trees of m — 1 nodes. Now consider a
spanning tree with m nodes, and let node i be an end of the spanning tree. By Lemma 8.8
such a node exists. Since node i is only connected to one arc in the tree, row i of B has
exactly one nonzero entry, with value +1. Suppose that this entry occurs in column j of B.
Now interchange rows 1 and i of B, as well as columns 1 and j. Then B is transformed into

- +1 O
B = < v Bl> ’
where B; is the submatrix corresponding to the spanning tree with node i and the corre-
sponding arc removed, and v consists of the remaining portion of column j of B with row
i removed.
The matrix By represents a spanning tree for the network with node i removed, and
hence (by induction) it can be rearranged into a lower triangular matrix with diagonal entries

+1. Hence B can also be rearranged into this form. Since all the diagonal entries of the
rearranged matrix are nonzero, the matrix is full rank. a

We are now in a position to show the relationship between a spanning tree and a basis.
To do this we state two definitions. Given a spanning tree for a network, a spanning tree
solution x is a set of flow values that satisfy the flow-balance constraints Ax = b for the
network, and for which x; ; = 0 for any arc (i, j) that is not part of the spanning tree. A
feasible spanning tree solution x is a spanning tree solution that satisfies the nonnegativity
constraints x > 0. These definitions are analogous to the definitions of basic solution and
basic feasible solution.

Recall from Section 4.3 that a point x is an extreme point for a linear program in
standard form if and only if it is a basic feasible solution. Keep in mind, however, that in
Chapter 4 we assumed that the constraint matrix A had full rank, whereas here one of the
constraints is redundant. Hence the size of the basis will be m — 1, one less than the number
of rows in A.

Theorem 8.13 (Equivalence of Spanning Tree and Basis). A flow x is a basic feasible
solution for the network flow constraints

{x:Ax =b,x >0}
if and only if it is a feasible spanning tree solution.

Proof. For the first half of the proof, let us assume that x corresponds to a feasible spanning
tree solution. (That is, x is feasible, and the nonzero components of x together with, if
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necessary, a subset of the zero components of x are the variables for arcs that form a
spanning tree.) Let B be the submatrix of A corresponding to the spanning tree. By the
previous lemma the columns of B are linearly independent, and hence x is a basic feasible
solution.

For the other half of the proof, consider the set of arcs corresponding to the strictly
positive components of x. If these arcs do not contain a cycle, then they can be augmented
with zero-flow arcs to form a spanning tree, showing that x is a feasible spanning tree
solution. Otherwise, this set of arcs must contain a cycle. We may assume that, within the
cycle, all the flows are strictly greater than zero (if not, any arc with zero flow could be
removed from the subnetwork associated with x). If the flow on an arc (i, j) in the cycle is
increased by some small ¢ > 0, then the other flows in the cycle must be adjusted to maintain
the flow-balance constraints. Any arc pointing in the same direction as arc (i, j) has its flow
increased by ¢, and any arc pointing in the opposite direction has its flow decreased by ¢.
If € is sufficiently small, this can be done without violating the nonnegativity constraints.
Call this new flow x.. Similarly, if the flow on x; ; is decreased by ¢, we can obtain a new
feasible flow x_.. Since

1 1
X = 5Xe + 5X—¢

the flow x is not an extreme point, and hence not a basic feasible solution. Together these
remarks show that if x is a basic feasible solution, then x corresponds to a feasible spanning
tree solution. g

If the right-hand-side entries { b; } for a network problem are all integers, then any
basic feasible solution will also consist of integers. This is a consequence of the special
form of the basis matrix B. Let B be the matrix obtained by deleting the (dependent) last
row of the lower triangular rearrangement of B. A basic feasible solution can be obtained
by solving

Bx, =b,

where b is the correspondingly rearranged right-hand-side » with its last component re-
moved. This linear system can be solved using forward substitution: (x;); = Bl‘jbl, and
fori=2,...,m—1,

i—-1
(x3)i = B[Tgl (61 - Z éi,j(xl?)j)‘
=1

Since Ei,i = 41 forall i, and Bi,j = 0 or +1, then x, must consist of integers if b consists
of integers. By similar reasoning, if the cost coefficients {c,,j } are all integers, then the
dual variables must also be integers (see the Exercises).

This property has important practical consequences. Linear programs in which the
solutions are further constrained to take on integer values arise frequently. For example,
it is difficult to build two-thirds of a warehouse or to send half of a soldier on a mission.
Such problems are called integer programming problems. In general cases, they can be
difficult to solve, requiring auxiliary search techniques beyond the simplex method, such as
branch and bound or cutting plane methods (see the book by Nemhauser and Wolsey (1988,
reprinted 1999)). For network problems, however, the basic feasible solutions will always
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take on integer values, and hence an integer solution can be obtained just by applying the
simplex method to the linear program arising from the network.

Exercises

3.1. Foreach of the example networks in Section 8.2, identify a spanning tree and compute
the corresponding spanning tree solution. For the network in Figure 8.5, identify the
basis matrix B and show that it can be rearranged as a lower triangular matrix.

3.2. Show how to compute the spanning tree solution corresponding to any spanning
tree by first determining the flow at an end node of the tree, and then traversing the
tree along paths beginning at the end node. Use this technique to prove that, if the
supplies and demands for a network are integers, then any spanning tree solution
will consist of integers.

3.3. Prove that, if the cost coefficients {c,-,j } in a minimum cost network flow problem
are all integers, then the simplex multipliers corresponding to any basic feasible
solution must be integers. Hence prove that the values of the dual variables at an
optimal basic feasible solution must also be integers.

3.4. Let A be the constraint matrix for a network linear program. Prove that the determi-
nant of every square submatrix of A is equal to 0, 1, or —1. Such a matrix is called
totally unimodular. (Hint: Use induction on the size of the square submatrix.)

3.5. Consider alinear program in standard form with constraint matrix A, right-hand-side
vector b, and cost vector ¢. Assume that all the entries in A, b, and ¢ are integers.
Prove that if A is totally unimodular, then every basic feasible solution has integer
entries. Hint: Use Cramer’s rule.

3.6. For a connected network, prove that any tree can be augmented with additional arcs
to form a spanning tree.

3.7. Prove that a set of arcs in a network does not contain a cycle if and only if the
corresponding submatrix of A has full column rank.

3.8. Use the result of the previous problem to prove that a basic feasible solution is
equivalent to a feasible spanning tree solution.

8.4 The Network Simplex Method

The network simplex method uses the same operations as the simplex method (see Section
5.2). The method takes advantage of the special form of the minimum cost network flow
problem to reduce the operation count for the method, often performing the calculations
directly on the network rather than using matrix operations. The exceptional efficiency of
these operations has made the network simplex method an important tool for this special
class of linear programming problems.

We describe the network simplex method, showing how each of the major operations
(the optimality test, the step, and the update) can be performed using network techniques.
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Figure 8.14. A sample network.

These operations will be related back to the formulas and algebraic techniques used in
Chapter 5 to describe the simplex method.

Before we present the network simplex method, we will review the steps in the simplex
method. Let B be the basis matrix at a given iteration, and assume that it corresponds to
a basic feasible solution satisfying Bx, = b. Let A; ; be the column of A associated with
arc (i, j). Then the steps of the simplex method (adapted to the notation for the network
problem) are as follows:

1. The Optimality Test—Compute the vector of simplex multipliers by solving BTy =
¢y . Compute the coefficients ¢; ; = ¢;; — yTAi,j for the nonbasic variables x; ;. If
¢;,j = 0forall nonbasic variables, then the current basis is optimal. Otherwise, select
a variable x; , that satisfies ¢;, < 0 as the entering variable.

2. The Step—Determine by how much the entering variable x, , can be increased before
one of the current basic variables is reduced to zero. If x,, can be increased without
bound, then the problem is unbounded.

3. The Update—Update the representation of the basis matrix B and the vector of basic
variables x,.

The simplifications in the method come about because of the special form of the basis
matrix B (a lower triangular matrix with all entries equal to 0, 1, or —1) and its equivalent
representation as a spanning tree.
To describe the method, we will use as an example the network problem in Figure
8.14. Nodes 1 and 2 are sources (with supplies equal to 10 and 15, respectively) and node
8 is a sink (with demand equal to 25). The costs of the arcs are indicated on the network.
We initialize the method with the basic feasible solution

X1,3 = 10, X3,4 = 10, X4,6 = 10, X6,8 = 25
X255 = 15, X56 = 15, X78 = 0.

All other arcs are nonbasic, and the corresponding variables are zero. The value of the
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objective function is
7 = 465.

It is easy to check that this flow satisfies all the constraints for the network, and that it is a
feasible spanning tree solution.

To determine the simplex multipliers y we solve B”y = ¢, . If x; ; is a basic variable,
and (i, j) is the corresponding arc in the network, then the corresponding equation for the
simplex multipliers is

Yi —Yj=Cij-
There is a simplex multiplier associated with every node in the network. As has been
mentioned, the rows of the matrix B are linearly dependent. This implies that one of the
simplex multipliers is arbitrary. To determine the simplex multipliers, we will traverse the
spanning tree (basis) starting at an end and set the first of the simplex multipliers equal to
zero. Hence for this basis,

=0

y3=y1—5=-5
ya=y3s—4=-9
Yo =y4— 1 =-16
Y8 =y —8=—24
yy=yg+3=-21
ys=ys+5=-11
y2=ys+2=-9.

To determine the simplex multipliers we could have begun this process at any node. Also, we

could have specified any value for the first simplex multiplier, not just zero. This would have

resulted in different values for the simplex multipliers, but would not affect the optimality

test, since this test only depends on the differences between pairs of simplex multipliers.
To perform the optimality test we compute

A T
Cij=¢ij— Y Aij

for the nonbasic variables x; ;. Because each column of A contains only two nonzero entries,
+1 and —1, we obtain the formula

Cij=¢ij—yi+y
If we carry out this calculation for all the nonbasic arcs, we get

Cia= 8—y1+ym=-1<0
G36= 6—y3+y5=-5<0
C54=10—ys + ys =10
52,4212—y2—|—y4212
Gs7= 9—ys+yr=-1<0.

Since some of these entries are negative, this basis is not optimal.
The entry ¢3¢ is the most negative, and we choose the variable x3 g to enter the basis.
By Lemma 8.10, adding this arc to the spanning tree creates a unique cycle, illustrated in
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5

Figure 8.15. Entering variable and cycle.

Figure 8.16. Result of iteration 1.

Figure 8.15. If x3 ¢ is increased from zero, then the flows in the other arcs in the cycle must
be adjusted to maintain the flow-balance constraints in the linear program.

In this case the flows in the other two arcs must decrease by one unit for every increase
of one unit in x3 6. In the current basis x3 4 = x46 = 15, SO x3 6 can be increased until it is
equal to 15, at which point the other two flows are both equal to zero. One of the two arcs
must be chosen to leave the basis. We pick x3 4 to leave the basis. We obtain the new basic
feasible solution shown in Figure 8.16.
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Figure 8.17. Result of iteration 2.

The new values of the basic variables are

x13=10, x36=10, x36=0, x58=25
x5 =15, x56 =15 x78=0,

and the new value of the objective function is z = 415. Setting y; = 0, the simplex
multipliers are

y=(0 -4 -5 -4 —6 —-11 —-16 -19)T.
In the optimality test,

6s7= 9—ys+y7=-1<0.

Hence this basis is not optimal, and x5 ; is the entering variable. Adding arc (5, 7) to the
spanning tree produces a unique cycle.

To maintain the flow-balance constraints when xs 7 is increased by one unit, x7 g will
also increase by one unit, while x5 g and xg g Will both decrease by one unit. Since x5 5 = 15
and xg g = 25, x5, Will go to zero first and hence will leave the basis. The new basic feasible
solution is illustrated in Figure 8.17.

The new values of the basic variables are

x13=10, x356=10, x46=0, xp5=10
X25 = 15, X57 = 15, X78 = 15,

and the new value of the objective function is z = 400. Computing the simplex multipliers
gives

y=(0 -5 -5 —4 —7 —-11 —-16 -19)7.
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In the optimality test,

C1a=4, C34=5, 0(4=13
65,4 =11, 65,6 = 1.

Since these entries are all nonnegative, the current basis is optimal and the algorithm termi-
nates.
We now summarize the steps in the network simplex method.

1. The Optimality Test

(i) Compute the simplex multipliers y: Start at an end of the spanning tree and
set the associated simplex multiplier to zero. Following the arcs (i, j) of the
spanning tree, use the formula y; — y; = ¢; ; to compute the remaining simplex
multipliers.

(if) Compute the reduced costs ¢: For each nonbasic arc (i, j) compute ¢; ; =
¢i.j—yi+y;. Ifé ; > 0forall nonbasic arcs, then the current basis is optimal.
Otherwise, select an arc (s, t) that satisfies ¢, < 0 as the entering arc.

2. The Step—Identify the cycle formed by adding (s, ¢) to the spanning tree. Determine
how much the flow on arc (s, 1) can be increased before one of the other flows in the
cycle is reduced to zero. If the flow in (s, 7) can be increased without bound, then the
problem is unbounded.

3. The Update—Update the spanning tree by adding arc (s, ) and removing an arc of
the cycle whose flow has been reduced to zero.

It remains to show how to obtain an initial basic feasible solution.

In the example an initial basic feasible solution was provided, but in general cases
a procedure for finding an initial point is required. The techniques for network problems
are analogous to those used for general linear programs (see Section 5.5). In a network
problem, artificial arcs (or, equivalently, artificial variables) can be added to the network in
such a way that an “obvious” initial basic feasible solution is apparent. Then a phase-1 or
big-M procedure is used to remove the artificial variables from the basis.

One way of doing this is to pick one node in the network to be labeled the root node.
Then artificial arcs are added: one from each source node to the root node, and one from
the root node to each sink and transshipment node. (No arc need be added from the root
node to itself.) The costs associated with these arcs would be equal to 1 in a phase-1
problem, and equal to M in a big-M problem. The initial basic feasible solution would
transmit all flow from the sources to the sinks via the root node, with zero flow from the
root node to a transshipment node. This technique is illustrated in Figure 8.18, where the
original arcs in the network are marked with solid lines and the artificial arcs with dotted
lines.

The network simplex method performs the following arithmetic operations:

computing y :  m subtractions
computing ¢ :  2(n — m) subtractions
updating x : m additions/subtractions
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Figure 8.18. Initial basic feasible solution.

so that the total number of arithmetic operations is
m + 2(n — m) + m = 2n additions/subtractions.

All of these calculations involve integers if the vectors b and ¢ consist of integers.

We now compare this with the simplex method. The operation counts for the simplex
method (see Sections 5.3 and 7.5) are harder to determine, since they depend on the sparsity
of the constraint matrix A and the representation of the basis matrix B. We will assume that
an LU factorization is used to represent B, and that the matrices A and B are sparse. An
iteration of the simplex method involves the following steps:

computing y :  solving BTy = ¢,
computing ¢ :  computing ¢; — y’A; for (n — m) values of j
updating B : updating a sparse LU factorization.

Each of these steps is more expensive than the corresponding step of the network simplex
method. More operations are required, the operations involve multiplication and addition,
and the operations involve real (decimal) numbers.

The network simplex method involves fewer operations, and each of those operations
is faster (addition is usually faster than multiplication, and integer operations are usually
faster than real operations). As a result, network simplex software is much faster than
general-purpose simplex software.

In these operation counts we are ignoring the operations involved in maintaining the
data structures for the algorithms. Much research has focused on ways of representing the
network, as well as the spanning tree, within the network simplex algorithm. The data
structure must allow all the simplex operations to be performed efficiently. It must also be
designed so that it can be updated easily to reflect changes in the basis. For further details
see the book by Ahuja, Magnanti, and Orlin (1993).
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Many of the topics that have been discussed in other chapters for the simplex method
have analogs for the network simplex method. For example, it is possible to do sensitivity
analysis, but in the network case all the calculations can be done more efficiently. Also,
for degenerate problems, it is possible that the network simplex method could cycle, and so
some sort of anticycling procedure may be necessary.

Degeneracy in network problems is common. Even in cases where cycling does
not occur, it is possible to have a large number of consecutive degenerate iterations. This
is referred to as stalling. If the network simplex method is implemented with the basis
represented and updated in a special way (using what is known as a “strongly feasible
basis™), and if the entering variable is chosen appropriately, then at most nm consecutive
degenerate iterations can occur. This approach guarantees that the network simplex method
always terminates in a finite number of iterations, even on degenerate problems. It also
improves the practical performance of the network simplex method. Details of this approach
are discussed in Section 8.5.

Exercises

4.1. Apply the network simplex method to the linear programming problems in

(i) Example 8.1.
(if) Example 8.3.
(iii) Example 8.4.
(iv) Example 8.6.

4.2. In the network simplex method, let » be the node whose simplex multiplier is set to
zero. Anarc (i, j) will be called a forward arc if the path from node r to node j along
the spanning tree includes node i. Otherwise, arc (i, j) will be a reverse arc. Define
the cost of a path from node r to node i as the sum of the costs of the reverse arcs
in the path minus the sum of the costs of the forward arcs. Prove that the simplex
multiplier y; is equal to the cost of the path from node r to node .

4.3. Consider the cycle created by adding a nonbasic arc (i, j) to a spanning tree. Define
the cost of the cycle as the sum of the costs of the arcs in the cycle whose direction
is the same as arc (i, j) minus the sum of the costs of the arcs whose direction is
opposite to arc (i, j). Prove that the cost of this cycle is equal to ¢; ;, the reduced
cost for the nonbasic arc.

4.4. The network simplex method can be made more efficient by updating the simplex
multipliers y at each iteration, rather than recomputing them. Prove that the new
simplex multipliers y satisfy either y; = y; or 3 = y; — ¢;«, where (j, k) is the
entering arc. What is the rule for determining which formula to use to compute y;?

4.5. Derive a variant of the network simplex method for upper bounded variables, anal-
ogous to the bounded-variable simplex method developed in Section 7.2.

4.6. Apply the initialization procedure in Figure 8.18 to the network problem in Figure
8.1. Use a phase-1 procedure to find an initial basic feasible solution to the original
network.
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4.7. Suppose that a minimum cost network flow problem has been modified by adding
additional linear constraints. Show how to use the decomposition principle to solve
the resulting problem, with the flow-balance constraints considered as the “easy”
constraints.

4.8. Apply the method of the previous exercise to the linear program obtained by adding
the constraint

x12+x13>6

to the network problem in Figure 8.14.

8.5 Resolving Degeneracy

As with the regular simplex method, it is possible to solve degenerate linear programming
problems and avoid cycling by using an appropriate pivot rule. The approach we will use
here is a variant of the perturbation method (see Section 5.5.1). For network problems, this
method can be realized in a particularly efficient manner. Much of our discussion will be
specific to networks, and only at the end will the connections with the perturbation method
be made clear.

The technique we describe uses a special form of basis, called a strongly feasible basis
or strongly feasible tree. To define such a tree, we identify a particular node r as the root
node. Then the tree is strongly feasible if any arc whose flow is zero points away from the
root node r. (Anarc (i, j) points away from the root if the path from node j to node r along
the tree includes node i.) Any tree whose flows are all positive is strongly feasible. Strongly
feasible trees are illustrated in Figure 8.19. The following theorem shows that they can be
used to guarantee termination of the simplex method.

Theorem 8.14 (Guaranteed Termination). If the basis at every iteration of the network
simplex method is a strongly feasible basis, then the simplex method will terminate in a
finite number of iterations.

Proof. We will prove that the simplex method cannot cycle. Since there are only finitely
many possible bases, and no basis can repeat, this will guarantee finite termination. We

1 =root

Figure 8.19. Strongly feasible tree.
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denote by x and y the values of the variables at the current iteration, and by x and y the
values at the next iteration.

As a preliminary step in the proof, we derive an update formula for the simplex
multipliers y. Let (s, ¢) be the entering arc at the current iteration of the simplex method.
Consider the subnetwork obtained by deleting the leaving arc from the current tree. This
subnetwork consists of two trees, T, containing node s and 7, containing node ¢. The new
simplex multipliers y can be chosen as

- Vi if node i isin T;
yi = A . L.
yi — ¢, ifnodeiisinT;.

We must verify that y; — y; = ¢; ; for the new basis. If arc (i, j) is in 7 or in T3, then

Vi— Y =yi—yj=¢ij
To verify this for the entering arc (s, ¢) first recall that
Cst = Csp — Vs + Vs
Then
Vs = Yt = Ys — (i — Cs.1)
= (Csp + Y1 — Cst) — Yt + Cst = Cst

as desired.
To prove that the simplex method does not cycle, we will show that “progress” is
made at every iteration. Progress will be defined in terms of two functions:

fi) =c'x
LY =Y (= 3,
i=1
where r is the root node of the strongly feasible tree. (Even though the simplex multipliers
are not uniquely determined, their differences are unique, and so the function f, is well

defined.)
At a nondegenerate iteration there is strict improvement in the objective function, so

fi(x) < filx)

and progress is made with respect to f.

At a degenerate iteration f1(x) = fi(x). The entering arc (s, t) will enter the basis
with flow equal to zero, and hence it must point away from the root (by the definition of a
strongly feasible tree). This implies that node r is in the subnetwork T;, and that

L2(0) = Lo(0) + ¢ Thl,

where |T;| is the number of nodes in T;. Since ¢,, < 0and |T;| > O,

200 < f2(),
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and so in this case progress is made with respect to f>. Because progress is made with
respect to one or the other of these functions at every iteration, a basis can never repeat and
cycling cannot occur. 0

If the network simplex method can be implemented so that at every iteration a strongly
feasible basis is maintained, then it is guaranteed to terminate. The initialization scheme
described in Section 8.4 produces an initial strongly feasible basis. (See the Exercises.) We
now show that, if the leaving arc is chosen appropriately at every iteration, then every basis
will be a strongly feasible basis.

The rule for choosing the leaving arc will be based on the cycle created by the entering
arc. Ifthere is only one candidate for the leaving arc, then no choice is available. Otherwise,
within this cycle define the join to be the node closest to the root of the tree, that is, the
node whose path to the root consists of the fewest number of arcs. We will traverse the
cycle, starting at the join, in the direction corresponding to the entering arc. (If (s,7) is
the entering arc, this traversal will encounter node s just before node z.) The leaving arc
will be chosen as the first candidate arc encountered during this traversal of the cycle. The
following theorem shows that this rule has the desired property.

Theorem 8.15. Assume that the network simplex method is initialized with a strongly
feasible basis, and that at every iteration the leaving arc is chosen using the above rule.
Then at every iteration the basis will be a strongly feasible basis.

Proof. We need only prove that if the current basis is strongly feasible, then so is the new
basis. There are two cases: nondegenerate and degenerate iterations. In both cases we need
only examine the arcs in the cycle.

Foranondegenerate iteration, all the candidate arcs must point in the opposite direction
to the entering arc, since their flow will decrease towards zero. If the first arc encountered
in traversing the cycle is selected as the leaving arc, then all the other candidate arcs will
point away from the root in the new basis. Thus the new basis will be strongly feasible.

For a degenerate iteration, all the arcs with zero flow will point away from the root,
by the definition of a strongly feasible basis. As we traverse the cycle starting at the join,
there will be no candidate arcs encountered until after we have traversed the entering arc.
(The candidate arcs will all point in the opposite direction to the entering arc.) Hence the
leaving arc will come after the entering arc, and once it is removed, all the arcs with zero
flow in the new basis will point away from the root. This completes the proof. a

To conclude this section, we will show the relationship between strongly feasible
bases and the perturbation method. This is the subject of the next theorem.

Theorem 8.16. Consider a network linear program with equality constraints Ax = b and
a perturbed problem with constraints Ax = b + ¢, where

_-m=1/m ifi=r;
€= 1/m otherwise.

Here m is the number of nodes in the network, r is the index of the root node, and i is
the index of a general node. Assume that the original problem has integer data, and that
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a feasible spanning tree solution for this problem has been specified. Then the tree for
the network is strongly feasible if and only if the corresponding flow is feasible for the
perturbed problem.

Proof. We will define subsets of the nodes of the network relative to the root of the tree.
For anode i, d(i) will be the set of nodes whose paths to the root include node i. Let |d(i)|
be the number of elements in d(i).

Let x be the current basic feasible solution of the original problem, and let x be the
corresponding solution of the perturbed problem. If (i, j) is a basic arc, we will show that

- | xy+1dDI/m if arc (i, j) points away from node r,
Yij = xi,j —d@)|/m ifarc (i, j) points towards node r

satisfies the flow constraints for the perturbed problem.
Suppose first that the arc (i, j) points away from node r. Atnode j # r the perturbed
flow-balance equation must be satisfied:

X j +ka.j - Z)Ej,l =b;+1/m,

ki ¢

where these summations only include arcs that are in the tree. (Note that the nodes k and ¢
satisfy k, £ € d(j).) Substituting the proposed solution into the left-hand side gives

Xij + E Xk,j — § Xji
L

ki
=i+ ldDI/m+ Y G — 1dK)/m) = (xej + 1d(©)]/m)
ki ¢
= (x,,,. +D - Zm) + (|d<j>| LGS |d<z>|)
k#i ¢ ki ¢
= bj + l/m,

so the general constraints in the perturbed problem are satisfied. A similar argument can be
used when the arc (Z, j) points towards node r, as well as at the root node (see the Exercises).

We now show that the perturbed solution is feasible if and only if the basis is strongly
feasible. On the basic arcs, the perturbed solution differs from the original solution by
+|d(j)|/m, a value that is less than one in magnitude. For a problem with integer data, the
only arcs that could become infeasible are those with zero flow in the original problem that
point towards the root node. If the perturbed solution is feasible, then no such nodes can
exist and so the basis is strongly feasible. Likewise, if the basis is strongly feasible, then
there are no such nodes and the perturbed solution is feasible. a

In Chapter 5, perturbation was applied to general linear programs as a technique for
resolving degeneracy. In that setting it was shown that perturbation could be implemented
within the simplex method using a lexicographic technique. Here, in the context of network
problems, we have shown how perturbation can be implemented using strongly feasible
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trees. This establishes an additional relationship between the properties of networks and
the algebraic properties of the simplex method.

Exercises

5.1. Prove that the initialization scheme in Figure 8.18 produces a strongly feasible basis.
5.2. Prove that exactly two smaller trees are formed when an arc is deleted from a tree.

5.3. Complete the proof of Theorem 8.16 by showing that the proposed perturbed solution
satisfies the flow constraints (a) at the root node, and (b) at node i when the arc (i, ;)
points towards the root node.

5.4. Solve the assignment problem in Example 8.4 with the perturbation method initial-
ized using the technique in Figure 8.18. You may use either a big-M or a two-phase
approach.

8.6 Notes

Network Models—Network models can sometimes be solved much faster than general linear
programs. This can happen for one of two reasons: the problem might have a special struc-
ture that guarantees that the network simplex method will terminate in few iterations, or there
might exist special algorithms for the problem. For example, the shortest path problem can
be solved using an algorithm of Dijkstra (1959) that requires O (m?) operations. Fredman
and Tarjan (1987) showed how to reduce this to O (n + m logm) by using appropriate data
structures. There are other efficientalgorithms with operation counts that depend on the mag-
nitudes of the coefficients in the cost vector ¢. (In many applications, m <« n < m(m —1).)

As with the shortest path problem, there are especially efficient algorithms for the
maximum flow problem. Early results in this area can be found in the book of Ford and
Fulkerson (1962). The first polynomial-time algorithm was described by Edmonds and
Karp (1972), a method requiring O (mn?) operations. Cheriyan and Maheshwari (1989)
have a method with an operation count of O (m?./n), and there are a number of efficient
methods with operation counts that depend on the magnitudes of the upper bounds u. An
important class of algorithms for this problem is described in the papers of Goldberg (1985)
and Goldberg and Tarjan (1988).

For further references, and for further information on algorithms for individual net-
work problems, see the books by Murty (1992, reprinted 1998) and Ahuja, Magnanti, and
Orlin (1993).

Network Simplex Method—The network simplex method continues to be a competi-
tive method for solving network optimization problems, and it has the advantage that it is
available in high-quality software packages. However, many alternative algorithms have
been proposed for these problems that (a) have better theoretical properties, (b) have promis-
ing practical properties, or (c) take advantage of the special form of a particular problem
(such as a shortest path problem).

The network simplex method requires few operations per iteration, but the number of
iterations may be large. Technically, the number of iterations may be “exponential” in the



300 Chapter 8. Network Problems

size of the network. As a result, the total effort of solving the network problem can be large.
It is desirable to have an algorithm that requires only a “polynomial” number of iterations.®

Some of these other algorithms are based on the simplex method. Before mentioning
them, we should point out that the (primal) simplex method maintains primal feasibility (the
constraints in the primal linear program are satisfied at every iteration) and complementary
slackness, and it iterates until the dual feasibility (that is, primal optimality) conditions are
satisfied.

The “primal-dual” method is one of these simplex-based methods. It starts with
a dual feasible solution and uses the complementary slackness conditions to construct a
“restricted” version of the primal problem. This restricted primal problem is then solved.
If the restricted primal problem has optimal objective value zero, then the original network
problem has been solved. Otherwise, the solution of the restricted primal can be used to
improve the values of the dual variables, or to determine that no solution exists. The primal-
dual method maintains dual feasibility and complementary slackness and strives for primal
feasibility. The motivation for this method is that the restricted primal problem is a shortest
path problem, for which special algorithms exist. For more information on the primal-dual
method, see the book by Chvatal (1983).

Early tests of the primal-dual simplex method showed that it could be more efficient
than the primal simplex method, but these conclusions were reversed when better imple-
mentations of the primal simplex method became available. Also, the primal-dual simplex
method may require an exponential number of iterations, and so its theoretical behavior is
not superior either.

Itis also possible to apply the dual simplex method. In the version due to Orlin (1984),
the dual simplex method requires only a polynomial number of iterations. (See also the
paper by Orlin, Plotkin, and Tardos (1993).) Note, however, that not all versions of the dual
simplex method may be polynomial-time methods. In fact, Zadeh (1979) has shown the
equivalence of versions of the primal simplex method, the dual simplex method, the primal-
dual simplex method, and the out-of-kilter method (see below), and in an earlier paper
(1973) described an example where all of these methods require an exponential number of
iterations.

There are a great many other network algorithms that are not based on the simplex
method. One of the earliest, called the “out-of-kilter” algorithm, begins with an initial guess
that satisfies the flow-balance constraints, but may violate the primal bound constraints as
well as the dual feasibility constraints. It iterates, trying to find a point that satisfies the
feasibility and optimality conditions, measuring progress in terms of a “kilter number” based
on the optimality conditions for the problem. For further details, see the book by Ford and
Fulkerson (1962).

Much recent research is concerned with the development of efficient polynomial-time
methods for network problems. The earliest of these methods (derived from the primal-
dual and out-of-kilter methods) had operation counts that depended on the magnitudes of
the cost coefficients and upper bounds in the model. More recent work, starting with the
paper by Tardos (1985), has developed “strongly” polynomial methods whose operation
counts are independent of these magnitudes. For a survey of this work, see the book by
Ahuja, Magnanti, and Orlin (1993).

8The terms “exponential” and “polynomial” are defined in Section 9.2.



Chapter 9

Computational Complexity
of Linear Programming

9.1 Introduction

Almost as soon as it was developed, the simplex method was tested to determine how
well it worked. Those early tests demonstrated that it was an effective method (at least on
the examples it was applied to), and this conclusion was confirmed by numerous practical
applications of the method to ever larger and more elaborate models.

This encouraging empirical experience was not supported by comparable theoretical
results about the behavior of the simplex method, despite considerable effort to find such
results. This raised a number of questions. Is the simplex method guaranteed to work
well on all nondegenerate problems? Are there classes of problems on which the simplex
method performs poorly? Is the simplex method the most efficient method possible for
linear programming? These questions were answered (at least partially) in the 1970s and
1980s. In this chapter we present a brief survey of these results.

First, we discuss measures of performance of algorithms. Next we discuss the com-
putational efficiency of the simplex method. We show that for some specially structured
problems the number of iterations required by the simplex method grows exponentially
with the size of the problem. Thus, measured by its worst-case performance, the simplex
method is inefficient. This result spurred researchers to seek “polynomial algorithms” for
which the computational effort required—even in the worst case—grows just polynomially
with the size of the problem. We describe the ellipsoid method, the first method for linear
programming shown to be polynomial. This discovery, in 1979, was received with much
fanfare and optimism, soon to be followed by equally great disappointment. The method,
while efficient in theory, is inefficient in practice, with its performance often matching the
worst-case bound. These discouraging results led some researchers to focus on average-case
rather than worst-case performance. In the last section of this chapter, we present results
developed in the early 1980s that suggest that, measured by its average-case performance
(albeit on a special set of problems), the simplex method is efficient.

The simplex algorithm remained the leading method for linear programming until
1984, when Karmarkar proposed a new polynommial method for linear programming that
showed promising, if not stellar, computational results. Karmarkar’s algorithm triggered

301
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research into a new class of methods called interior-point methods that, in some cases,
have good theoretical properties and are also competitive computationally with the simplex
method. These methods are the subject of the next chapter.

9.2 Computational Complexity

The purpose of computational complexity is to determine the number of arithmetic or other
computational operations required to solve a particular problem using a specific algorithm.
We will refer to this as the cost of solving a problem. For example, what is the cost of
solving a nonsingular system of n linear equations, using Gaussian elimination with partial
pivoting? In this chapter, we will mainly be concerned with the cost of solving a linear
programming problem.

The cost of an algorithm can be measured in several ways. One measure is the
“worst-case” cost: if some diabolical person were choosing an example so as to make
the algorithm perform as poorly as possible, how many operations would the algorithm
require to solve the problem? For algorithms such as Gaussian elimination applied to dense
matrices, the worst-case behavior is also the typical behavior, so this is a useful measure
of cost.

Another measure is the “average-case” behavior of an algorithm, that is, the number
of arithmetic operations required when the algorithm is applied to an “average” problem.
The simplex method has poor worst-case behavior (see Section 9.3) but good average-
case behavior (see Section 9.5). In practice a worst-case analysis does not reflect the
observed performance of the simplex method, so it is more plausible to consider average-
case performance. However, itis often more difficult to analyze the average-case behavior of
an algorithm than the worst-case behavior. One preliminary difficulty is the definition of an
“average” problem. For example, most large linear programs that arise in applications have
sparse constraint matrices, but randomly generated matrices (with common choices of the
underlying probability distribution) are almost certain to be dense. Also, applied problems
are often degenerate, whereas random problems are, with probability one, nondegenerate.
Disagreements about the definition of an “average” problem can raise doubts about the
applicability of the corresponding estimates of average-case performance.

There are other decisions that must be made in defining the cost of an algorithm, for
example, defining what an “operation™ is. Inthis book, we typically define an operation to be
an arithmetic operation applied to two real numbers, such as an addition or a multiplication.

Avrithmetic operations are not the only operations that could be counted. There is
work associated with retrieving a number from memory, storing a result in memory, and
printing the solution to a problem. These could also be included as part of the cost of an
algorithm. The amount of storage required by an algorithm could also be counted, although
this would be significant only if the algorithm required intermediate storage much greater
than that used to store the problem data.

Computer implementations of the simplex method are almost always programmed
using “real” arithmetic, meaning that the calculations are performed on floating-point num-
bers with a fixed number of digits. For the algorithms we discuss, the number of operations
required to move numbers to and from memory is either proportional to, or overwhelmed
by, the number of arithmetic operations, so these auxiliary operations are ignored. Finally,
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the algorithms discussed here have storage costs proportional to the size of the problem data.
As aresult, in assessing the cost of an algorithm we will only count arithmetic operations on
floating-point numbers. For example, the cost of applying Gaussian elimination to a system
of n linear equations is about %n?’ arithmetic operations.

To make all these cost measures precise, computer scientists often describe algorithms
in terms of an associated “Turing machine.” In his famous 1936 paper, Alan M. Turing
described an imaginary computing device (since named after him) consisting of a processing
unit together with an infinite tape divided into cells, each of which could record one of a
finite set of symbols. The processing unit could be set in a finite number of “states,” and at
every time step of the algorithm, the processing unit could either (i) read the symbol on the
current cell of the tape, (ii) write a symbol on the current cell of the tape, (iii) move the tape
one cell to the left, (iv) move the tape one cell to the right, (v) change state, or (vi) stop.
Despite the primitive nature of this device, Turing argued convincingly in his paper that
every sequence of steps that might be considered as a calculation could be performed by a
machine of this type. Turing also described a “universal” machine of this type that could
mimic all other such machines, a forerunner of our modern general-purpose computer.

When Turing invented his machines, he was not interested in assessing the costs of
algorithms, but instead used them as an intellectual tool to settle a famous problem about the
axioms of arithmetic. They have since been used to define what is meant by an algorithm,
or a step in an algorithm. We will not describe algorithms in terms of Turing machines, but
will use more intuitive notions of computing. Even so, Turing machines will have a subtle
influence on our discussions, particularly the notion of the “length of the input,” a measure
of the size of the problem with connections to the “tape” in a Turing machine.

When comparing algorithms, it is common to compare only the “order of magnitude”
costs of the algorithms. For example, Gaussian elimination would cost O (n®) arithmetic
operations, ignoring the constant % If we say that the cost of an algorithm is O (f (L)), we
mean that for sufficiently large L,

number of arithmetic operations < Cf (L),

where C is some positive constant, L is a measure of the length of the input data for the
problem, and f is some function. Because the constant is ignored, these order-of-magnitude
estimates are mainly of value when L is large; for small L they can be deceptive, particularly
if C is large.

What do we mean by “the length of the input data” for a problem? In the case of a
linear program, we will consider it to be the number of bits required to store all the data
for the problem. This would include the number of variables »n, the number of general
constraints m, and the coefficients in the matrix A and the vectors b and c. We will assume
that these numbers are all integers,® so

L= [logy(lai j| + DT+ Y _[log,(1b;| + 1)1+ Y _logy(lc;| + 1)1
i,j i J
+110g, (n + 1)1+ 10g,(m + D)7 + (nm +n + m + 1).

9A problem involving fractions can be converted into one with integers; a problem involving general real
numbers would require infinite space to store the binary representations of these numbers. Finite-precision numbers
stored by a computer can be represented as fractions.
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Table 9.1. Polynomial and exponential growth rates.

L L2 L3 100 2L L!
2 4 8 1 x 10% 4 2
5 25 1 x 102 8 x 108 32 1 x 102

10 1 x 102 1 x 103 1 x 100 1 x 103 4 x 108
50 3 x 103 1x 10° 8 x 10169 1 x 10%° 3 x 108
100 1 x 10 1 x 106 1x 10%0 1 x 10% 9 x 10157

(The notation [x] denotes the smallest integer that is > x.) The final term (nm +n+m+1)
represents the space needed to store the signs of all the numbers, plus an additional bit to
indicate whether the linear program is a minimization or maximization problem.

The number L is a coarse measure of the size of a problem. In many cases it may be
more convenient to use a different measure, such as the number of variables. For example,
some of the algorithms for linear programming that we discuss have costs that are O (n3L)
in the worst case. Since n < L, we could have written that the costs were O(L%), but it is
common to use a more precise cost estimate when one is available.

A distinction is made between “polynomial” and “exponential” algorithms. A poly-
nomial algorithm has costs that are O (f (L)) in the worst case, where f (L) is a polynomial
in L. An exponential algorithm has costs that grow exponentially with L in the worst case.
For example, an exponential algorithm might have costs proportional to 2-. Exponential
costs grow much more rapidly than polynomial costs as L increases, so exponential algo-
rithms are often considered unacceptable for large problems. This is illustrated in Table 9.1.
There are further categories of algorithms, between polynomial and exponential (with costs
proportional to, say, L -) and beyond exponential (with costs proportional to, say, L!).

It is usually feasible to solve problems of size L = 100 if there is a polynomial-time
algorithm, and the polynomial is of low degree. This may not be the case for exponential
algorithms, where the costs increase rapidly with L. If (L) is a polynomial of high degree,
say f(L) = L%, then even a polynomial algorithm will be unworkable for large problems
in the worst case. In a great many cases, however, polynomial algorithms have costs that
are O(L)-0(L%), whereas exponential algorithms have costs that are O (2%) or worse, so
the distinction between polynomial and exponential algorithms is a useful one.

Exercises

2.1. Determine L, the length of the input, for the linear program

maximize z =5x; + 7xp + 9x3 + 12x4

subjectto  3x3 — 9xp + 6x3 — 4xg = 12
2x1 + 3xp — 2x3+ Tx4 = 21
X1, X2, X3, X4 > 0.

2.2. Show that an iteration of the simplex algorithm in Section 5.2 has polynomial costs.
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2.3. If the cost of one algorithm is 2¢ and another is L%, how large does L have to be
before the polynomial algorithm becomes cheaper than the exponential algorithm?

2.4, Use Stirling’s formula to show that if an algorithm requires L! operations, then it is
not a polynomial algorithm.

9.3 Worst-Case Behavior of the Simplex Method

Ever since it was invented, the simplex method has been considered a successful method
for linear programming. In 1953 a paper by Hoffman et al. compared the simplex method
with several other algorithms and concluded that it was much faster, even though the others
were better suited to the computers available at that time.

It has been observed that the number of iterations required by the simplex method
to find the optimal solution is often a small multiple of the number of general constraints.
This is remarkable, since a problem with »n variables and m constraints could have as

many as
n
m

basic solutions (of course, many of these are likely to be infeasible). There was always
the possibility that the simplex method might examine all of these bases before finding the
optimal basis, but up until the 1970s no one had been able to exhibit a set of linear programs
(with an arbitrary number of variables) where the simplex method took that many iterations
to find a solution.

There is a considerable difference between m iterations and (;‘1) iterations. If we set
n = 2m, then the values of these two quantities are

m )
1 2
5 252
10 184756
20 1 x 101
50 1x 10%

100 9 x 10%
200 1 x 1019
300 1 x 107°
400 2 x 10%%
500 3 x 10%°

Even for small values of m the number of possible bases is huge. If we had a computer
capable of performing one billion simplex iterations per second, then examining (15000) bases
(that is, m = 50) would take 3,199,243,548,502.2 years.

If the number of simplex iterations were proportional to 2, then the simplex method
would be a polynomial algorithm. All the operations in a simplex iteration are simple matrix
and vector calculations, with total costs of O (mn) arithmetic operations if full pricing is



306 Chapter 9. Computational Complexity of Linear Programming

done. Periodic refactorization of the basis matrix costs O (m®) arithmetic operations. So
the costs of a simplex iteration can be as high as O (m® + nm) operations, and if O(m)
iterations are performed, the overall costs of the simplex method are O (m*+4nm?) arithmetic
operations. This number is a polynomial in n and m. (These costs would be lower if the
problem were sparse; the estimates here are based on dense-matrix computations.) On the
other hand, if (:;) iterations were required, then the simplex method would be an exponential
algorithm.

If a trial basis to a linear program has been proposed, it is possible to check if it is
optimal in polynomial time. The optimality test in the simplex method is one way to do it,
involving the computation of the reduced costs. The reduced costs can be computed using
O (m® + nm) arithmetic operations. (If the linear program is degenerate, it is possible that
the basis may not be optimal, even though the corresponding point x is optimal.)

Together these comments show that the simplex method might be a polynomial algo-
rithm (if the number of iterations were always O (m)) or an exponential algorithm (if the
number of iterations were sometimes (r’:l)) but in either case a solution can be verified in
polynomial time. All these facts were known in the early 1970s.

In 1972 a paper by Klee and Minty showed that there exist problems of arbitrary size
that cause the simplex method to examine every possible basis when the steepest-descent
pricing rule is used, and hence showed that the simplex method is an exponential algorithm
in the worst case.

We give here a variant of the original Klee—-Minty problems:

m
maximize z =) 10" /x;
j=1

i—1
subject to ZZlOi‘fx,» +x; <1007t fori=1,...,m
=1

x > 0.

When slack variables are added, there are 2m variables and m general constraints. These
problems have 2™ feasible bases. If the simplex method chooses the entering variable as
the one with the largest violation in the optimality test (as usual), then every basis will be
examined.

Example 9.1 (Klee—Minty Problem). If m = 3, then the Klee—Minty problem has the form

maximize z = 100x; + 10x, + x3
subject to x1 <1
20x; + x2 <100
200x1 + 20x2 + x3 < 10000
x>0.

The feasible region is illustrated schematically in Figure 9.1.
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Xy

Figure 9.1. Klee—-Minty problem.

X3

When the simplex method is applied with the steepest-descent pricing rule, the se-

quence of basic feasible solutions is as follows:

Basis z
s1=1 s =100 s3 = 10000 0
x1=1 so = 80 s3= 9800 100
x1=1 xo= 80 s3= 8200 900
s1=1 x; =100 s3= 8000 1000
s1=1 xo =100 x3 = 8000 9000
x1=1 xo= 80 x3= 8200 9100
x1=1 so= 80 x3= 9800 9900
s1=1 s =100 x3 =10000 10000

This problem has 23 = 8 possible basic feasible solutions, and all are examined by the

simplex method. N

In this example, the steepest-descent pricing rule causes the simplex method to ex-
amine all possible basic feasible solutions for the constraints. It would have been possible,
however, to solve this problem at the first iteration if x3 had been chosen as the entering
variable and s3 as the leaving variable. This raises the possibility that the simplex method,
with a different pricing rule, might have better worst-case behavior. Anumber of researchers
have examined this question and have shown that, for a variety of pricing rules, there are
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corresponding linear programming problems that cause the simplex method to examine an
exponential number of basic feasible solutions. Although these results do not fully settle
the question, they raise doubts that such an efficient pricing rule exists.

This is not the only question raised by the Klee—Minty example. For example, how
common are linear programs that require exponentially many simplex iterations? How
does the simplex method perform on an “average” problem? Are there algorithms for linear
programming that require only a polynomial number of operations even in the worst case?
These questions are discussed in the remaining sections of this chapter.

Exercise

3.1. Use linear programming software to solve Klee—Minty problems of various sizes.
How many pivots are required? Are all basic feasible solutions examined?

9.4 The Ellipsoid Method

In 1979 the Soviet mathematician Leonid G. Khachiyan settled one of these questions
by exhibiting a polynomial-time algorithm for linear programming. (The algorithm was
not new, but Khachiyan’s observations were.) His discovery received a great deal of
attention, based on the hope that this algorithm might be a dramatically more efficient
method for linear programming. Articles soon appeared in the New York Times and other
general-interest publications, an indication of the immense practical importance of linear
programming.

Khachiyan’s method, based on a more general algorithm for convex programming and
now called the ellipsoid method, is designed to find a point that strictly satisfies a system of
linear inequalities. That is, it tries to find a point x such that

Ax < b.
Any linear programming problem can be transformed into a problem of this type, as we will

now show.
Suppose we are given a linear program in canonical form

minimize z = c".
subjectto Ax > b
x>0

together with its dual program

maximize w = b’y
subjectto ATy <¢
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By duality theory (see Section 6.2), at the optimal solutions of both problems the two
objective values will be equal, and the constraints to both problems will be satisfied:

cx —bTy =0
Ax > b
ATyfc
x>0

y > 0.

By weak duality, a pair of feasible points satisfies b7y < c’x, so these conditions are
equivalent to a system of linear inequalities of the form

A% < b,
where T T 0
—A 0 —-b
A= 0 AT, %= (x> , and b=| ¢
.y 0 Y 0
0 -1 0

Because of this equivalence, we will assume in the rest of this section that we are
solving a system of linear inequalities Ax < b, where A isan m x n matrix. Assume that
the entries in A and b are all integers, and that L is the length of the input data for the system
Ax < b:

L= Tlogy(lai ;| + 1)1+ > _[log,(|bi| + 1)]
ij i
+10gy(n)] + [logy(m)] + (nm + m),

where n is the number of variables and m is the number of inequalities. Lete = (1,..., ).
It can be shown that if the system

Ax <b+27"e

has a solution, then the system Ax < b has a solution (see the paper by Gacs and Lovéasz
(1981)). These transformations allow us to solve a linear programming problem by solving
a system of strict linear inequalities.

Before giving a precise description of the ellipsoid method, we will describe it in-
tuitively. To begin, an ellipsoid is the higher-dimensional generalization of an ellipse. In
n-dimensional space, it can be defined as the set of points

{[x:x—HMx -5 <1},

where the vector x of length n is the “center” of the ellipsoid and the n x n positive definite
matrix M defines the orientation and shape of the ellipsoid.

Example 9.2 (Ellipsoid). Let x = (5, 4)" and

- (2 )
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Figure9.2. Ellipsoid.

Then L
a1/ 3 -1
wii(3 ).
If we define y = x — &, then the condition
x-0"Mx-3<1

simplifies to
Tor—y)*+ sty <1
The ellipsoid is graphed in Figure 9.2. |

The ellipsoid method begins by selecting an ellipsoid centered at the origin (x = xo =
0) that contains part of the feasible region

S={x:Ax <b}.

The first ellipsoid is defined by a positive-definite matrix My that is a multiple of the identity
matrix. It is desirable to choose My so that the initial ellipsoid is as small as possible, since
this will reduce the bound on the number of iterations required by the method. In the absence
of other information, it is possible to choose My = 2% 1, a choice which defines an ellipsoid
sufficiently large that it is guaranteed to contain part of the feasible region, if this region is
nonempty. This is just a simple way to initialize the method. It would be possible to begin
with any ellipsoid that contains some part S of the feasible region.

At the kthiteration, the method first checks if the center x = x; of the current ellipsoid
is feasible:

Axk < b.

If so, the method terminates with x; as a solution. If not, then at least one of the constraints
is violated. One of the violated constraints is used to determine a smaller ellipsoid with
center x;,1 and matrix M, that also contains the part S of the feasible region. Then the
method repeats.
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At each iteration the size of the ellipsoid shrinks by a constant factor. Because the
data for the problem are all integers, it is possible to show that, eventually, either a solution
has been found or the ellipsoid is so small that the feasible region must be empty. (Each
ellipsoid in the sequence contains the same part S of the feasible region contained by the
initial ellipsoid. It is possible to show that if the feasible region is nonempty, then there is
a lower bound on the volume of S. Eventually the volume of the ellipsoid will be smaller
than this lower bound, implying that the feasible region must have been empty.)

Here then is the algorithm for finding a solution to Ax < b, where Aisanm x n
matrix, and L is the length of the input data.

ALGORITHM 9.1.
Ellipsoid Method

1. Setxo =0, My = 2L1.
2. Fork=0,1,...
(i) If Ax; < b stop. (A feasible point x; has been found.)
(i) Ifk > 6(n 4+ 1)L stop. (The feasible region is empty.)
(i) Otherwise, find any inequality such that a’x; > b; (that is, an inequality that is
violated by x;). Then set
1 M a;

Xjpl = Xg — —_—
n+1 /
+ a[.TMkai

n? 2 (Miaj)(Mya;)"
M, — .
n2—1 n+1l  a'Ma

M1 =

The form of the algorithm given here uses square roots, meaning that after the first iteration
the numbers may not be representable as fractions. With more care, the limitations of
finite-precision calculations can be taken into account.

Let E; be the ellipsoid at the kth iteration. If al.Txk > b;, then any feasible point
satisfies aiTx < aka. The formulas for x;,; and M, define an ellipsoid E; . that is the
ellipsoid of minimum volume satisfying

Er DEkﬂ{x:aiTx SaiTxk}

and
EkHﬁ{x:a[Tx:al-Txk}:Ekﬂ{x:aiTx:aiTxk}.

It is clear that E,,; contains the same portion of the feasible region that E; does. This is
illustrated in Figure 9.3.
It is possible to show that

volume (E;;1) = c(n) volume (Ey),

where

2 (n=1)/2
n n —1/2(n+1)
c(n) = <e <1,
) <n2 - 1) n+1
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Figure 9.3. Sequence of ellipsoids.

so that the volume of the ellipsoid is reduced by a constant factor at every iteration. (Here
the term e=%/2*+1) jnvolves the number e ~ 2.71.) Using the fact that the volume of the
initial ellipsoid is bounded above by 2-+1D and that the volume of the portion S of the
feasible region (if the feasible region is nonempty) is bounded below by 2-+b2L it js
straightforward to show that after at most 6(n + 1)L iterations, either a solution is found
or the feasible region is empty.

Example 9.3 (Ellipsoid Method). Consider the system of strict linear inequalities Ax < b:
-1 0\(x - -1
0 -1/\x 1)

Herem = n = 2 and L = 12. At the first iteration, we will choose

)Co:<8> and M0:4096(é 2)

The first constraint is violated, so we can choose a/ = a! = (—1,0). Then Mya; =
4096(—1, 0)7, al Moa; = 4096,

w=(8) 5" =(0)-5(9)=(2):
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and

01 3 4096

_16384[/(1 0 2(1 0\]_16384 /1 0
-3 0 1) 3\0 0/ "9 0 3)°

This completes the first iteration.
At the second iteration, a2Tx1 = 0 > —1, so the second constraint is violated. When
the formulas for the ellipsoid method are applied with a] = aJ, we obtain

64

3 65536 /1 0

X2 = (ﬁ) and M2 = T 0o 1/
3V3

This completes the second iteration. The point x; satisfies the linear inequalities Ax < b,

so the method terminates. [ |

2(10
Mlzg[mge(l 0)_?%]

The ellipsoid method requires at most 6(n + 1)?L iterations, where n is the number
of variables. If A is an m x n matrix, then computing x;,1 from x; requires O (mn + n?)
arithmetic operations (the cost is dominated by the cost of finding a violated constraint and
calculating M;a;). Computing M;,1 from M, requires an additional O (n?) operations.
Overall, the ellipsoid method requires at most O ((mn® + n*)L) arithmetic operations,
making it a polynomial-time algorithm.

Although the discovery of the ellipsoid method generated a great deal of excitement,
the excitement quickly dissipated. It is true that in some cases (such as on the Klee—Minty
problems) the simplex method would be much worse than the ellipsoid method. On many
other problems, however, the simplex method is much better than the ellipsoid method.
Computational experiments showed that the theoretical bounds on the performance of the
ellipsoid method are qualitatively the same as its behavior on “typical” problems, whereas
the performance of the simplex method is much better than its worst-case bounds. On
practical problems the ellipsoid method is often slow to converge. It is not a practical
alternative to the simplex method.

The ellipsoid method is not without its uses. Variants of it have been developed that
provide polynomial-time algorithms for problems whose computational complexity had
been previously unknown. Also, each iteration of the ellipsoid method requires only that a
violated constraint be found. This does not require that the complete set of constraints be
explicitly represented, which is a useful property in some settings (see the paper by Bland,
Goldfarb, and Todd (1981)). Perhaps the mostimportant contribution of the ellipsoid method
was that it settled the question of whether linear programs can be solved in polynomial time.
On the other hand, it left unanswered the question of whether a practical polynomial-time
algorithm for linear programming could be found.

Exercises

4.1. Fill in the details of the calculations for the second iteration of the ellipsoid method
in Example 9.3.
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4.2. Determine a more precise count on the number of arithmetic operations required for
an iteration of the ellipsoid method.

4.3. For the Klee—Minty linear programs in Section 9.3, how large does m have to be
before the ellipsoid method becomes more efficient than the simplex method?

4.4. Consider the ellipsoid defined by
{[x:x-D™MTx-3% <1},

where x is the center of the ellipsoid and M is a positive-definite matrix M. Define
y = x — x. Assume that M has been factored as

M = PAPT,
where A = diag (A1, ..., A,) is the matrix of eigenvalues and

PZ(Pl pn)

is the matrix of eigenvectors. Prove that the condition (x — x)"M1(x —x) < 1is
equivalent to

Yokl =1L
i=1

(The eigenvectors define the axes of the ellipsoid, and the 